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CHAPTER 1 
Review of Basic Algebra 


1.1 SETS AND THE NATURAL NUMBERS 

11 Use the listing method to describe the set {x | x is a consonant in the word “‘Mississippi’’}. 
I The word “Mississippi” contains the consonants m, s, p. (Recall: We do not list the element s 
four times in the set even though it occurs four times in “‘Mississippi."") Thus, the set we are looking 
for is {m,s, p}. 

1.2 Use set-builder notation to designate the set {1, 3, 5, 7,9}. 
# The numbers 1, 3, 5,7, 9 can easily be described as the odd integers that are greater than or equal 
to 1 and less than or equal to 9. In set-builder notation, the set is {x | 1 =x =9 and x is an odd 

| integer}. Jie NEF 

For Probs. 1.3, 1.4, and 1.5, let A={1,2,7,9,14)andB=@. 7%, WY Eo ale 

13 Find AN B. 
§ ANB={x|xeAandx eB}. In this case, 1, 2, 7, 9, and 14 belong to A, and there is nothing in 
B, so no element can belong to both sets. AN B = 2. oe” 

14 Find AUB. ie 
#) Remember that, by definition, AU B = {x |x € A or x € B}. In this case, 1, 2, 759, and 14 belong 
to A, and B contains no elements. So A U B = {1, 2,7, 9, 14}. Kets 

1.5 Find A — B. 


§ A-B={x|xeAand x ¢ B}. Since in this example there are no elements in B, A— B = 
{x |x € A} = {1, 2, 7, 9, 14}. (See Fig. 1.1.) 


AU B is shaded A B is shaded 


A— B is shaded Fig. 1.1 


For Probs. 1.6, 1.7, and 1.8, let A= {1, 7, 11, 15}, B ={7, 14}, and C = {11, 26}. 


1.6 


Find (A — B) UC. 
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17 


18 


@ A-B=({x|xeA and x ¢B) ={1, 11, 15) and C = {11, 26}. Thus, (A-— B) UC = 

{1, 11, 15, 26}. 

Find B x C. 

I Recall that B x C = {(b, c) | b € B and c € C}. In this example, then, Bx C= 

{(7, 11), (7, 26), (14, 11), (14, 26)}. 

Find (ANC) x C, 

# ANC={l11) (since 11 is the only element common to A and C), (AN C) x C = {11} x 

{11, 26} = {(11, 11), (11, 26)}. 

Let A = {2, 6} and B = {2, 6, 8}. lsAcB? Is Ac B? 

f To determine whether A ¢ B (“A is a subset of B”’), we need to find out whether every element 


of A is also an element of B. In this case, A contains 2 and 6, and both are elements of B, so Ac B. 
To determine whether A c B (“A is a proper subset of B’’), we need to find out if Ac Band A#B. 


In this example, we already have determined that A c B and since A = {2, 6} and B = (2, 6, 8 © 
A#B.SoACB. 


For Probs. 1.10 to 1.13, refer to Fig. 1.2. 


1.10 


1.12 


1.13 


How many elements are there in set B? 


#) “We notice that set B contains 31 elements that are not in set A and shares 11 other elements with 
A. We conclude that B contains 42 elements. 


How many elements are there in B'? 

I B' (sometimes written as €B) = {x € U | x ¢ B}, where U is the universal set. Here U contains 
18 + 11 + 31 +50 = 110 elements, and B contains 42 elements. Thus, B’ contains 68 elements. ,) / 
How many elements are there in AM B? In (AM B)'? 6 

I From the Venn diagram, we can easily see that A M B contains 11 elements. Thus (AM B)' = Cc 
€(AN B)={x € U| x ¢€ ANB) contains 110 — 11 = 99 elements. 

How many elements are there in AN B’? — 


f In Fig. 1.3, the crosshatched region is A M B’, that is, the region containing those elements 
common to A and B’, That region contains 18 + 11 = 29 elements (refer to Fig. 1.2). 


a 


oo 
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1.14 How many subsets does {a, b} contain? Exhibit these subsets. 


I If-set A contains n elements, where n is a whole number, then the number of subsets of A = 2”. 
In this case, n = 2, so there are 2* = 4 subsets. They are {a,b}, @, {a}, {b}. 27. 


: ” 


1.15 Suppose that A contains m elements and B contains nm elements, where m and n are natural numbers. 
Find the number of subsets of A x B. j “ot 


f A B will contain m - n elements (since each element of A must be paired with each element of 
B). So, A X B will contain 2”” subsets. © / 


For Probs. 1.16 to 1.18, answer true or false, and explain your answer. y% Le a 


1.16 IfMNON=N,thenNcM. ~ 
fs ifMON=N, then every element of N is also an element of MN, which means it is an 
element of M. Thus, N c M. True. 

1.17 = Thesets { }, 2, and {@} all contain no elements. 
I { } and @ both are empty, so they contain no elements. But {@)} contains the element @. So the 
answer is false. — » 1 17 

1.18 If M™N=2Q, then at least one of M and N must be empty. 


I Consider the set M = {1, 2} and N = {e, f}. Now MN N =@ (they have no elements in 
common), but neither M nor N is empty. False. 

er VE 

1.19 Find a set containing only natural numbers that is equivalent to {a, é, a}. 


I Two sets are equivalent if they are in a one-to-one correspondence with each other. The set 
(1, 2, 3} contains only natural numbers, and since {1, 2, 3}, ,£,a@}, the sets are equivalent. 
RR 
1.20 Suppose that m and n are natural numbers and m =n. Must m — 7 be a natural number? Why?/) © if 
I No. Suppose m = F and n = F; then m is natural, and m =n (F = F). But m —n =0, and 0 is not 
a natural number. (0 is a whole number; (is an integer, but the smallest natural number is 1.) 
1.2 REAL NUMBERS AND THE NUMBER LINE 


For Probs. 1.21 to 1.27, all letters represent real numbers. For each statement, tell which of the following 
properties or definitions are used. 


Commutative Identity « Division 
Associative * Inverse -_- “Zero 
Distributive Subtraction” Negative. 


1.21 © (—1)+[-(-1)]=0 
i For any real number a, a + (—a) = 0. We say —a is the additive identity of a. Here replace a by 
—1, and a + (—a) = 0=(—1)+[-(-))]. 

1.22 7+9=7(§) 


fs sift and wu are real and u #0, then ¢+ u =1(1/u) by the definition of division. In this case, tf = 7, 
u =9 (and thus u #0), and we have a direct application of the definition of division. 


1.23 1(-3)=-3 


I For any real number r, 1 - r =r. Here 1 is the multiplicative identity. In this case, r is simply 
replaced by —4. 
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1.24 


1.25 


1.26 


1.27 


8—12=8+(-12) 


§ ifaand b are real numbers, then a — b is defined as a + (—b). Thus, 8 — 12 =8 + (—12) isan 
application of the definition of subtraction. 


7(s +1) =7s + 7t 

f a(b +c) =ab + ac is the distributive law for real numbers. Here a = 7, b =5, c =¢. 

(3p +9) +3=3p +(9 +3) 

I (a+b)+c=a+(b +c) is the associative law for addition of real numbers. In this case, a = 3p, 
b=9, c=3. 

x+ym=x+my 


# Here ym is being replaced by my. And ym = my is the commutative law for multiplication of real 
numbers. 


For Probs. 1.28 to 1.30, arrange each list so that the items may be separated by <.\// o VE <.- 


1.28 


1.29 


1.30 


4. 7,4, -1,4,-4,.-3 


f Recall that < means “less than.” Its interpretation on the number line is “to the left of.” Thus, 
5 <6 means 5 is to the left of 6, or 5 is less than 6. In this problem, we arrange our list so that the 
numbers begin with the smallest and increase: —} << —-1< —}<—{<4<i<3. 


7, |14], V3, 0.04, 

# Recall that |14| = 14, 1< V3 <2 and 0.04 = & (see 1.43 below). Thus, the solution here is 
4 <0.04< V¥3<7<|14). 

|—15|, 15, 0, 10 


# There is no solution here. The reason is that |—15| = 15. Thus, there is no way to place a < 
between the first two (equal) elements in this list. 


For Probs 1.31 through 1.37, perform the indicated operation. 


1.31 


1,32 


1.33 


(—2)(3)(-5) 


f Recall that, for any two signed numbers of like sign, the product is nonnegative; for any two of 
unlike signs, the product is nonpositive. Thus 


(—2)(3) = —6 (unlike signs) 
(6)(—5) = —30 (unlike signs) 
Therefore, (—2)(3)(—5) = (=6)(—5) 


= +30 
40 + (—7) 


f To add two signed numbers of unlike sign, we subtract the smaller (in absolute value) from the 
larger and give the result the sign of the larger, Here 40 is larger than 7. Thus, we find 40 — 7 = 33, 
and we use the sign of 40 (which is +). Thus, the answer is 33. 


14 + (—72) 


f See 1.32 above. Now 72 — 14 = 58. Since 72 > 14, we use the sign of 72 (which is —). Thus, 
14 + (—72) = —58. 
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134 0 6-8-—(-6)+2 
# Remove parentheses first: —(—6) = 6. Then 
-8+6+2=(-8+6)+2 


=-2+2 
=0 
3-§ 
aa 5+: 
f First simplify the numerator and denominator separately; then perform the division. (By the way, 
this is the first of several times you will be seeing complex fractions in this book.) 
3-j=3-3=3; 
§+3= 294+ 3=%. 
3 
14-23 
1 
3-3 
I See Prob. 1.35. 
1} -23=3-§=3-¥=-3 
3}-11=4-1=%-8=8 
=f =) a 
2: € Ber 
[Remember that —a/b = —(a/b).] 
4.9 
1 Se 
mn 3—6.7 
f 3-6.7=-3.7 (Remember: Use the sign of the larger number.) 
4.9 = 
— = —1,324324... 
= ea 
= —1.324 (Do the division. Also the quotient is negative since the 


numerator’s sign is different from the denominator’s.) 


For Probs. 1.38 to 1.42, simplify the given expression. All letters represent real numbers. 


1.38 10—(-7) 
# 10-—(-7)=10+7=17. 


1.39 [a+(-6)]+6 
I [a+(—6)]+6=a + [(—6) +6] =a+0=a., 


1.40 1-(1-5) 
fo i1-(i—b)=1-1-(—6)=1-14+6=0+b=6. 


141 2a—(b-—2a) 
8 2a — (b= 2a) = 2a — b —(—2a) =2a—b+2a=2a+2a—b=4a—b. 
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1.42 


1.43 


1.47 


1.48 


(a ~b)(—y) 
# (a—b)(-y) =a(—y) — b(—y) = —ay + by. 


Convert the repeating decimal 0.040404 to a fraction. 
f Let x = 0.04040404. Then 100x = 4.040404, and 100x — x = 4.04 — 0.04 = 4. So 99x = 4 and x =. 


Prove: (a + b) + (—a) =, for all real numbers a@ and b, justifying each step in your proof. 


I (a+b) +(-a) =(—a) + (a + b) (commutative law for addition) = [(—a) + a] + 6 (associative law 
for addition) = 0 + b (additive inverse) = b (additive identity). 


Prove: a + 0=0 for every real number a. 


8 a-0=a(0+0) (additive identity) = a - 0 + a - 0 (distributive law). So a-0 =a - 0+ a@-0; but then 
a - 0 must be the additive identity, since when you add it to a - 0, you get a - 0. Conclusion: a - 0 =0. 


Evaluate each of the following: (a) |—6|, (b) |1 — v2I, (c) 7 —|—S}, (d) |—(—6)|, (e) |(—4) - (6)). 
# Recall that for any real number r, |r| = {r, r=0; —r, r <0). 


(a) Since —6<0, |—6) = —(—6) =6. 

(6) Since 1 — ¥2<0, |1 — Y2| = -(1 — V2) = V2-1. 

(ce) 7-|-5|=7-[-(-5)]=7-5=2. 

(d) |—(—6)| = |6| =6. 

(e)  |\(—4) - 6| = |—24| = 24 or |(—4) - 6| = |—4| - |6,= 4-6 = 24. 


Find the distance between —4 and 17 on the number line. 


f Ifaand b are points on the number line, the distance between a and 6 is denoted d(a, b) or 
d(b, a) = |a — b| = |b —a|. In this case, d(—4, 17) = |—4 — 17| = |—21| = 21. 


Tell whether each of the following is true or false, and why. All letters represent real numbers. 
(a) a=a.(b) Ifa=3and3<=a, thena=3.(c) If |<a<3,thena=2.(d) Ifa<b, then 
—a<-—b.(e) Ifa<b, then a?<b’. 


I (a) aais true for all real numbers since = means “less than or equal to” and a =a for all a. 
(b) Ifa=3, thena is 3 or lies to the left of 3 on the number line. If 3=a, then 3 is a or lies to the 
left of a on the number line. The only way this can happen is if a = 3. True. 

(c) If 1<a<3, then a could be 2, but it could also be 2.5 or a — 1, etc. False. 

(d) Suppose a <b. Then a —b <0. But if a — b is negative, then —(a — b) is positive. So 
—(a—b)>0or -a+b>0,s0 —a>—b. So the given statement is false. 

(e) This statement is false. Suppose a = —2 and b = 1. Thena <b. But a’ =4 and b* = 1, so 

a’ >b?. 


Prove: |x — y|=|y —x| for all real numbers x, y. 


Ff Recall that for any real number a, ja] = |—a|. Thus, |x — y| = |—(x — y)| = |—x + y|=ly a. 


13 INTEGRAL AND RATIONAL EXPONENTS 


For Probs. 1.50 to 1.59, evaluate the given expression. 


1.50 


1.51 


T/T" 
8 T/T =7*=7 =49. (Recall: x“/x* =x*~",) 
3.379 


8 Recall that x* - x” = x“*". Thus, 34! - 37-9 = 34! 41-9 = 3”. 
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1.52 (2°-2*)/(2*-2°) 
| (2° 2*)/(2* , 2°) is 2107917 ao 210-17 = et = 1/2’ = TE: 


1.53 (2+27')/5+(-8)°-4* 


B (2+2°')/5 + (-8)"— 4? = (2+ H)/5+1- (47) =(G)/S+ 1-2 = ih +1-8=3-7= -6}. 
154 (4)° 
1 ay=1)"r- Shes 
2 ~ Paar = app (3) ~~ > 


1.55 0.0001)" 
F (0.0001)** = [(0.0001)'*F = 0.001. 
is 125°“ 
B 125-*9 = (125")-*# = 5-4 = 1/54 = A. 
157) WVA 
r Ws a Via)” = {(&)"2}"5 = (4)! = 1/64" = 1/(2%)"* = 1/2! =}. 
1.58 vW-32 
B V—32=(-32)"5 =((-2))]'* = -2 = -2! = -2. 
1.59  [4003(p +n)]° 


fF Recall that x° = 1 for any real number x. Thus, [4003(p +)]° = 1 since 4003(p + n) is a real 
number. 


For Probs. 1.60 to 1.72, simplify the given expression. 


Le) ox* + x”? -x** 

B x*-x7? gaz ay” 
161 (xy’)* 

i (xy*)~° =x 4 (y?)° = x7° , ae =x /y™ = 1/x®y'?. 
1.62 (2ab’)(a’cy 

Be (2Qab?)P(a*cy* = (2°a°b*)(a*c*) = (8a°b*)(a*c*) = 8a’ b*c?. 


xP. 77 x75. x74 
1.63 aes 
x x 
gti? gS p= pb at, Mywee 
! “i eI GES. REESE Yee TeSpa ead PA Ni Te 
_ x* o°* Sr t52 x x 
b’c* bc? 
a ++ 
a a 
P Bere te Frese ae) 
= a? —_ = ‘a =e 
| Oa: fw he” Re Se ca 


(2a~'y ; (3a~*)~" 
i aa 


‘ 
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oy Gary” Sa oe ae oO a 4 
ee bt a aS a Se ee ae 
1.66 [x"/(4x- 
ys 4-43 W~43 y-12 4a 
r] | ~ =(=) Bey ens 
(4x~°) 4 ” eee 
(p%q""P? 
1.67 “ys 
24,,112)2 4318 
! ee = or = p¥3-V5gV6 — pis ve 
Va-a- a 
1.68 Wa * Vata 
P Va-a-% a-** i an 
Va a ~§36@ aa 
Set a eee 
” ge que a 
a ®+q- 39-16 
co ae ~~ ae 
2 SN 
gia ag 
1.69 (ay) 
= aes a 1 a 
By) 6-8) ey ?-0) = [| 
1 “ 3 léx* 
=(a) "9 WS =H. x*y = By 
x7 Mayl2y6 
1.70 = a) 
y 
; (See) - Seas xy? ead, 
= a Ww (x) weed BB x 2 
1.71 ey ya ey) 
Be (9x! 9y 82926 -WBy M4) = 82g 1992 y“12Y92( YIM) = 97 My My ~ aya 
= 21x My -24 = 27g My? = 274M /yt?, 
1.72. (a’°b”"*)~°, where m, n =0 


8 (a b"*)* = gp = ™ = 1/(0"b™). 


For Probs. 1.73 to 1.79, simplify and write in simplest radical form. Assume that all letters and radicands 
represent positive real numbers. : 


1.73 


Viém*y* 
B ViGmiy* = Vi6 Vi Vy* = Ve Vie? VG" = amy’ 


1.74 


1.75 


1.76 


1.78 
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32a"°b 


B (a) W320" = VR Va® WO" = VF Vay VEY = 20°. 
(b) 32a)" = aI "a ye — 2a*b?. 


VWsx 

# (a) Recall that VVx = "Vx. So, VW5x = Wx. 

(b) V5x = (W5x)"? = [(Sx)!4]!? = (Sx)! = VSx. 

2aV8a"b™ 

B 2aVBa"5™ = 2aVF(a) a (HYD = aVF Vaya? VOY = 2a -2-a?- Ya?-b*- Vb = 
4a°b* - Wa*b. 

V3*(u +v)° 

f W3(u+v)=VBust v) f= VB + v) PP = VBtu + vf. 


3y° 
4x* 


3y*_ ayy? _ V3y 7 oyV3y? Vax 


Pes = A Gao ds . 
4x4 4x35 me ind XU eS (rationalizing the denominator) 
_yV48x7y? _ yV48x7y7 _ y V4Rx7y* 
xrV4ax° x-4-x a 
2 
P-Vxtt2e 41 


' 2 di 2 = 
PV toes] CP -V +1 8-41) x= 1 : 


1.4 ALGEBRAIC EXPRESSIONS 


For Probs. 1.80 to 1.98, perform the indicated operations and simplify. 


1.80 


1.81 


1.82 


1.83 


13b + 7b —6 
I 13b+7b —6=(13b + 7b) — 6 = 20b — 6. Notice that no further simplification is possible. 


13b+7-—6 

I 13b+7—6= 136 + (7 —6) = 136 + 1. Compare this to Prob. 1.80 above. Again, we can 
perform no further simplification. 

13b + 7b —6b 

§ 136 + 7b — 6b = (13 + 7 — 6)b = 14b. Alternatively, 136 + 7b — 6b = (136 + 7b) — 66 = 
20b — 6b = 14b. 

13b* + 7b? — 6b 

8 13b* + 7b? — 6b = (13b" + 7b*) — 6b = 20b* — 6b. 


3pq + llpq — pq 
Be 3pq + pq — pq = (3 + 11 — 1)pq = 13pq. 
- : 
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1.85 


1.86 


1.87 


1.89 


1.90 


1.91 


1.92 


1.93 


1,94 


1.95 


1.97 


1.98 


2(u — 1) — (3u + 2) — 2(2u — 3) 

8 2%u—1)—(3u + 2) — 2(2u — 3) = 2u — 2 —3u —2— 4u +6 = (2u — 3u — 4u) + (—-2-24+6) = 
—5u +2. 

(x* — 2x + 3) + (4x? — x +6) 

B(x? — 20 +3) 4+ (40° — x + 6) Hx — 2 $3 4 4 2 + 6 = (a? + 4x”) + (- 2 — x) +3 4+6= 
5x*—3x +9. 

(x? — 2x + 3) — (—Sx* — 7x +1) 

O x? -—2e +3 -—(—Sx? — 7x + 1) =x? — 20 +3 + Sx* + Tx — 1 = Sx? +27 + (7x —2x) +3-1= 
Sx° +x? + Sx +2. 

4Vy — Vy + Vy 

I 4Vy— Vy + Vy =(4Vy — Vy) + Vy = 3Vy + Vy. 


(x — 2y)(x + 3y) 
B(x —2y)(x + 3y) = x(x) + x(3y) + (—2y)(x) + (—2y)(3y) = x? + Bay — 2ey — 6y? = x7 + xy — 6y?. 


(Vs + V0? 
I (Vs + V0? = (Vs)? + 2V5s Vt+ (V0P = 5 + 2V t+ 
(s +t) 


BE (s+epP =(s + 0's +8) = (8? + 2st + PVs + 1) =57(s) + Lst(s) + Ps) + 57(t) + 2st(t) + P(N = 
+387 + 38+. 

(3—x)(x?-—x-1) 

- (3—x)(x? —x-)= a Na aa 1) + (—x)(x*) + (—x)(—x) + (—x)(-1) = 3x? — 3x -3 - 
xwe+x +x =x +4x?-2x-3 

m — {m —[m —(m — 1)}} 

£ m—{m—[m—(m—1)]}} =m—{m—[m—m + 1]} =m—{(m-1}=m-—m+1=1. 

(SVx + 2)(2Vx —3) 


I (5vx 43 2)(2Vx — 3) = SVx(2Vx) + SVx(—3) + 2(2Vx) + 2(—3) = 10( Vx)? — 15Vx + 4Vx -—6= 
10x — 11Vx —6. 


(x —y)? +2x(1+y) 

B(x —y)? + 2x(1 + y) = (x? — 2xy + yp?) + (2x + 2p) =a? — Dey + 2ey + yy? + 2e =a + De + yp? 
3m**(4m"* —2m") 

8 3m™*(4m"* — 2m") = 3m 4m "4 + 3m 4 —2en*) = 12m — 6m. 


aia 

6 5 15 

' ae, ME a’ +6-(- a) +2(1) _ 5a*— 6a +2 
S S$ 30 30 ; 
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P+) x-2 x3 _ 2x(x?+1)+2(x-2) + (x3) 


’ x Sa 2x? 2x? 
_ (20° + 2x) + (Qe -4) + @—3)_ 28+ Sx -7 
2x? 2x? : 


‘1.99 __ Evaluate the polynomial 2x? — 3x — 10 when x = —S. 

} f Substituting —5 for x gives 2x? — 3x — 10 = 2(—5)* — 3(—5) — 10 = 2(25) + 15 — 10 = 
i" $0+15—10=55. 

’ 1.100 Evaluate the polynomial p* + 2p + 8 when p = 2v. 

f Substituting 2v for p, we get p? + 2p + 8 = (2u)? + 2(2u) + 8 = 40? + 4u + 8. 


1.101 Evaluate the polynomial y? — 3y — 2 when y = 1 — V3. 
I Substituting 1 — V3 for y, we get y? — 3y —2= (1 — V3)? — 3(1 — V3) —2= (1 —-2V3 +3) -3+ 
| 3V3 —2=—-1+(-2V3+3V3)=V3-1. 
1.102 Given that x + 1/x =5, find the value of x? + 1/x?. 
# Recall that (x + 1/x)? =x? + 2x - (1/x) + (1/x)? = (a? + 1/x?) + 2. Thus (x + 1/x)? —2 =x? + 1/x?. 
We know that x + 1/x =5; thus, 5* — 2 =x? + 1/x?, and x* + 1/x* = 25 —2 =23. 


1.103 The length of a rectangle is 8 meters (m) more than its width. (a) If x represents the width 
of the rectangle, write an algebraic expression in terms of x that represents the area. 
(b) Change the expression to a form without parentheses. 


f (a) Consider Fig. 1.4, If x is the width and the length is 8 m more than the width, then the 
length must be x + 8. Recall that A =/ - w for a rectangle. In this case, A = x(x + 8). 
(b) Without parentheses, A = x* + &x. 


Length 


x+8 


Width x 


Fig. 1.4 


1.104 Establish that the following two formulas are true: 
(a) xe+y?=(x+y)(x?—2xy+y"), (6) x —y? =(x—y)(x? +2y +’). 
H (a) (x +y)(x* — xy + y?) = x(x") +: x(—xy) + x(y”) + v(x) + y(—2y) + 9?) = 
ee or thar te 


(b) (x- ye ty + y*) = x(x") + x(xy) +x(y*) ~ yx") — yxy) — yy") = 
xi +x?y + xy? —x"y —xy*—y* =x°—y*, Thus, both formulas are established. 
Na 


0 0 
For Probs. 1.105 to 1.108, let n represent a number. Express each of the following algebraically. 


1.105 27 more than the number 


# Let n =the number. Then “27 more than the number’’ means 27 more than n, which is 27 plus n. 
Thus, 27 + » is the solution. 
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1.106 


1.107 


The number increased by 45 
ff The number is n. Thus, the number increased by 45 is the number plus 45, which is n + 45. 


43 less than the number 


#43 less than 90 is 90 — 43. Similarly, 43 less than the number is 43 less than n =n — 43. 


43 less the number 


I 43 less 10 means 43 — 10; thus, 43 less the number means 43 — n. 


For Probs. 1.109 through 1.111, express each algebraically. 


1.110 


1.111 


b decreased by one-half c 


f 7 decreased by 4 means 7 — 4; thus, b decreased by one-half c means b — c/2. 


The average of m and 60 

I To find the average of k items, we find their sum and divide by k. Thus, the average of m and 60 
is (m + 60)/2. 

The average of 60, x, y, and z 


I See Prob. 1.110. Add 60, x, y, and z, and divide by the number of items. The solution is 
HO+x+y+z 
oa ear 


1.5 FACTORING AND FRACTIONAL EXPRESSIONS 
For Probs. 1.112 to 1.138, factor the given polynomial! completely (relative to the integers). 


1.112 


1.114 


1.115 


xe +4x 43 


I We are looking for two binomials cx + d and ex + f such that x* + 4x + 3 = (cx + d)(ex +f). Note 
that (cx + d)(ex + f) = cex? + (de + cf )x + df. Thus, x7 + 4x + 3 = cex? + (de + cf )x + df. In order 
for this to take place, ce must be equal to the coefficient of x* (in this case, 1), and df must be 3. We 
conclude that de + cf = 4, c=e = 1, and either f = 3, d=1 or f = 1, d=3. Thus, f =3, d=1 or 
f=1,d=3. Sox? + 4x +3=(x + 3)(x + 1). Note that (x + 1)(x + 3) is also correct. We can check 
our answer by noting that (x + 3)(x + 1) =x? + (3x +x) +3=2°+4x +3. 


x—x-6 


— We repeat the procedure from Prob. 1.112: x* — x — 6 = (cx + d)(ex + f) = cex® + (de + cf )x + 
df. We find that ce = 1, de + cf = —1, and df = —6. Soc =e = 1, and then d = —6, f = 1 ord =-—1, 
f =6o0rd=-—3, f =2 ord =3, f = —2, Checking the quantity de + cf, we find that d = —3, f =2 
makes de + cf = —1. So x* — x — 6 =(x — 3)(x + 2). [Note that (x + 2)(x — 3) is also correct.] 


2x7 + 7x +6 


# Again we repreat the procedure given in Prob. 1.112. We want ce = 2, de + cf = 7, and df =6. 
Then c = 2, e = 1 (or the reverse is fine also), de + cf = 7, and d =6, f = 1 ord =3, f =20rd=1, 
f =60rd =2, f =3. Note that since ce = 2, d =6, f = 1 is different from d = 1, f = 6. Checking 
these choices, we find that if d = 3 and f =2, then de + cf =7. So 2x? + 7x + 6 = (2 + 3)(x + 2). 


2x*-2x —4 


I (See Prob. 1.112 for a detailed outline of the method.) 2x? — 2x — 4 = (2x — 4)(x + 1). Check by 
noting that (2x — 4)(x + 1) = 2x* — 2x — 4. Note that, using the notation of Prob. 1.112, ce = 2, 
df = —4, and cf + de = —2. By trial and error, we conclude that c = 2, ¢ = 1, d= —4, and f = 1. 


SSE ie i ae se | | 
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1.116 10x?— 14x — 12 


@ Here we take a shortcut to the full technique described in Prob. 1.112. The reader may still apply 
that technique and will find that it works. Here we want factors whose product is 10x7. (Think! They 

are 10x and x, or 5x and 2x.) We also want integral factors whose product is —12. (Think! They are 
+12 and ¥1, or +6 and #2, or +4 and #3.) By trial and error, looking for a middle term of —14x, 
we find 10x? — 14x — 12= (ADE). Note: 3(2x) + (—4)(Sx) = —14x. 


1.117 6x?—16x+8 


I 6x? — 16x + 8 = (2x — 4)(3x — 2), Notice that (2x)(3x) = 6x”, (—4)(—2) = +8, and 
q (—4)(3x) + (—2)(2x) = —1éx. 


1.118 4y?-25 


I Recall that a polynomial of the form r* — s* is factored as follows: r? — s* = (r + s)(r —s) (the 
“difference of two perfect squares” formula). See Fig. 1.5, In this case, we notice that 4y? = (2y)? 
and 25 = 5*, and we conclude that 4y* — 25 = (2y + 5)(2y — 5). Check to see that (2y + 5)(2y — 5) = 
| 4y* — 25 when you multiply. 


(a) Difference of two squares: 

r=s'=(r+s\(r—s) { 
(b) Difference of two cubes: 

P-ys=(r—s\r ++) 


(c) Sum of two cubes: 


(+s )=(r4+s)r' =ne57) 


Fig. 1.5 


1.119 m*—6m—-3 
@ We check the discriminant since we are having trouble finding factors. In this case, the 
discriminant b? — 4ac is (—6)* — 4(1)(—3) = 36 + 12 = 48, which is not a perfect square. If the 
discriminant is not a perfect square, then the polynomial is not factorable relative to the integers. 
1.120 -—x*-—x+12 


I Before we actually factor, ask yourself, What are the factors of 12 whose sum or difference 
is —1? (The middle term is —x.) The answer is 4 and 3. —x?—x + 12=—x*+3x —4x +12= 
(—x + 3)(x + 4). 

1.121 20° + 75¢ — 200 
B 2° + 75t — 200 = (24 — 5)(t + 40). 


1,122. 2m? + 5mn + 3n? 
ff Notice that the solution must be of the form (2m + 3n)(m + n) or (2m + n)(m + 3n). In the first 
case, the middle term is the correct one (Smn). Thus, 2en* + Smn + 3n? = (2m + 3n)(m +n). 

1.123 x?+x+1 


I Try to find factors here. You will discover that they are difficult to find. Check the discriminant 
b? — 4ac (where ax* + bx + c is the form of the polynomial). In this case, b? — 4ac is 1? — 4(1)(1), 
which is negative. A negative discriminant signals that the polynomial is not factorable. 
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1.124 


1.125 


1.126 


1.127 


1.128 


1,129 


1.130 


1.133 


L1iM 


27p* ss 8q* 
f This polynomial is of the form of a sum of two cubes: 27p* + 8q° = (3p)’ + (2q)’. Look at Fig. 1.5 


for the correct formula. Then 27p* + 8q° = (Gp + 2¢)[(3py — (3p)(2q) + (24)"] = (3p + 2q)(9p? — 
6pq + 4q°). 


Pr +25 


I Be careful! This is the sw of two squares. This is nonfactorable. Check the discriminant if you 
want proof: b* — 4ac = 0? — 4(1)(25) which is negative. 


f—a" 
I Refer to Fig. 1.5. Here ¢° —a"’ = (¢*)’ — (a*)’ is of the form of a difference of two cubes. Using 
the proper formula gives f° — a’? = (1° — a*)[(P)’ + Pa* + (a*y’] = (P — a*)(* + Pa* + a"), But FP —a* 


is of the form (1)? — (a’)’ which is the difference of two squares!  — a* = (¢ + a*)(t — a”). We 
conclude that ¢° — a’? = (¢ + a*)(t — a*)(t* + f7a* + a). 


2x* — 24x + 40x? 


f Notice that each term contains a factor of 2x*. Factor out that 2x7. 2x* — 24x* + 40x7 = 
2x7(x? — 12x + 20). Now factor x? — 12x + 20. x* — 12x + 20 = (x — 10)(x — 2). Thus, 2x* — 24x° + 
40x? = 2x?(x — 10)(x — 2). 


x’y + Txy 


I Notice that each term contains a factor of xy. So x*y + 7xy = xy(x + 7), and no further factoring 
is possible. 


4x? —9y? + 4x41 


I We will use a regrouping technique here. 4x? — 9y? + 4x + 1 = 4x7 + 4x + 1— 9y? = (2x + 1)(2e + 
1) — 9y? = (2x + 1)? — 9y? (difference of two squares) = (2x + 1 — 3y)(2x + 1 + 3y). 


x+(y-zy 


I This is a “sum of two cubes” problem. x* + (y — z)’ =[x + (y —2)][x? —2x(y —z) + (y -2z)] = 
(x+y —z)[x? —xy +z +(y —2)’]. 


a*—b* 


I a‘ —b*=(a*) —(b*) = (a* — b*)(a* + b*) = (a + b)(a — b)(a* + b*). Notice that we are applying 
the ‘difference of two squares” formula twice here. 


s°-f 
PsP =(8) -(PF =(9? -— Ost +97? +4) + (5 4+ Os — Ost + 9° +0). 
12 __pl2 
| 5? = e = (s° — (ry? — (s° + *y(s° = t*) 
=[(s°) + (FP) (s’y — (Fy) (sum of cubes][difference of cubes]) 
=(s° + P)(st-8F+ (8? —P)(st +P +e) 
=(8° + P)(st— 877 + ts + Os —1)(s8 +87? +e’). 
27+8/r' 


# Although ¢° is in the denominator here, the techniques we have employed thus far still work. 
27+ 8/r =3* + (2/t)’ = (3 + 2/1)(9 — 6/1 + 4/P). 


— —_——£ 
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1.135 y?—2xy+x?-y+x 
B oy? —2xy +x*-y+x=(y —x)y —x)—y +x =(y —x) -—(y —x) =(y —x(y—2x-1). 


1.136 4a* + 8a*b? + 9b* 


# Direct attempts at factoring do not seem to work in this case. (You should try them!) 
Sometimes the following trick works: Notice that 4a* + 12a*b? + 96° is factorable: 

4a* + 12a*b* + 9b* = (2a? + 3b”)(2a* + 3b*). We then write 8a2b? + 9b4 = 

(12a*b* + 9b") — 4a*b*. Then 4a* + 8a*b? + 9b* = (4a* + 12a7b? + 9b*) — 4a*b* = 

(2a* + 3b*)* — (2ab)? (difference of two squares) = (2a? + 3b? — 2ab)(2a* + 3b? + 2ab). 


1.137 x*—13x7y? + 4y* 
§ We again use the technique described in Prob. 1.136: 
x* — 13x?y? + 4y* = (x* — 4x7y? + 4y*) — 9x*y? 
= (x? — 2y?)? — 9x7y? 
= (x? — 2y?)? — (3xy)? 
= (x* — 2y? — 3xy)(x? — 2y? + 3xy) 
= (x? — 3xy — 2y”)(x? + 3xy — 2y?) 


1.138 2y*-y '-3 
f Don't be afraid of the negative exponents! 2y~* — y~' — 3=(2y~' — 3)(y~' + 1). Remember that 
dy" My") = 2y™?. 


For Probs. 1.139 to 1.163, perform the indicated operations and reduce to lowest terms. Notice that factoring 
is important in many of these problems. 


yn 
119 22 —) 
x+1 
3(7=1)_ 3(x + 1) 1) _ 3A - 1) _ 6, ) 
<n So PAL 
a 2—2 
y'-y 
' 2y? —2_2y’ -1) a de © so an a 
y-y? yty-)l y 
x*—2x-15 
sis r?—3x-10 
P 2x-15_ (e—Si(x+3)_ x +3 
ae ee ~ (e—SIlx + 2) x42" 
x?-4 
a —.- 


x?—4x-12 


x-4 (x+2)(x-2) x-2 


r=-4x—12 (x-—6)(e+2) x-6 
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4m-3 3 2m-1 


MS 18m Sm 6m 
1 w+ 3 at Om 3) + 3(18m*) — (2m — 1)(3m) 
18m* 6m* 18m°* 
(18m°* is the least common denominator) 
_ 4m —3 + S4m?* — (6m?* — 3m) _ 4m — 3 + 54m? — 6m? + 3m 
te 18m? 18m? 
_ 48m? + 7m —3 
18° 
sa St 2 
F 12 18 30 
e@ x°(15) +x(10) —1(6) 15x? + 10x — 6 
x, %_ 125) +210) — 16) ; Sop seeing cee es 
i 12 * 18 30 180 (180 is the least common denominator) 180 ; 
ad /;d@ a 
ae Slat a) 
P £.(§.5)-£:(4-4)-£+ 
3a \6a? 4d°) 3a \4d° 6a?/ 3a (4d)(6a) 
d 1  d° 24ad 
ary oe ee ae = 87°. 
x*-2x-15 
Le De — ie 
I x*?-2x-15 ae: 7-2 -15 — 2S + 3) _ x+3 
xo —3x7-10x x(x*?-3x-10) xfe—Si(x +2) x(x +2)" 
1.147 2x7+x-1 3x7-2x-1 


3x? +2x—-1 2x?-3x41 

I 2sh+x—1 Se7—2e—1 Qx—Tle+4} (3x + It} _ 3x +1 
3x7+2x—1 2x?-3x4+1 (3x-DGQ+t Qe—Na tN 3x-1° 

f-1-6 F+G~5 

P+1-2 P4+6t+5 

' P-1-6 P4+4-5 (¢-3)+D Se) St -3 


1.148 


oe eee ee en 


C+t—-2 C+64+5 (e+e U+S(r+1) 6410 


- 2 
ey = y+ Sys 
1.149 y?—2y41 ar 


a se 


Faiys oS (= y=1) y3—y)3+y) 


_-BWy +2) + H)O—T) 

Oy 1) yG—"I3+y)" 
Notice that we change ( y — 3) to —(3 — y) so that we can cancel the 3 — y in the denominator. 
—(y + 2)(y + 4) 


The above expression = ; 
yy - 1G +y) 


SS a — ee ee || 
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= Ti es PSS Saas See 
ee 


a’+a-2 Sagat ~ @+a—2 3a*—8a-3 
_@at+l)a—3}_ (a —3)la+25 
(a+Z)(a—1) (3a + 1)a—3j 
_ (2a +1)(a—3) 
(a —1)(3a +1) 
2-x x*+4x+4 


—- sae 4 
J 2-x x Fe nae 2-x (¥+2)(x% +2) 
2x+x* x*?-4 x(2+x) (x +2)(x-2) 
- 2-4) @+2)+2) _—1 
124+) Oe +27) 27 
[Notice the 2 — x = —(x — 2) trick here. Also remember that 2 + x and x + 2 are equal, and so they 
cancel!] 
2 6 
= os x2 
pea 16 2 6 _ A1)+6(x+2)_ 246x412 
x?—4 x-2 (x+2)(x-2) x-2 (4 4+2)(x-2) (+ +2)(0-2) 
6x +14 
[(x + 2)(x — 2) is the least common denominator] = Fy es 
d+5 2-1 
 3a=1 +1 
1 d+5 _2d-1_ (d+5)(3d + 1) — (2d — 1)(3d — 1) 
3d-1 3d+1 (3d — 1)(3d + 1) 
_ 3d* + 16d + 5—(6d*—Sd +1) _ —3d*+21d+4 
(3d — 1)(3d + 1) ~ (3d — 1)(Gd + 1)° 
3x 7x 
 i=3 +1 
1 3x : 7x _ 3x(2x + 1)- 7x(2x — 3) _ 6x" + 3x — (14x? + 21x) 
2x-3 2x+1 (2x — 3)(2x + 1) (2x —3)(2x + 1) 
_ Bx? +24x 2x (12 — 4x) 
~ (2x —3)(2x +1) (2x —3)(2e +1) 
1 1 
re 


——_ + ——_ - 
x?—y? x+y x-y 
I Noting that x* — y? = (x + y)\(x — y), we have 
5x i L__Se(1) + r=y)— 1 +y) 


Ea ee 2S x?-y? 


_ ok +X — ot Se Fm 1 Sx —2y 
x?-y? ~ ey?” 
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1.157 


1.158 


1.160 


ee eg 

e-y x+y (2s-1)-y) 
- a 3 I(x + y)(2x — 1) — 2(x — y)(2x — 1) + 3x + y) 
x-y x+y (&-I)-y) (x — y)(x + y)(2x ~ 1) 


_ (2x? + 2xy — x — y) — 2(2x? — xy — x + y) + (3x + 3y) 
‘ (x —y)(x + y)(2x — 1) 
_ 2x? + 2xy — x — y — 4x? + dey + 2x — 2y + 3x + By 
; (x —y)(x + y)(2x — 1) 
- —2x? + Oxy + 4x 
(x — y)(x + y)(2e - 1) 


re 
% 4-8 16-19 42e-2= 14-2) 


‘26-7 G- «iy 
_ (x? — 2x + 1) + (2x? — 2x) — (4—x) 
(x-1) 
Boles —-3%x-3 _ Me -x-1) 
(x -1)° (x-1) 
2+1/t 
2-1/t 
f Notice that this expression involves a complex fraction. There are two basic ways of solving 
problems like this one. (1) Get rid of the complex fraction first, and then simplify. 
2+1/t_2+1/t t_ 2+ 
2-1/ft 2-1ft t 2-1 
(t is the least common denominator of 1/f and 1/¢.) 
(2) Simplify the numerator and denominator first: 
24+ U/t_(2t+M)/t +1 We~-1_ +l f Bers 
2-1/t (2-1)/t t t 2-1 2&-1 
x+y 
xo-y' 
' x+y am x+y ms x+y xy 
x'—y"' M/x-I/y 1/x—I/y xy 
(where xy is the least common denominator of I/x and 1/y) 
_ *v(x+y) _xy@e+y) 
xy/x—xy/y y-x ~ 
25. ae 
ee ay 
“pe ees x+y x+y  xy_xy(ety)_ 


x+y” I/x4+lly_ I/x+l/y xy y+x 
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x/y —2+y/x 
xly —y/x 


x/y—2+y/x_ xly—2+y/x xy x*?-2xyt+y? (x-y)e—yT x-y 


=-ervonr— Fr OF se 


x/y —y/x xly—y/x xy x? —y? (x+y)\e—py x+y 


s*/(s—t)-s 
ue Pi(s—t)+t 
si(s——s_ _ls—8)- $s s-t_s —s(s—t)_ s*—s? +st_st_, 
Pis—th+t Pl(s—t)+e s—t P4+ts—t) P+s—-P s ~ 
1.163 (oe 
1+ 1/(1 + 1/x) 
1 1 x x 


= CS 


1+1/x 1+1/x x x+1 


1 1 
Thus, since 1 +-= E 


x; 2 
x+1 
oF eee 
I x+1 
+ 1+ 1+ 
1+ 1/x x+1 x+1 
nee x+1 ul x+1 _12e+1)+(4+1)_ 3x42 
I(x + 1)+2x(1) 2x+1 2xe+1 2x+1° 


For Probs. 1.164 to 1.167, rationalize the denominators and reduce each fraction to lowest terms. 


Vx 
1.164 tie 
| eee — vi MER: = . (1— Vx is the conjugate of 1 + Vx. When we multiply 1 + Vx 
by 1 — Vx, we get 1 — x, and the radical in the denominator is gone.) 
3 
116 
I = sV3 V3+1 Ht. 3s +sV3 
Va—-1 V3—1 ¥34s 2 
1—-Vx+1 
Oe Te veti 


g bert vest ta vee 
eae 1a fever 


(Remember! 1 — Vx + 1 is the conjugate of 1 + Vx + 1. It is always the case that the conjugate of 
Vm + Vn is Vm — Vn; the conjugate of Vm — Vn is Vm + Vn.) 
_1-2Vx+ —@+1)_ 1—2Vx+1 L—x-1 =e +1—2 


1—(x+1) l-x-1 —x 


aS ae ae en 
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2 
x 
1.167 va 
x 3+Vx+3 ~7G+Ve+)) xi(3+ Vx +3) 
3- - —Vx+3 34+Vx+3_ ~ 9—(x+3)_ ‘3 6-x 


For Probs. 1.168 and 1.169, rationalize the numerators. 


V2+h+ 
1.168 pate 
' V2+h+V2_V2+h+V2 V2+h-V2_ 2+h-2 
h . A V2+h-V2 h(V2+h- V2) “QETIIVD ~ V2+h eas 
(Notice that we use the same procedure used for rationalizing the denominator.) 
1.169 2Vi7 — 3x 
x+y 
g 2V17 = 3x _2V17 34 2V17 + 3x_ 4-17-92? 68 — 9x? 


x+y. x+y  2Vi7+3x (x+y)2Vi74+3x) (x +y)(2V17 43x) 


For Probs. 1.170 and 1.171, combine into single terms. 


um 2-2 
V5Sa V2a V5a V2a 
: \2- \2- Ve V5 2v2_ V5 
_ V5 V5a-2V3Via_sVa—4Va__Va _ Va Vi0_ Vil 
. ~~ 2V10  2V10 2V10 Vio 20 ~ 


1.6 COMPLEX NUMBERS 


(See Chap. 11 for a complete treatment of the complex numbers.) For Probs. 1.172 to 1.181, perform the 
indicated operations. Write the answer in the form a + bi. 


1.172) (1+i)+(3-2%) 

# Recall that (a + bi) + (c + di) =(a tc) + (b + d)i. Then (1 +4) + (3 —2i) =44+(-1)i =4-7 
1.173 (-—6+4i)+(2-i) 

§ (-64+4i) + (2 -i)=-44+31. 


1.174 (2-—i)-—(3-4i) 
§ (2-i)-@G—-4i) =(2—3) + (-14+4)i =-14 31. 


1.175 


1.176 


1.177 


1.178 


1.179 


(-3 -i) -(-2-3i) 


# (-—3-i) —(—2—3i) =(—3 + 2) + (-14+3)i=—-14+2h. 


(2—i) + (4i- 3) 


B (2-i) + (41-3) = (2-1) + (-3 + 4) = -14 31. 


3i + (4 —2i) 
8 36+ (4-21) =(04+ 31) + (4-2) =44i. 


(2 + i)(3 + 2i) 


§ Recall that (a + bi)(c + di) = (ac — bd) + (bc + ad)i. Then (2 + {)(3 + 2i) = 


2(3) — 1(2) + (3+ 4)i=4 + 71. 


(3 —i)(i — 6) 

I (3-i)i-—6) =(3-i)(-6 + 1) = (3)(—6)-(—1)(1) + (6 + 3)i = —17 + 93. 
i 

3+i 


I We simplify this expression by multiplying the numerator and denominator by 3 —i, the 


conjugate of 3 + i: 


2 2 3-i 
34¢. 345 3-1 
2+i 
1-i 
: Pay +3 43; 
I 2+i 2+i 1 A, a1 Sabu 


io} 23 147 122 


For Probs. 1.182 to 1.187, find the indicated power of i. 


1.182 


1.183 


1.184 


1.185 


1.186 


1.187 


fo ®@=?7i=(-1)i=-i. 


F ®=@)@)=(-1I(-D) = 1. 


8 7 =P =1(-i)=-i 


a ®=ii*=1(1)=1. 


i> 


§ M=(@P? =17(-)=-i. 


iad 


BPM =@7P =1(-)=-)=-1. 
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6-—2i 6-—2i 
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For Probs. 1.188 to 1.191, perform the indicated operations and write all answers in the form a + bi. 


1.188 (4—V16) + (2+ V—25) 
§ V-16=4i; V—25 = Si. (Recall: V—16 = V—-1- 16= V-1 V16 =i -4= 41.) 
(4- Vi6) + (2 + V—25) = (4— 41) + (2+ Si) =6 +i. 

1.189 (2+i)—(4+ V—49) 
§ (2+i)-—(4+ V—49) =(2 +1) — (447i) = —2- 64. 


1.190 (2+ V—9)(1+ V—=4) 
BE (2+ V—-9)(1 + V—4) = (2 + 3i)(1 + 2) = -—4 4+ 71. 


1.191 : 


ee 


i O+i OFi1 O-i -# 1 
1.192 Prove that (* = 1 for all natural numbers k. 
B i*= (i =1* =1. 


1.193 Solve for x and y: 3 — 2i = 4xi + 2y. 

ff) Two complex numbers a + bi and c + di are equal if and only if a =c and b = d. So 

3 — 2i = 4xi + 2y is rewritten as 3 — 2i = 2y + 4xi; then 2y = 3 and 4x = —2, ory =? and x = —$. 
For Probs. 1.194 to 1.201, solve the given equation. 


1.194 x?-x+1=0 


i 4ac _1+VI?—40)Q) Si cm 1+iV3 
2(1) 2 , 


1.195 2x?-—2x+3=0 
_24+V4—24_24V-20_2+2V-5_1+iv5 
4 a 4 aie 
1.19% x°+5=0 
8 e=-Sorx=+V-S=+iVS. 
1.197 x°+8=0 
§ x’ =—-8 or x = V-8 = —2. (Compare this with Prob. 1.196 above.) 


1.198 Prove that () is the additive identity for the complex numbers. 


Ef Write 0 as 0 + Oi, Then (a + bi) + 0 = (a + bi) + (0 + 01) = (a + 0) + (b + 0)i = a + Di. Thus, 
0 + Oi = 0 = additive identity. 


1.199 Find the additive inverse of ¢ + di, and prove that it is the additive inverse. 


We claim —c — di is the additive inverse. Now c + di + (—c — di) =¢ + (—c) + [d+ (-d)]i = 
0 + Oi = the additive identity. Thus, —c — di is the additive inverse for ¢ + di. 


1.200 Prove that | is the multiplicative identity for the complex numbers. 
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For Probs. 1.188 to 1.191, perform the indicated operations and write all answers in the form a + bi. 
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BE (2+ V—-9)(1 + V—4) = (2 + 3i)(1 + 2) = -—4 4+ 71. 


1.191 : 


ee 


i O+i OFi1 O-i -# 1 
1.192 Prove that (* = 1 for all natural numbers k. 
B i*= (i =1* =1. 


1.193 Solve for x and y: 3 — 2i = 4xi + 2y. 

ff) Two complex numbers a + bi and c + di are equal if and only if a =c and b = d. So 

3 — 2i = 4xi + 2y is rewritten as 3 — 2i = 2y + 4xi; then 2y = 3 and 4x = —2, ory =? and x = —$. 
For Probs. 1.194 to 1.201, solve the given equation. 


1.194 x?-x+1=0 


i 4ac _1+VI?—40)Q) Si cm 1+iV3 
2(1) 2 , 


1.195 2x?-—2x+3=0 
_24+V4—24_24V-20_2+2V-5_1+iv5 
4 a 4 aie 
1.19% x°+5=0 
8 e=-Sorx=+V-S=+iVS. 
1.197 x°+8=0 
§ x’ =—-8 or x = V-8 = —2. (Compare this with Prob. 1.196 above.) 


1.198 Prove that () is the additive identity for the complex numbers. 


Ef Write 0 as 0 + Oi, Then (a + bi) + 0 = (a + bi) + (0 + 01) = (a + 0) + (b + 0)i = a + Di. Thus, 
0 + Oi = 0 = additive identity. 


1.199 Find the additive inverse of ¢ + di, and prove that it is the additive inverse. 


We claim —c — di is the additive inverse. Now c + di + (—c — di) =¢ + (—c) + [d+ (-d)]i = 
0 + Oi = the additive identity. Thus, —c — di is the additive inverse for ¢ + di. 


1.200 Prove that | is the multiplicative identity for the complex numbers. 


Ho 1=14+0i. fo +B) 1) (at HEE O=at)— (0) + (b+ 0)i=a- bi. 1 ‘ 
the multiplicative identity oe : a esis 
Find x and y such that (3 + 2i)(x + yi) = 1. < 


H (3+ 2i)(x + yi) = (Bx — 2y) + (2x + 3y)i. Then (3 + 2i)(x + yi) = Bx - 2)+ (r+ yynt=1+ 
Oi. Thus, 3x — 2y = 1 and 2x + 3y =0. Solving these simultaneously (see Chap. 5 for the background — 
on this if you need it), we get 


6x-— 4y=2 
6x + 9y=0 
— 13y=2 
y=- 
6x — 4(-4) =2, ox + § =2=%, Gr =H, orx=H=H. 


CHAPTER 2 
Equations and Inequalities 


2.1 LINEAR EQUATIONS 


For Probs, 2.1 to 2.18, solve the given equation, if possible. In each case, the replacement set for the 
variable is the set of real numbers. 


2.1 


2.2 


2.3 


24 


6x+3=19x4+5 


i 6x+3= 19x45 
-—3 —3 (Add —3 to both sides.) 
6x = 19x +2 
—19x —19% (Add —19x to both sides.) 


(—A)(-13x) =2-(-) (Multiply both sides by —34.) 
x =—% 


Note that we added —3 to both sides so that constant terms could be found on only one side of the 
equation [in this case, the right-hand side (RHS)]. We then add —19x to both sides to isolate the 
terms involving a variable. We multiplied by —34 to transform —13x to x, 


3x — 10 =17—3x 
! 3x-10= 17-3x 
+10 +10 (Add 10.) 
3x = 27-ax 
3x 3x ‘(Add 3x.) 
b+ 6x =27+} (Multiply by 3.) 
x =7? 


9—14¢=171-11 
! 9-14¢= 17t-11 


+ 14¢= +14 
9 = 3it-11 
+11 +11 
+ -20= 3-4 
wy 


Note that we first isolated the variable and then added the constant. This could have been done in 
reverse order. See Prob. 2.4. 


9—14¢=17t-11 


! 9-—14r= 17-11 
~9 -—~ 9 
—14¢= 174-20 

—17t —17t 


—# »(—31t) = —20- (—3) 
=F 


a ae 


; 
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5(2r — 6) = 4(31 — 1) 


I First we eliminate the parentheses: 10¢ — 30 = 121 — 4. Don't forget the distributive law! Now we 
proceed as we did in Probs. 2.1 to 2.4. 


10¢—-30= 12r- 4 


+30 + 30 
10¢ = 12t+26 
—12 —12t 
—2t = +26 
t =-—13 (Multiply both sides by —4.) 


2(3x — 6) + 4(3x — 5) = 14x 


§ First, remove parentheses: 6x — 12 + 12x — 20 = 14x. Next, collect like terms on the left-hand side 
(LHS): (12x + 6x) — 12 — 20 = 14x. 


18x—32= 14x 
—18x —1&x 
—32= -—4x 
are x 

x=8 


-2(4x + 2) = -3 - 4x — (x -2) 


I Proceed as in Prob. 2.6. Do not attempt to solve this until you have simplified the LHS and RHS: 
—8x —4=—-3-—4x—-x +2, 


2.8  (3x—1)(4x +3) =(2x + 3)(6x + 10) | 
I Begin by eliminating the parentheses: 


l2x*+5x—3 = 12x? + 38% + 30 
—Sx —30 —Sx-—3 . 


—33 = 33x 
—-l=x 


I Don’t let the fractions bother you. Proceed in exactly the same way as in earlier examples. 


x/3-2 =}-x : 
+2 +2 | 
x/3 =#-x (4% =2+4) : 
+x +x 
4x/3 2} 


x=%-3= % (Multiply both sides by j.) 


There is an alternative way to handle this kind of problem. See Prob. 2.11. 
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2.10 3 (x —1)(2e + 1) =(4 + 1)(2r — 1) 


f 2x?=-x-1= 2x? +x-1 

—2x? —2x? 
—x-l=x-1 
+1 +1 

—-x =8 

+X +x 

0 =2x 

x=0 


218 x/3-2=4-x 


2. bel -6 11-10% 
# Combine fractions first on the LHS and RHS: <Se= >, eee Cross-multiply: 


10(x — 6) = 3(1 — 10x); proceed as we did previously. 
10x-60= 3-—30x 


+30x + 30x 
40x-60= 3 
+60 +60 
40x = 63 
x = 
3 6x 
2.12 Se Dla 
3 Eee TEAC: aC : 
| ae “hina ii similar to the equation in Prob. 2.14. Combining fractions on the LHS, we 
3+4(2x-1) 6& —-1+8 ' , 
———— =_.. =e —] + — : 
t 3 Te aoe 5 Multiply both sides by 2x — 1, so —1 + 8x = 6x 
2x = 1, or x =}. 
2 4 
a x+3 x+4 
ff Cross multiply: 2(x + 4) = 4(x + 3), 2x + 8 = 4x + 12, —4= 2x, or —2 =x. See Prob. 2.14. 
2x 4 
om 543 544 
2x 4+ 2%x+4) ates a 
Rae - (Do you see where this term came from?) ——— = Tag Crs multiply 


2x(x + 4) = (2x + 12)(x + 3), 2x? + Bx = 2x? + 18x + 36, —36= 10x, or —3.6=x. 
245 4x+9=4x+11 


f Subtract 4x from both sides (i.e., add —4x to both sides). Then 9 = 11. Since 9 # 11, there is no 
solution, 


2.16 4:+9=-—2(-—2r- 2) 


E 4¢+9=41 +9 (using the distributive law). Since 4¢ + 9 = 44 + 9 for any value of ¢, any real 
number is a solution. There are infinitely many solutions. 
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5s. | 
x—3 x*-6x+9 . 
i ee a Cc Iti | 5 3fr = 3 Di ide both ide 3 . : 
3=3 xm br 49 TOSS Multiply: S(x — 3)" = (x — 3)(33 —x). Divi sides by x — 3. This | 


is legal since x #3 (why?). So 5(x — 3) =33 —x, Sx —15=33 — x, 6x = 48, orx =8. 


EE die Sams eas porte fail a kes ee 
Moh) lM) “bn eee ee ee 
(—Sn + 23) and 6(n — 5) = —Sn + 23. Thus, n = i. 


Check the result in Prob. 2.1. 


f In Prob. 2.1, we obtained x = —¥ as the solution for 6x + 3 = 19x + 5. 6(—&) + 3 2 19(—AA) +5, 


—12+39 —38+65 

—-8+32-$+5, ———=——_ 
8 3 13 13 | 
works for all equations. 
1 


, % =H. Thus, x = —4 is a correct solution. This technique 


2.20. Check the result in Prob. 2.17. 


2.21. Solve p + q =rs for q. : 
: 
— pt+q=rs 
—P —P 
qun—p 
. 


Notice that we treat r, s, and p as constants since we are solving for the unknown gq. 


2.22. Check the solution in Prob. 2.21. 
i p+q=rs where g =rs —p. p + (rs —p) irs, p+rs—p irs, rs=rs. The solution is correct. 


2.23 Solve p + q =rs for s, where r #0. 
f Multiply p + g =rs on both sides by 1/r: (1/r)(p + q) =rs(1/r), or (p + q)/r =s (r #0). 


2x -— 
2.24 Bove $= te 
@ yGs +5) = 2x —3, dye + Sy = 2x3, 3yx — 2x = -3- Sy, x(3y -2) = -3- Sy, or =. 
) Bee 


You should check this solution. 


2.25. Let m and n be real numbers with m larger than n. Then there exists a positive real number p such 
that m =n + p. Find the fallacy in the following argument: 
m=n-+p 


. (m—n)m = (m —n)(n + p) 


> 
. ‘ 
_ 
rn =~ 
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m* — mn = mn + mp — nn? —np 
m* — mn — mp = mn —n* —np 
m(m—n—p)=n(m—n—p) 
m=n 


f To get to the last step from the one before it, we divided by m — n — p. But if m =n + p (see step 
1), then m — n — p = 0, and division by 0 is illegal. 


For Probs. 2.26 to 2.30, find & if the given number is a solution of the given equation. 


2.26 


2.27 


2.29 


2.50 


2.31 


2.33 


12, 2x +S=3x+k 

8 If x = 12 isa solution, then 2(12) + 5 must equal 3(12) + k. Then 24 + 5 =36+k, 29=36+k, or 
—7=k. 

2,x°+kx+2=0 

I As we did in Prob. 2.26, we substitute 2 for x. Then 27 + k(2)+2=0, 4+ 2k +2=0, 2k =—6, or 
k= -3. 

—4, (2x + 3)(4x + 5) = (4x + 1)(2x +k) 

H [2(—4) + 3)[4(- Lig es +) + 1}[2(—4) + k]. Therefore, 2(3) = (—1)(—1+k), 6=1—k, or 
k = —5, See Prob. 2 

Consider Prob. 2.28 again, but this time simplify before substituting x = —4. 

HB &x? + 22e + 15 = 8x? + 2x + 4k +k, Then 8(—4)? + 22(—4) + 15 = 8(—4)? + 2(-4) + 4(—-3)k + kk. 
After doing the arithmetic, we find k = —S. 

—4, x°(3kx — 6k —1)+3x+k=0 

8 (—4)'[3k(—3) — 6k — 1] + 3(-4) +k =0, }(-3k — 6k — 1) -—3 +k =0, —jk —3k-—4-3+k=0. 
—{k =], —28k = 56, or k = —2. 

The sum of two consecutive even integers is 10. Find the integers. 


# Let x = one of the integers; then x + 2 must be the other. (Consecutive even integers differ by 2.) 
Thus, x + (x +2) = 10, 2x +2=10, 2x =8, or x =4, then x +2 =6. The integers are 4 and 6. 
Check: 4 and 6 are consecutive even numbers. 4 + 6 = 10. Thus, their sum is 10. 


Find three consecutive even integers such that the sum of the first and third is twice the second. 


§ Let x = the first, x + 2 =the second, and x + 4 = the third number. Then x + (x + 4) (the sum of 
the first and third) = 2(x + 2) (twice the second), 2x + 4= 2x + 4, or 0=0. Thus, any three 
consecutive integers are a solution, such as 10, 12, 14. 


Find three consecutive integers such that the sum of the first and twice the second is 30 more than 
the third. 


H Let x, x +1, and x + 2 be the integers. Then x + 2(x + 1) = (x + 2) + 30, 3x +2 =x + 32, 3x = 30, 
or x = 15; thus, the integers are 15 (x), 16 (x + 1), and 17 (x + 2). Check: 15, 16, 17 are consecutive. 
15 + 2(16) = 47, and 30 + 17 = 47. 


The perimeter of a rectangle is 30m, and its length is twice its width. Find the length and width of 
the rectangle. 


I Let x = width. Then 2x = length (i.e., twice the width). Then 2x + 2x +x + x =30, 6x = 30, 
x =5m (width), and 2x = 10 m (length). Check: 10 = 2(5). Also 10 + 10+5+5=30. 


2.36 


2.37 


2.38 


2.39 


2.40 


2.41 
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A rectangle 24 m long has the same area as a square that is 12 m ona side. Find the dimension of the 
rectangle. 


ff If the side of the square is 12 m, then the area of the square S* = 144 m’. The area of the 
rectangle A = /w = 144 m*. It is known that / = 24 m. Thus, 24w = 144, and w = 6. Check: 
6m - 24m = 144 m = area of square. 


Train A leaves station QO at the same time as train B leaves station RX. Train A travels at a rate of 30 
miles per hour (mi/h) directly toward R, and B travels at 45 mi/h directly toward 0. How many 
miles must A travel before the trains meet, if the stations are 60 mi apart? (See Fig. 2.1.) 


6) mi 
A B 
O 3) mi/h—e = 45 mish R Fig. 21 


fs Let x = distance A travels until the trains meet. Then 60 — x = distance B travels. Put that 
information in Fig. 2.2. Also insert the respective rates of the trains. Note that if d= rt, then t=d/r. 
Fill in these times. Notice that the two times are equal, since both trains must travel until they meet. 
So x/30 = (60 — x)/45, 45x = 1800 — 30x, 75x = 1800, x = 24 = distance A travels. See Prob. 2.37. 


Fig. 2.2 


Using Prob. 2.36, find out how long B travels before the trains meet. 


I The time B travels is (60 —x)/45. We found x = 24 in Prob. 2.36. (60 — 24)/45=8% =?h= 
48 min. 


The sale price on a camera after a 20 percent discount is $72. What was the price before the 
discount? 


I Let x = price before discount. Then x — 20%x = price after discount. x — 0.2x = 72, 0.8x = 72, or 
x=72 x ? = $90. 


Suppose Kate can paint a particular room in 6 h. At what minimum rate must her helper be able to 
paint the room alone if together they must complete the job in 33h? 


ff Let x = time in hours it would take Kate’s helper to paint the room. If it takes x h to complete, 
then 1/x of the job could be completed in 1 h. Also if Kate can complete the job in 6h, she will 
complete } of it in 1h. Then in 1h ¢ + 1/x= 1/4 (3 =33), 44+ 1/x =H, (x + 6)/(6x) =4, 

24x + 144= 42x, 144= 18x, or x = 8h. Her helper must be able to paint the room working alone in 
Sh. Check: }+4=H=1/¥. 


Barbara is twice as old as Mary, and Dick is three times as old as Barbara. Their average age is 36. 

How old is Barbara? 

oa SO. 
3 

ages), 9x = 108, so x = 12 years old, 2x = 24 years old = Barbara's age, and 6x = 72 years 

old = Dick’s age. 


I Let x = Mary’s age. Then 2x = Barbara's age, and 6x = Dick's age. = 36 (average of 


Juanita has nickels and dimes in her pocket. Their total value is $1, and there are twice as many 
dimes as nickels. How many nickels does she have? 
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f Let x = number of nickels, 2x = number of dimes. Then, 5(x) + 10(2x) = 100 (100¢ = $1), 
Sx + 20x = 100, 25x = 100, or x = 4 nickels. Check: 2x = 8 = number of dimes. 4(5¢) + 8(10¢) = 
100¢ = $1. 

2.2 NONLINEAR EQUATIONS 


For Probs. 2.42 to 2.71, solve the given equation. Leave any answer containing a radical in simplest radical 
form. 


242 x'=9 


# oif.x? =9, then x is that number or numbers which, when squared, is 9. Thus, x = +3. Notice that, 
to get this result, we found the square roots (+ and —) of the constant term isolated on one side of 
the equation, Notice that there is no linear term in this equation. Check: 3° = 9; (—3)° = 9, 


2.43 4° =36 
I 4° =36, FC =9, ort = +3. Check: 4(3) = 36; 4(—3) = 36. 


2.44 p*=17 
fp? =17, or p= £VI17. Check: (V17)? = 17; (—V17)? = 17. 
2.45 2 =80 


§ 2° =80, P= 40, ort = +V40= +V4-10= + V4 V10 = 42V10. Check: 2(2V109 = 2(4 - 10) = 
80; 2(—2,V10)? = 2(4 - 10) = 80. 


2.46 x*-10=0 
fx? -10=0, x7 =10, orx = +V10. 
2.47 £+5=0 


§ ¢+5=0, or f= —S. But no real number squared is negative. Thus, the solutions must be 
complex numbers. If t = —5, then t= +V—5 = +iV5. (See Ch. 1 for a review of complex numbers.) 


2.48 47-7=0 
I o4x?-7=0, 4x7 =7, x? =], x= 4V] =4V0/V4= 4V7/2. 
2.49 (n+5)=9 


IE (n+5)=9, orn +5 = +3. Possibility 1: n +5 =3, or n = —2. Possibility 2: n +5 = —3, orn =8. 
So the answer is n = —2, —8. 


2.50 x?+3x+2=0 
f Factor the LHS: (x + 2)(x + 1)=0 (x +2 or x + 1 or both must be 0). If x + 2=0, then x = —2. If 


x +1=0, then x = —1. Check: (—2)° + 3(—2) +2 =4-6+2=0, or 0=0. Also (—1)? + 3(—1) + 
2=0,1-3+2=0, or 0=0. 


2.51 °+126+35=0 

§ Factoring, we get (¢ + 5)(¢ +7) =0. If +5=0, then = —5. If t+ 7=0, then ¢ = —7. 
2.52 4x°?-—4x-3=0 

8 (2x —3)(2x + 1) =0. If 2x —3=0, then x = 3. If 2x + 1 =0, then x = —}. 
2.53 2°-21=12 


8 2 — 2 =12, 2° — 2 — 12=0, or (¢ — 3)(2 + 4) = 0. If t —3 =0, thens =3. If ¢ = —4, t= —2. 
Note that we could have divided through by 2 initially, See Prob. 2.54. 


2.56 


2.59 


2.60 


2.61 


2.62 


2.63 
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20? — 2t = 12 


8 2° —2=12, P-1=6, P-—t-—6=0, or (t —3)(t + 2) =O. If t—3 =O, then t =3. Ife +2=0, 
then ¢ = —2. 


10x? — 52x + 64=0 

g (2x — 4)(Sx — 16) = 0. If 2x —-4=0, then x =2. If Sx — 16=0, then x = ¥. 
p*—2p?+1=0 

H (p*—1)(p?—1)=0, p?=1, orp = £1. 

x? +3x7+2x=0 

OB x(x*+3x +2) =0, x(x + 2)(x + 1) =0, or x =0, —2, —-1. 


x>+x-1=0 

I This does not appear to be factorable. Using the quadratic formula x = ee 7 =e #0) 
—1+ V1-—a4{iK-1) <— = 

wehavea=1,6=1, ¢= -1,andx=— 2 VE MDCD NES thy, ptt or x= 

-1-v5 

ae, 

2° +1-4=0 


I Again, factoring does not appear to work. We have a = 2, b = 1, c= —4; 
_-1+VP—4Q)(-4) _ -1+ V33 
A 2(2) 2 

2x? +4x+1=0 


—4+V16—8 -4+V8 —-4 a 
I Here a =2, b =4, c=1. Thus, x 4+ Vi6—8_-44 V8 _—4+2y2_ ~2+V2 


2x? + 8x — 42 =0 


fs The LHS here is factorable into (2x — 6)(x + 7). If, however, we had not noticed that, we could 
have solved the equation as follows: 


ase 42\(— 5-3 _-8+20 
Se ee ea 


x2+4x+1=0 


- Here we illustrate the method of ‘completing the square.’ *x?+4r+4isa perfect square, since 
r+4x4+Q@M=(x+ 2). To obtain the circled 4, we find the coefficient of the x term (here it is 4), 
divide it by 2, and square it: (4/2)? = 27 =4. x7 4+ 4x + 1 Hx? + 40 44, but x? + 4x +1=(2 + 4x + 
4) —3. So the equation x* + 4x + 1=0 is rewritten as (x* + 4x + 4) —3=0, (xn +2 —3=0, 

(x +2)? =3, x+2=+£V3, x=+4V3—-2, orx = 3-2, —V3-2. 


P-6+2=0 


IP -—6t+2=(F —6t +9) —7. Thus, ? — 6¢ + 2 =0 is rewritten as (P° — 6¢ + 9) —7 =O or FP — 6 + 
9=7, (t—3)°=7, 1-3=+V7, ort=34V7. 


owe bee 
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2.64 


2.70 


2.71 


2x? + 6x -—9=0 

O 2x? + 3x — 4) =0 or x? + 3x — § = 0. Completing the square, we get (x? + 3x + ) -2-3 =0, 
(x43 =¥,x+3=4V¥, x 4+3=4P), x =(4F)/2- } r= ft -}=(VF—-3)2, or 
—F - 3} = -(V27 -3)/2. 

—x?+3x-2=0 


I By factoring we get (—x + 1)(x — 2) =0, or x = 1, 2, Or we can rewrite the equation as 
x? — 3x +2=0 and factor. See Prob. 2.66. 


—x*+3x-2=0 

-3+Vo_— = 
! Using the quadratic formula we get x =—2*V9~ MWC?) _ “3 V1 or. See Prob. 2.67. 
—x?7+3x-2=0 


| sca hgh aaron — 3x + 2=0 and complete the square. (x? — 3x + 3) +2—2=0, 
(x - 3)? =4,x-3=4V] = +4, orx=1, 2. 
(x? —3)(x* — 4) =0 


# Either (x? — 3) or (x? — 4) (or both) = 0. So x? — 3 =0, x = + V3, or x?—4=0, x = +2. Thus, 
x =3, -3, 2, or —2. 


met 
-9=0 
i 
2x+1 g 2+! 2x+1 
GS) - "eat oa If =~ =3, then 2x +1=9x +3, -7x =2, or x= -4. If 
2x +1 


ara or hen ax + 1 = 9x — 3, llx = —4, or x = —}. 


(2x +3)? + 4(2x +3) +3=0 

E oLetu=2x +3. Then u* +4u+3=0. (u+1)(u +3) =0, u=—1, —3. Thus, if 2x + 3 =~—1, then 
x= -—2. If 2x +3=-—3, then x = —3. p 
8y"*+6y"'+1=0 


E Letu=1/y=y7'. Then u* =(1/y=y~?, 8u? + 6u + 1 =0. (4u + 1)(2u + 1) =0, or uw = —}, -4. 
Then 1/y = —} or —}, or y = —4, —2. 


For Probs. 2.72 and 2.73, find the discriminant. 


2.72 


2.73 


Z’+5Z-—6=0 

I The discriminant of a quadratic equation ax* + bx + ¢ = 0 is b* — 4ac. In this case, b? — 4ac = 
— 4(1)(—6) = 25 + 24 = 49. 

S?+5S =3 

§ a=1,b=5,c=—3, b* — 4ac =25 — 4(1)(—3) = 25 + 12 = 37. 


For Probs. 2.74 to 2.76, determine whether the equation has real roots. 


2.74 


x?+llv+11=0 
f Recall that when the discriminant is positive or zero, the equation has real roots. If the 


EQUATIONS AND INEQUALITIES J 33 


discriminant is zero, it has one real root; otherwise, it has two. If the discriminant is negative, the 
equation has imaginary roots. Here, b? — 4ac = 117 — 4(1)(11) > 0. Conclusion: Two real roots. 


' 2.75 x?-3x+3=0 
' Ib? — 4ac = (—3) — 4(1)(3) = 9 — 9 =O. Conclusion: One real root. 


2.76 2x*?+x+1=0 
Ib? — 4ac = 1? — 4(2)(1) <0. Conclusion: No real roots. 


For Probs. 2.77 to 2.81, reduce the given equation to a quadratic and solve. 


2.77 x+2=x 
§ Square both sides, x +2 =x7, x7—x —2=0, (x —2)(x + 1)=9, or x =2, -1. 
Check: When x = 2, Vx +2 = V2 +2 = V4 =2. This checks. When x = —1, Vx +2= 
V-1+2=V1=1#-1. This does not check. Conclusion: x = 2. (Note: When you square an 
equation, you may pick up extraneous roots. It is imperative that you check all solutions.) | 
2.78 3+V2x-1=0 
Bo 3+V2x —1=0, V2x —1=—3, 2x -—1=9, 2x = 10, or x =5. Check: 3+ V10—1=3+3=60. 
This equation has no solution. Notice that it did not reduce to a quadratic. 
' 
2.79 V3w—-2-Vw=2 
BE V3w —2=2+ Vw, 3w —2=(2+ Vw)? (squaring), 3w —-2=4+ 4Vw + w, 4Vw =6—2w, | 
16w = (6 — 2w)? (squaring), l6w = 36 — 24w + 4w*, 4w? — 40w + 36=0, w?— 10w +9=0, 
(w —9)(w — 1) =0, or w=9, 1. Check: V3w —2- Vw 22. Ifw=9, ¥27—2- V9 =5—3=2. This 
checks. If w = 1, ¥V3—2-— V1 =V1—-V1=0. This does not check. Conclusion: w =9. 
2.80 y—6+Vy=0 
i Vy=6-y, y=(6—y)? =36— 12y + y’, y* — 13y + 36 =0, (y —9)(y — 4) =0, ory =9, 4. 
Check: y = 9 is extraneous. y = 4 is the solution. See Prob. 2.81. 
281 y—6+Vy=0 
I Letu=Vy, then u*?=y, sou*—6+u=0, u?+u—6=0, (u+3)(u —2) =0, oru =3, 2. u=-3 
is extraneous, but u = Vy, so Vy =2, and y =4. 
2.82 The height (in feet) of a ball thrown vertically upward above the ground in f seconds (s) is given by I 
h = 1281 — 162°. In how many seconds will the ball be 192 ft high? : 
I iff =192 ft, then 192 = 128% — 1607, 167 — 1281 + 192 = 0, ° — 81 + 12 =0, or (t — 6)(t — 2) =0; 
after 2s and after 6s. Note: The ball goes upward, stops, and turns downward. That is why it 
reaches 192 ft after 2s. 
2.83 Find all values of R so that x7 + (R + 3)x + 4R =0 has one real root. 
I The discriminant (R + 3)? — 4(1)(4R) = 0. Thus, R? + 6R + 9— 16R =0, R*?—10R +9=0, 
(R —9)(R —1)=0, or R=9, 1. 
2.84 Show that if ax* + bx + a =0 has one real root, then b = 2a or b = —2a. 


I if ax? + bx +a =0 has one real root, then b* — 4(a)(a) = 0. Then b* — 4a* = 0, b? = 4a’, b?/a*=4 
or (b/a)? = 4, so b/a =2 or —2. Thus, b = 2a or —2a. 


2.85 Show that if ax” + bx +c =0 has one real root, then b = +V4ac. 
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8 if ax? + bx +c =0 has one real root, then b? — 4ac = 0, b? = 4ac, or b+ V4ac, 


2.86 Solve for/: P= EI-—RP 
§ P=EI-RP, —RP+EIl—P=0, or RP — El +P =0. Letting a= R, b= —E, c= P gives 


E+VE*—4RP 
a“ im 


2.87 = If P dollars is invested at r percent compounded annually, at the end of 2 years the amount will be 
A=P(1 +r). At what interest rate will $1000 increase to $1400 in 2 years? 


§ A=P(1 +r)’, where A = 1440 and P = 1000. 1440 = 100011 + r)?, (L4+r)'=1.44, l1+r=4V1.44 
(reject the negative!), 1 +r = V1.44 = 1.2, or r=0.2. The rate is 20 percent. 


2.88 Solve for h: h? + q* = 5x 
Boh? +q?=5Sx, hb? =Sx—q?,h=+V5x —q’. 


2.89 A number x has the property that the sum of x and twice its reciprocal is 3 times the number. Find x. 
# Let x =the number and 1/x = reciprocal. Then x + 2(1/x) = 3x, x + 2/x = 3x, (v* + 2)/x = 3x, 
x? 4+2=3x7, 2x? =2, x? =1, rx =+1. x =1 and x = —1 are both solutions. Check: 1 + 2(1/1) = 
3=3(1), —1+2(1/—1) = -3=3(—1). 

2.90 ‘Find two consecutive positive integers whose product is 210. 


I Let x = first number. Then x + 1 = second number. If their product is 210, then x(x + 1) = 210, 
x? +x =210, x7 +x —210=0, (x — 14)(x + 15) =0, x = 14, —15. x = —15 is extraneous (it is 
nonpositive). Thus, x = 14, x + 1 = 15 (check this!). 


2.91 _ Find the length of a side of an equilateral triangle if the triangle’s area is the same as the area of a 
square with a side of 5 m. 


If if the square has side x =5 m, then its area = 25 m*. Let S = length of side of triangle. 
Then the area of the triangle is { V3 = 25, S*V3 = 100, S* = 100/V3 = 1003/3, 


an 100V3 _ 100 — 10 v _ 10 1/4 __ 10 _ 4 
Ss V . W3=s5 V3==5°3 =34= 10-3" m. 


312 
2.3. LINEAR INEQUALITIES 


For Probs. 2.92 to 2.96, write an algebraic expression for each statement. 
2.92  3y less than 4 times z is nonpositive. 


i 4z-—3y=0 


2.93 5 times / is less than or equal to 3 less than 3 times negative y. 
8 St=3(—y) —3 or Sts —3y -—3 
2.94 5 times fis more than 3 more than 3 times y. 


§ St>3+3y 


2.95 5 times fis 3 more than 3 times y. 
8 St=3+3y 


2.96 5 times fis more than 3 times y. 
i Sst>3y 
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For Probs. 2.97 to 2.100, a and b are real numbers such that a < b. How are the given pairs of numbers 
related? 


2.97 a-4andb—4 

I ifa<b,thena—4<b—4. 
% 2.98 —3aand —3b 
;: I ifa<b, then 3a <3b and —3a > —3b (the inequality sign reverses). 
> 299 2-aand2—b 

fe ifa<b, then —a>—b, and —a+2>-—b+2,or2—a>2-b5. 

2.100 —a/4 and —b/4 

f ifa<b, then —a>—b, and —a-}>-—b-4, or —a/4>—b/4. 
For Probs. 2.101 to 2.103, is the given number a solution of the given inequality? 
2.101 -x+52=0;3 

I Substituting 3 for x, we get —x + S= —3 +5 =2 and 2=0; 3 does satisfy the inequality. 
2.102 4/x+3=1/x;4 

Be When x =}, 4/x +3=4/44+3=11, and 1/x =2, so 11 =2; } does satisfy the inequality. 


2103 x °'+1<x7*-2;1 


@ Whenx=1, x°'+1=1°'+1=2andx°-*-2=17>*—2=~—1, so2>-—1; 1 does not satisfy the 
inequality. 


For Probs. 2.104 to 2.122, solve the given inequality (if possible). 


2.104 31>4+421 
8 3r>44 20, 1>4. 


2.105 146=31-4 

8 i= —4, ort =—}#. 
2.106 —3s>5s+2 

I —&s >2, ors <—}, ors <—4. (Notice the sign reversal!) : 
2.107 4%+9=>-—7x-16 


§ o4x4+9>—7x — 16, llx =—25, orx >—ff. 


2.108 —3(4¢—8)=6(t +5) 


8 -126+ 24561 +30, -6=18, —h=1, -1=0, ort =—}. 


2.109 9 =—3(4¢—8) = 6(t +5) 
Bo —3(4¢ —8) =6(¢ + 5), —12¢ + 24< 61 + 30, —18¢=6, t= —f, or f= —4. See Prob. 2.108. 


Notice the difference between the methods in Probs. 2.108 and 2.109. It makes little difference whether the 
unknown is isolated on the RHS or LHS of the equation. 
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2.110 —(x +3)—(2x +4)s2x4+2 

Oo —-x+3-2x-—452e4+3, -—3x-—152x4+3, -—Sx<}, orx=-}. 
x-2 at3_, 
6 oe 5 


! x? Met 20, (x — 2) + 2(2x + 3) = 0 (here we multiply both sides by 6). x —-2+ 4x +62 


0, 5x =>—-4,0rx=-#. 


2.111 


2.112 4-—4z2=2/12+8 
8 4-—4222/124+8, § —42/12=2/12+ 8, —B=5z/12, -W=5z, —Paz, z=—F, orz=-I18. 


2.113 s<*=*<10 


£ 20<x —3=40, or 23<x=43. 


2.114 -10<16-—2x<10 
f -—26< —2x < —6. Dividing by —2 gives 13 > x > 3. Notice the reversal of both inequality signs. 


2.115 -6=2x-3<-1 
I See Prob. 2.116. Then —3 =x <1. 


2.116 -6=2x-3=-1 
fo —3=52x =2, or —3 =x <1. (See Prob. 2.115.) 


2.117 -6<x+2<10 
—f -6<x+2<10, or —-8<x <8 (adding —2 to all three parts of the inequality). 


2.118 -—w&+q=sx —r. Solve for x. 


8 -—mw—-—sx=-r-—q,orx(-—t—s)=-—r-—q. Case 1: If -t-—x>0, then x=——4 


Case 2: If —-t—s <0, then x s——7 Case 3: If —1—s =0, then 0S —r — q, or r = —q. Then if 


r<—q, any real x satisfies the equation. If r = —q, there is no solution. 


5x 25 
2.119 x+5 =2- x45 
# Multiply both sides by x + 5. Then 5x = 2(x + 5) — 25, Sx =2x + 10-25, 3x = —15, or x = —5. 

But x # —5, since x + 5 appears in the denominator. Thus, x < —5 is the only possible solution. 


,x+5>0 


5 25 
Notice then that we can see that eA =2——— has no solution. 
x+5 x+5 


2.120 Sx —3<4(15x —9) 
fo 5x —3<5x —3 0r0<0. But 0=0. Conclusion: No solution. 
2.121 2x/5—4(x —3) =2x/3— A(x +2) 
12x — 45 20x —9x -— 
t 2x/S— x/2+3<2x/3—3x/10— fh, os ES _ag 4 45 < 11x - 18, 
—l4x = —63, orx = %. 


a 
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2.122 2x-a<-3x+p 


+a 
| -5x<p +a, orx>? ; 


=< 


For Probs. 2.123 to 2.127, an inequality is given. It is one of those in the above group. Graph the solution, 
and indicate the solution using interval notation. 


2.123 14¢t=—3t-—4 (2.105) 


= eee Fay ar 


2.124 4x+9=-7x-16 (2.107) 


> cae ge Nimes a me 
0 x 


“3 -25/1 -2 1 [-25/1t, =) 
ars —<2- ov ts>0 © (2.119) 
x+5 x+5 


I Recall that this inequality has no solution. One way to indicate @ using interval notation is (1, 1). 
What would another way be? 


2.126 -—6<x+2<10 8 (2.117) 


¢ —+¢- ES RO Le TT (-8,8) 
-§ 0 & x , 
2427 -6<2x-3<-1 (2.115) 
i —_f—--—~ oe a 
-3/2 0 1 x ([-3/2,1) 


For Probs. 2.128 to 2.132, a, b <0 and a >b. Tell whether each statement is true or false. If it is false, give a 
counterexample. 


2.128 a’>b’* 
I False; for example, —5 > —6, but 25 < 36. 
2.129 ab<b? 
f True. If a<5, then when we multiply by b on both sides, we reverse the inequality since b < 0. 
2.130 a(a—b)>b(a—b) 
I True; a >b implies a — b > 0. Multiplying a > b on both sides by a — b maintains the inequality 
sign. 
2.131 ab(a—b)>0 


i True; a> implies a — b > 0, which means a(a — b) <0 and ab(a — b) > 0 (note that the signs 
are reversed)" 
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a 
2.132 CH) 50 


I False; a — b >0, thus (a — b)* > 0 and (a — b)’/b <0. For example, let a = —1 and b = —2. 


2.133 If both a and b are negative and b/a is greater than 1, is a — 6 positive or negative? 
§ b/a>1. Then b <a. (Careful! The sign reverses since a <0.) SoO<a—banda—b>0O. 
2.134 Assume that m >n >0; then mn > n?, mn — m? > n?* — m?, m(n — m) >(n + m)(n —m), m>n + 
m, or 0>n. But we assumed that n > 0. Find the error. 
I To get from n(n — m) > (n + m)(n — m), we divided by n — m. But n — m <0); thus, we needed 
to reverse the inequality sign. However, notice that we did not. 
2.135 Prove: For any real numbers x, y, and z, ifx<y, thenx +z<y +z. 
§ ifx<y, then x —y <0. But x — y = (x — y) = (z — z) which means (x — y) + (z —z) <0, 
(x +z)—(y +z) <0, orx+z<y +z. 
2.136 Prove: If a<b and b <c (where a, b, and c are real numbers), then a < c. 
I ifa<b, thena—b<0;ifb<c, thenb—c<0. Then (a—b)+(b—c)<O and (a—c) + 
(b —b)<Oora—c <0. Therefore, a<c. 
2.137 The area of a square does not exceed 25 square centimeters (cm’). Find the possible integral values 
of a side of the square. 
§ A=S?=25cm’. If S=1cm, then S*=1 cm’. If S=2cm, then S* = 4 cm’. If § =5em, then 


S*? = 25cm’. Conclusion: 1 cm =S =5Scm. 


For Probs. 2.138 to 2.140, use the following: Linda bought some pizzas at $5.40 apiece. The total bill did not 
exceed $23. 
2.138 Let x =the number of pizzas bought. Use the above information to write an inequality in x. 
# x =number of pizzas bought. $5.40 = price of 1 pizza. Then $5.40x = total amount spent. We 
know then that 5.40x = 23. 
2.139 Solve the inequality in Prob. 2.138. 
B 5.4x <23 or x < 23/5.4. 


2.140 Find how many pizzas Linda may have purchased. 


§ x <23/5.4 where x = number of pizzas bought. 23/5.4 = 4.25 . . . which means she bought 1, 2, 3, 
or 4. She could not have purchased 5 or more. 


For Probs, 2.141 and 2.142, let a and b be positive integers whose sum is less than 12. 


2.141 If we know that a is either | or 2, how many possible choices are there for b? 


§ a+b<12(a,b>0). Ifa=1, then1+b< 12 0rb<11, sob can be 1,2, ... , 10 (10 choices). If 
a=2,then2+b<12 or b< 10, so b can be 1,2, ... , 9 (9 choices). Total number of choices = 19. 


2.142 How many possibilities are there altogether for a and b? 


! a=1 10 choices for b 
a=2 9 choices for b 
a=3 8 choices for 6 
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7 choices for b 
6 choices for b 
5 choices for b 
4 choices for b 
3 choices for b 
2 choices for b 
1 choice for 6 

Total: 55 possibilities 


roms nuns 
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2.4 ABSOLUTE VALUE 
For Probs. 2.143 to 2.192, solve each equation or inequality, if possible. 


2.143 |x| =6 


I Recall that |x| has two common equivalent definitions. 


=0 . 
xi={ z = or Ix] = Vx" 


-—x x<0 


If |x| = 6, then x = 6 or x = —6. Check: |\6| = 6, |—6| = 6. Note that this check works given either of 


the definitions above: V6" = 6 and V(—6)° = 6. 


2.144 |x| <5 


I Recall that |x — a| <6 can be interpreted as all x whose distance from a is less than b. 


a-—b a a+b x 


In Fig. 2.3, notice that the interval (a — b, a + 6) satisfies that criterion. In our problem, a = 0, 
b =5. Thus |x| <5 has the solution -5<x <5 (—5S=0—5, 5=0 +5). More generally, let a >0; 


then 
|x| =a has the solution x = +@ 
|x|< a has the solution —a<x<a 
|x] >a has the solution x >a, x< —a 
jex + d| <a can be written as -a<cr+d<a 
cx + d| >a can be written as cx +d >a, cx +d<—a 
Fig. 2.3 
2.145 |x|=4 


# |x|=4 has solutions x = 4 and x = —4. (See Fig. 2.3.) The graph of this solution set is 


—4 0 4 x 
2.146 |t}=0 
ff Then t=0 which implies that ¢ can be any real number. Note that this makes sense. |¢| is never 
negative! 


2.147 |x| <—10 
If This inequality has no solution: |x| =0 for all x. 
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2.148 


2.149 


2.151 


2.152 


2.153 


2.155 


2.156 


2.157 


2.160 


2.161 


2.162 


y-4|=3 

@ Thenx —4=30rx —4=—3. Thenx =7 orx =1. 
|-S +4|=2 

§ -S+4=2 or —S + 4= —2. Thus, §S=2o0rS =6. 
|| =8 

8 2=8 or 2¢=—8. Thus, t=4 ort = —4. 
|-—3x| = 21 


8 (i) -—3x =21 or —3x = —21. Thus, x = —7 or x =7. (ii) |—3x| = |—3| |x| =3 |x]. 3 jx] =21. 
jx] =7, so x =7 or x = —7. 


[2x + 1)=4 

8 o2x4+1=4 or 2x + 1 = —4. Thus, x =3 or x = —3. 

|2s — 6| = 10 

# 2s —6=10 or 2s —6= —10, 2s = 16 or 2s = —4, sos =8 ors = —2. 
|—22 + 4) = —2 

Bo -20+4=-—2 or —2¢+4=2, —2s=—-6 or —2¢ = —2, sot =3 ort=1. 
|2x| <1 (See Fig. 2.3.) 


f Then —1<2x <1 or —}<x<}, Using interval notation, (—4, 4) is the solution set. 


|2s} =2 
# —2<2s=2 or —1<s <1. The graph of the solution set is 


\2t| > 1 (See Fig. 2.3.) 
8 2>1or2r<—1. Thent>} ort<—}. 

Ix—1|<2 

§@ —-2<x-—1<2o0r —1<x <3. In interval form, (—1, 3). 
\e-—2|34 

8 —4<:1-2<4, or -2s1=6. 

j¢—2j=5 

8 ¢—2=Sort—2=—S. Thus, 1=7 ort = —3. 
[ax + 1|<7 

@ -7<2x4+1<7, -8<2r <6, or —4<x<3. 

2x —5|< 10 

@ -10<2e—-5<10, —5<2x <15, or -3<x< ¥. 


] 


2.165 


2.166 


2.167 


2.168 


2.169 


2.170 


2.171 


2.172 


2.173 


2.174 


2.175 


2.176 


2.177 


2.178 
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|—2x +2) <2 


# —-2<-2x+2<2, -4<-—2x<0, or2>x>0. (Careful! The signs are reversed because of 
division by —2.) 


|—3¢ — 2| <6 

i —-6<-3t-2<6, -4<-31<8, ort >r>—}. 

|2x + 1) >6 

@ 2x4+1>6or2x +1<-6, 2x >5 or 2x < —7, sox >$ or x < —3. 
|2s —2|>8 

f 2s—2>8 or 2s —2< —8, 2s > 10 or 2s < —6, sos>Sors<-—3. 
[2x — 4} = 10 

§ 2x —4 210 or 2x —4=—10, 2x = 14 or 2x = —6, sox =7 orx = —3. 
j—-x+1,/2=5 

Bo -x+1=Sor—-x+1=-—5, —x=4o0r —x =-6,sox=-—4orx=6. 
j-s -—1|=7 

§@ -s—1=7 or —s —1=~—7, -—s =8 or —s = -—6, sos =-—8ors=6. 
|-2x + 4|>6 

#8 —-2x+4>6 or —2x + 4< —6, —2x >2 or —2x < —10, sox<—lorx>5. 
|-3x —2|=10 

f —3x —2=10 or —3x —25 —10, —3x =12 or —3x = -8, sox=—4 orx=?. 
jl—x|/<5 

# -S<1-x<5, -6<-—x<4, or6>x>—4. (Careful!) 

|2—t}s6 

8 —6=<2-(r=6, -8=-1=4, or 8=r= —4. 

|—3=—s|=5 

8 —-S5=-3-s<5, -2=-s=8,or2=s=-8. 

jl —2x} =8 

§ -8=1-—2x<=8, —9= —2x =7, or =x =-3. 

|2—3X|<6 

§ —6<2-3X <6, -8<-3X <4, or §>X>-7. 

|-3 — 4x|=12 

8 -12=-3-4x=12, -9=<—4x =15, or 3=>x2=-¥. 


jl—e¢>11 
8 i-—t>1?orl—r<—11, —t>10 or —t< —12, sotr< —10 ort > 12. 


ET 
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2.179 |2—s|>10 
§@ 2-s>100r2—s<-—10, —s >8 or —s < —12, sos < —8 ors > 12, 


2.180 |2—3x|213 


§ 2-3x=130r2—3x = —13, —3x=11 or —3x = —-15, orx =—¥ orx=5. 


2.181 |-1—2x|>2 


@ -1-—2x>2or —1—2x < —2, —2x >3, or —2x << -1, x<—Jorx>}. 

2182 |2—"|<3 
I (i) -3<*#=*<3, —3<x/2—4<3, —3<x/2<4, -S<x<7. (ii) |x -—1|/<6(|2|=2, and 
cross multiply). Then —6 <x —1<6, or —S5<x<7. 

2.183 BoA |s4 


§ j2x —3)=16, -16<2x —3=16, —13=2x =19, or —¥=x=¥. 
2.184 |4(1 — 2x)|< 10 

@ |i —2x|<20, -20<1-—2x<20, —21< -2x<19,or ¥>x>-¥. 
2.185 |jx+1|/=x+1 

f Recall that |p| = p when p = 0. Thus, |x + 1| =x +1 when x +120, orx=—1. 
2.186 |2s —3|=3—2s 


f if |2s —3| =3 —2s, then |2s — 3| = —(2s — 3). But |p| = —p only when p =0. Thus, 2s —3=0, 
2s =3, ors =}. 


2.187 |x+2|)<x+2 


I No solution. |x + 2] =x +2 or all x. Note that |x + 2| <x + 2 would be rewritten as —(x + 2) < 
x +2<x +2 which is impossible, 


2.188 |r| =9 
@ Then? =9 or P= —9, but PF #—9. Sor =9, t= 43. 
2.189 |x?-2\|=7 


@ Then x’ —2= +7. If x* —2=7, then x? =9, x = 43. If x? — 2 = —7, then x* = —5 which is 
impossible. 


2.190 |2r-—1|<-3 
I No solution. |2¢ — 1| = 0 for all ¢. 
2.191 |—A(\x — 16))| =0 


fx can be any real number, since |a| = 0 for all a. 


2.192 Solve [2x — p| > s for x. - = 
s — 
! 2x —p>s or 2x—p <—s, 2x >p +s or 2x <~s +p, s0x >"> or 2x < 5 ? 


2.193 


2.194 


2.195 


2.197 


2.198 


2.200 
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2.5 NONLINEAR INEQUALITIES 


For Probs. 2.193 to 2.205, solve the given inequality. Graph the solution set for each even-numbered 
problem, and express each odd-numbered solution set in interval form. 


x?-2x+1>0 


I Factoring the LHS, we get (x — 1)(x — 1) > 0, which means that (1) both factors on the LHS are 
>0 or (2) both factors on the LHS are <0. Thus, (1) x —1>0, x >1, or (2)x-—1<0,x<1. (x-1 
is the only factor!) Conclusion: x > 1 or x < 1. In interval form, (—*, 1) or (1, ©). Using set notation: 
{(—@, 1), (1, »)}. 

x*-3x+2>0 


8 (x-—2)(@-1)>0. (1) x-—2>0, x—1>0;x>2, x>1, or (2) x —2<0, x-—1<0;x<2,x<1. 
Simplify: (1) If x > 2 and x > 1, then x > 2, since x > 2 guarantees us that x > 1, (2) If x <2 and 
x <1, then x <1, since x < 1 guarantees that x <2. Conclusion: x > 2 or x <1. 


— a eeemaes een oo mann ~ 
6 ! 2 x 


x?-3x+220 

I See Prob, 2.194. All > signs are to be replaced by = signs. Conclusions: x = 2 or x =1 or in 
interval form [2, ©) U (—~, 1]. 

x*—3x+2<0 

I if (« —2)(x — 1) <0, then (1) x —2>0, x —1<0 or (2) x —2<0, x—1>0. In (1) x >2 and 
x <1, which is impossible. In (2) x <2 and x > 1. Conclusion: x <2 and x > 1, or l<x <2. 


—_}+—_—_+-}——— 
0 1 2 x 
x?-3x+2<0 
I See Prob. 2.196. Replacing < by =, we get x =2 and x = 1. In interval form, [1, 2]. 


x? +x-—6=0 


© (x +3)(x —2)=0. Then (1) x +3=0 and x —2=0, or (2) x +3 =0 and x —2=0. Thus, x =—-3 
and x = 2, which is impossible, or x = —3 and x = 2. Conclusion: x = —3 and x = 2, that is, 
—3=x =2. 


= 0 


xr+x-6>0 


E(x +3)(x —2)>0. Then (1) x +3 >0, x —2>0 or (2) x +3<0, x —-2<0. Thus, x > —3 and 
x > 2, which means x > 2, or x < —3 and x <2, which means x < —3. Conclusion: x > 2 or x < —3 or, 
in interval form, (#, —3) U (2, ). 


2x? — 5x -—3=0 


# (2x + 1)(x —3)=0. Then (1) 2x + 1=0, x —-3=0 or (2) 2x +1=0, x —3 50. Thus, x = —4 and 
x =3 (which is impossible); or x => —4 and x =3. Conclusion: x = —4 and x 53. 


——_f------ a ny 
-4 0 


3 x 


4 . 
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2.201 3x°+x>0 
B x(3x +1)>0. Then (1) x > 0 and 3x + 1 >0 or (2) x <0 and 3x + 1 <0. Then x >0 and x > —}, 
which means x > 0, or x <0 and x < —4, which means x < —4. Conclusion: x > 0 or x < —4 or, in 
interval form, (0, )U(—*, —}). 

2.202 3x°<-2x+1 


Oo if 3x? < —2x + 1, then 3x? + 2x — 1 <0. Thus, (3x — 1)(x + 1) <0 which means (1) 3x — 1 <0, 
x +1>0or (2) 3x—1>0, x +1<0. Then x <4 and x >—1, orx>4 and x <—1 which is 
impossible. Conclusion: x < 4 and x > —1. 


2.203 S*=1 
i S°=1 means S*— 1=0. Then (S — 1)(S + 1) <0, which means (1) § — 150, § + 1=0 or (2) 
S§—120,$+1=0. Then § =1 and §S = -1 or §=1 and § = —1 which is impossible. Conclusion: 
S$ =1and S = —1 or [—1, 1]. See Prob. 2.204. 

2.204 S’=1 


I Here is another method. If S*=1, then VS* = V1. Recall that VS? = |S]. Then |S| <1 or 
—1=S=1. Notice the result is the same as in Prob. 2.203. 


a 
-1 0 1 § 
2.205 x'-x>0 


B x(x? —1)>0. Thus, (1) x >0, x? -—1>0 or (2) x <0, x? -—1<0. If (1) x >0, (x —1)(@ +1) >0, 
then x — 1>0, x + 1>0 which means x > 1, x > —1, which means x > 1; or x —1<0,x+1<0 
which means x < 1, x < —1 which means x < —1. Thus, x > 0 and (x > 1 or x < —1), or x > 0 and 
x>1l,orx>1. If (2) x <0, x —1<0, then x + 1 >0 which means x <1 and x > —1; or x —1>0, 
x +1<0 which means x > 1 and x < —1 which is impossible. Thus, x < 0 and (x <1 and x > —1), 
which means x > —1 and x < 0. Conclusion: x > 1 or (x > —1 and x <0) or, in interval form, 
(1, *)U(—1, 0). 

2.6 MISCELLANEOUS PROBLEMS 


For Probs. 2.206 through 2.212, solve by factoring. 


2.206 4x7-5x=0 
Bo o4x? — Sx = x(4x — 5). If x(4x — 5) =0, then x =0 or 4x —5 =0; x =0, 3. 


2.207 4x°-9=0 
I 4x’ — 9 is the difference of two perfect squares. Thus, if 4x7- 9 =0, (2x — 3)(2x + 3) =0 and 
2x —3=0 or 2x + 3=0. x = +3. 
2.208 x°-—4x+3=0 
@ Factor the trinomial on the LHS: x° — 4x + 3 = (x — 1)(x — 3). Then (x — 1)(x — 3) =0 
x-1=0 x-—3=0 


x=] x=3 


2.209 x*°—6r+9=0 
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I Proceed as in Prob. 2.208: x? — 6x + 9 = (x — 3)? =(x — 3)(x — 3). Then (x — 3)(x —3) =0 
x—3=0 x—3=0 
6 x=3 x=3 
2.210 4x? + 20x +25=0 
I Proceed as in Prob. 2.209: 4x? + 20x + 25 = (2x + 5)? = (2x + 5)(2x + 5) =0. Then 2x +5=0, 
dx =-5,x=-3. 
2.211 3x? + 8ax —3a*=0 
I 3x? + 8ax — 3a” = (3x — a)(x + 3a) (Check that!) Thus, (3x — a)(x + 3a) =0 
3x —-a=0 x+3a=0 
x=a/3 x=-3a 
2.212 10ax? + (15 — 8a”)x — 12a =0 


Ff 10ax? = (2ax)(Sx) and 3 - 5x — 4a(2ax) = (15 — 8a)x. Thus, 10ax? + (15 — 8a2)x — 12a = 
(2ax +3)(Sx — 4a). Then (2ax + 3)(Sx — 4a) =0 


2ax +3=0 5x —4a=0 
x =-—3/2a x=4a/5 


For Probs. 2.213 through 2.215, solve by completing the square. 


2.213. x*-2x-1=0 


Ws ifx? —2x —1=0, then x? — 2x =1; x? — 2x + 1=1+1. [—2 is the coefficient in —2x; —3 = —1; 
(—1)? = 1. Thus, we add 1 to both sides of the equation.] Then (x — 1)? =2, x —1=+¥2, 
x=1+V2. 

2.214 3x*+8r+7=0 


I See Prob. 2.213. If 3x? + 8x + 7 =0, then 3x? + 8x = —7 and x* + §x = —]. (Divide by 3 to make 
it monic.) Then x? + §x + ¥=—-34+ ¥=-§ 


(x +37 =-3 


5 
x+4=4V-3= me 
—4+iV5 
5 ee: LS. 


2.215 ax*?—bx+c=0,a#0 


‘ b c b b? ob? c=? — 4ac 
! We proceed as in Prob. 2.214: x° +7 x=—=,x' +7 x+75=7 4-7 =—7 4. Thenx + 
b [b? — 4a +Vb? — 4a —b + Vb" — 4a 
at 4a? = = and 2 = . Note that this is a formal derivation of 


the quadratic formula. 


2.216 Solve for x: 9x* — 10x* + 1=0. 


O 9x* — 10x? + 1 = (x? — 1)(9x? — 1). (Check that by multiplication. What other factors were 
possibilities?) Then (x? — 1)(9x2— 1) =0 

x*-1=0 9x7-1=0 

x=+1 r=$ x=t} 


- x++1, +4 


— 
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2.217 Solve for x: x* — 6x + 12x? —9x +2=0. 
# Complete the square: 
(xt — 6x + 9x") + 3x? -—9x +2=0 
(x? — 3xf + 3(x? — 3x) +2=0 
and [(x? — 3x) + 2)[(x? — 3x) + 1] =0, x? -3e +2=0, x=1, 20rx*-—3x+1=0, x= 


34V5 
a 


2.218 Solve for x: V5x —1— Vx=1. 


§ Rewrite this equation by isolating one of the radicals, VSx — 1 = 1+ Vx, and square; then 
Sx —1=1+2Vx+x, 4x —2=2Vx, or 2x —1= Vx. 


Square: 4x? — 4x + 1 =x, 4x°— Sx +1=0, (4x — 1)(x — 1) =0, and x =}, 1. 


Check each pective root; since we squared the equation, extraneous roots are likely. When 
x =4, VSG) — 1 -— V] =0 #1. x =1 checks and is the only solution. 


2.219 Solve for x: V6x + 7— V3x +3=1. 
ff See Prob. 2.218. 


Véx +7=1+ V3x+3 (Transpose.) 
6x +7=1+2V3x+3+3x+3 (Square.) 
3x +3=2V3x+3 


Squaring gives 9x? + 18x + 9 = 4(3x + 3) = 12x + 12, 9x? + Gx — 3 = 3(3x — 1)(x +1) =0, andx= 
4, —1. Check both of these. Neither one is extraneous. 


For Probs. 2.220 through 2.223, determine the character of the roots. 


2.220 x?-8& +9=0 


I The discriminant b* — 4ac = (—8)* — 4(1)*(9) = 28. Since 28 > 0 and since 28 is not a perfect 
square, the roots are irrational and unequal. 


2.221 3x7-8« +9=0 
Ib? —4ac = (—8)° — 4(3)(9) = —44. Since —44 <0, the roots are imaginary and unequal. 
2.222 6@x*-5x-—6=0 


Ib? — 4ac = 169. 169 > 0 and is a perfect square (169 = 13°). Thus, the roots are rational and 
unequal. 


2.223. 4x7 —4V3x+3=0 


Ib? — 4ac = (—4V3)* — 4(4)(3) = 0. Thus, the roots are real and equal. (Question: What are they, 
and why are they not rational?) 


2.224 Square each of the inequalities: (a) —3<4, (6b) -—5<4 


I (a) (—3) =9, 4 = 16; and 9< 16. 
(b) (—5)’ =25, 4° = 16, and 25 > 16 (Be careful! The sign reverses.) 


For Probs. 2.225 through 2.228, solve for x. 


2.225 3x+4>5x+2 


i o3x+4>5x+2 
—2x >-2 (Subtract 5x + 4.) 


x<l (Divide by —2.) 


2.226 2x—-8<7x+12 
fo o2xk-8<7x+12 


—5x<20 (Subtract 7x — 8.) 
x>-4 (Divide by —5.) 
2.227.) x? >4x+5 
Px >4r4+5 
x*—4x-5>0 


If x? — 4x — 5 =0, then x = —1, 5. On the interval x < —1, f(—2) > 0; on the interval —1<x <5, 


f (0) <0; on the interval x > 5, f(6) > 0. Thus, the inequality is satisfied when x < —1 and x > 5. 


2.228 3x7+2x+2<2x7+x+4 
ff See Prob. 2.227. Then x* + x —2<0O and if x? +x —2=0, x = —2, 1. 
f(-3) =9-3-2>0 
f(0)=-2<0 
f(2)=4+2-2>0 
Thus, —2 <x <1 is the solution interval. 
For Probs. 2.229 through 2.235, solve for x or y and check the given equation. 
2.229) x —2(1—3x)=6+3(4—x) 
Box-2+6r=6+12—-3x 


7x —2=18-—3x 

10x = 20 
x=2 

Check: 2—2(1 —6) 26 + 3(4 —2) 

12=12 
2.2300 ay+b=cy+d 
§ ay-cy=d-b 
(a—c)y=d-—b 
VP dee 
a-c sf 
Check: e(—— b2e(< ) +4 
ad —ab ves cd —cb he 
at a~c 
ad — ab + b(a ~c) , cd—~cb + d(a~c) 
a-c a-c 


ad—ab+ba—bc_cd—cb +da—dc 
a-c <a a-c 


ae 
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——————— 


2.232 


2.234 


2.235 


2.2% 


3x -2 
= —ty 
8 6x-—4=40-Sx — (Multiplication by what?) 
llx=44 
x=4 
3(4) —2 
Check: A= 24-404 
2=2 
3x+1_2x+1 
3x-1 2x-3 


B (3x + 1)(2x — 3) = (2x + 1)(3x - 1) 
6x? — 7x —3 =6x7+x-1 


~8r =2 
x=-} 
3(—3) +1 , A-4) +1 
St 
0 a1) 17 2(-1)=3 
“}=-4 
LS EE de 
x-3 x+1 (x-3)(x+1) 
G x+1-(x-3)=3x-2 
—3x = —6 
x=2 
Check: -1-42°> 
~{=-4 
e244 ; 
x-1 x-1 
Bx -2=(44+1)(x-1)-1 
=x*-2 


Thus, the solution set is the set of real numbers except x = 1 (since division by 0 is not defined). 


“1 Se CE. Set 
x-1 x-3 (@-1)x-3) 
Oo x-—34+(x-1)=2e-5 

2x—4=2x-5 


But there is no x such that 2x — 4= 2x — 5. The solution set is @. 


One number is 5 more than another, and the sum of the two is 71. Find the numbers. 
I Let x be the smaller number and x + 5 be the larger. Then x + (x + 5) =71, 2x = 66, and x = 33. 


The numbers are 33 and 38. 


2.238 


2.241 


2.243 
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A father is now 3 times as old as his son. Twelve years ago he was 6 times as old as his son. Find the 
present age of each. 


I Let x = age of son and 3x = age of father. Twelve years ago, the age of the son was x — 12, and 
the age of the father was 3x — 12. Then 3x — 12 = 6(x — 12), 3x = 60, and x = 20. The present age of 
the son is 20, and the father is 60. 


Bleaching powder is obtained through the reaction of chlorine and slaked lime, with 74.10 pounds 
(Ib) of lime and 70.91 Ib of chlorine producing 127.00 Ib of bleaching powder and 18.01 Ib of water. 
How many pounds of lime will be required to produce 1000 Ib of bleaching powder? 


x Ib of lime 74.10 Ib of lime 
= pounds of li ied: Vhen Se ee 
Bi Tata = pownts of Sane reupuited; Thea To oS der” 157 Wot powdee 


127x = 74,100, and x = 538.46 Ib 


The pressure of a gas in a container at constant temperature varies inversely as the volume. If p = 30 
when v = 45, find p when v = 25. 


I First solution: Here p = c/v, 30=c/45, c = 30- 45; thus p = 30 - 45/v. 
When v = 25, p = 30- 45/25 = 54. 
Second solution: From p, =c/v, and ps =c/v2, we obtain p,/p z= v2/v,. 
Taking v, = 25, p, = 30, v, = 45, we obtain, as before, p, = 54. 


Two pipes together can fill a reservoir in 6 h 40 min. Find the time each alone will take to fill the 
reservoir if one of the pipes can fill it in 3 h less time than the other. 


§ Let x =time (hours) required by smaller pipe, x — 3 = time required by larger pipe. Then 
1/x = part filled in 1 h by smaller pipe, 3 = part filled in 1 h by larger pipe. Since the two pipes 


together fill 1/4 = 4 of the reservoir in 1 h, - “+ ae = 50" 20(x — 3) + 20x = 3x(x — 3), 3x7 — 49x + 


60 = (3x — 4)(x — 15) = 0, and x =, 15. The smaller pipe will fill the reservoir in 15 h and the larger 
in 12h. 


Express x* + y? — 6x — 9y + 2=0 in the form a(x —h)’ + b(y —k)’ =e. 


B(x? - 6x) + (y? — 9y) = —2, (x? -— 6x +9) + (y7 — 9y + FB) = -24+94+ 9 = 1%, 
Ge -3 +O — 7 ="F. 


Transform each of the following into the form aV(x — h)” + k or aVk — (x — hy. 


Bo(a) V4x7— 8x +9 =2Vx" — 2x + § =2V(e"* — 2x + 1) +3 =2VG- 1) 3 
(b) V8x —x" = Vi6— (x —4)° 
(c) V3 = 4x — 2x7 = V2 Vi- 2k — x? = V2VE- ("42k +1) = V2VE-@ FIP 


If an object is thrown directly upward with initial speed v feet per second (ft/s), its distance s ft 
above the ground after rs is given by s = ut — 4gf°. Taking g = 32.2 ft/s* and the initial speed as 
120 ft/s, find out (a) when the object is 60 ft above the ground, (6) when it is highest in its path 
and how high it is. 


I (a) The equation of motion is s = 120¢ — 16.1¢°. When s = 60: 60 = 120r — 16.1° or 16.17 — 


_ 120 + V(120)" — 4(16. 1)60 _ 120 + V 10,536 _ 120 + 102.64 
120¢ + 60 =0. ¢ 322 22 22 = 6.91, 0.54. After 
t= 0.545 the object is 60 ft above the ground and rising. After f = 6.91 s, the object is 60 ft above the 
ground and falling. 
—b —(-—120) 
(6b) The object is at its highest point when t = — = ———-— = 3.72 s. Its height is given by 


120¢ — 16. 1° = 120(3.73) — 16.1(3.73)? = 223.6 ft. 
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2.244 Without sketching, state whether the graph of each of the following functions crosses the x axis, is 
tangent to it, or lies wholly above or below it. 


(a) 3x°+5x-2 (b) 2x7 +5x4+4 
(c) 4x? — 20x + 25 (d) 2x-9-4x? 


I (a) bb? —4ac = 25 + 24>0; the graph crosses the x axis. 

(b) b*? —4ac = 25 — 32 <0, and the graph is either wholly above or wholly below the x axis. Since 
f (0) > 0 (the value of the function for any other value of x would do equally well), the graph lies 
wholly above the x axis. 

(c) 6°? — 4ac = 400 — 400 = 0; the graph is tangent to the x axis. 

(d) b*’—4ac =4-—144<0 and f(0) <0; the graph lies wholly below the x axis. 


2.245 Form the quadratic equation whose roots x, and x, are (a) 3, 4;(b) —2+ 3V5, -2-3V5; 
(c) (3 —i¥2)/2, (3 + #V2)/2. 


I (a) 3, 3. Here x, +x, = ¥ and x,x, = §. The equation is x* — ¥x + $=0 or Sx* — 17x +6=0. 
(b) —2+ 3V5, —2-3V5. Here x, +x, = —4 and x,x, = 4—45 = —41. The equation is x? + 4x — 
41=0. 

3-iV2 3+iV2 
3. —- 
2 2 
x? —3x + 2 =0 or 4x*— 12e + 11 =0. 


. The sum of the roots is 3, and the product is 4). The equation is 


2.246 Determine k so that the given equation will have the stated property, and write the resulting 
equation. (a) x*+4kx +k +2=0 has one root 0. (b) 4x* — 8kx — 9 =0 has one root the negative 
of the other. (c) 4x? — 8kx + 9 =0 has roots whose difference is 4. 


I (a) x? +4kx+k+2=0 has one root 0. Since the product of the roots is to be 0, k +2 =0 and 
= —2. The equation is x? — &x = 0. 

(b) 4x*— 8kx —9=0 has one root the negative of the other. Since the sum of the roots is to be 0, 
2k =0 and k = 0. The equation is 4x7 — 9 = 0, 

(c) 4x* —8kx +9=0 has roots whose difference is 4. Denote the roots r and r + 4. Then 
r+(r+4)=2r+4=2k and r(r + 4) = j. Solving for r = k — 2 in the first and substituting in the 
second, we have (k — 2)(k + 2) = 3; then 4k* — 16 =9 and k = +3. The equations are 4x° + 20x + 
9=0 and 4x* — 20x + 9=0. 


[I CHAPTER 3 
Graphs, Relations, and Functions 


3.1 CARTESIAN COORDINATE SYSTEM 


3.1 Plot each of the following points in the cartesian coordinate system: A(2, 0), B(—2, 5), C(—3, —2), 
D(2, 1). 


I See Fig. 3.1. 


Fig. 3.1 
For Probs. 3.2 to 3.5, find the distance between the given points. 


3.2 A(1, 0) and B(0, 1) 
I The distance between two points A and B in the plane = d(A, B)= AB = 
Vie - xy +()2- Yi where A has coordinates (x,, y,) and B has coordinates (x, ys). 
Then, in this case, d(A, B) = V(0— 1) + (1-0 = V1+1= V2. 
3.3 A(0, 0) and B(-—3, 2) 
§ AB=V(-3—0)'+ (2-0) = V9 +4=VI13. 
3.4 A(1, 4) and B(—1, 5) 
fe d(A, B)=V{i—(—- DF + G -5¥ = V2 + (—19 = VS. Notice that since (x, — x2)* = (4: —x,)’, 
the order of subtraction is unimportant 
3.5 P(1i, 3) and Q(1, 5) 


I Ppo=V(i-1/ + G—5) = V0+4=2. Notice that since P and Q have the same abscissa, we 
can also get the result by finding |S — 3| = |3 — 5| = 2. This would also be the case if the ordinates 
were identical. 


For Probs. 3.6 to 3.10, find the midpoint of the segment joining the two given points. 


3.6 (1, 2) and (3, 2) 
I The midpoint M of the segment joining (x,, y,) and (x2, y2) has coordinates 
+ +3 2+ 
(AS : n—). Thus, in this case M has coordinates (+35 =") = (2, 2). 


Mi 
Draw a picture. Does this result make sense? 


= | 
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3.7 (—3, 1) and (3, 1) 
-3+3 1+1 
aS 


ae 
— 
+ 
_ 
— 


I The midpoint has coordinates ( 


3.8 (—3, —5) and (—4, —6) 


8 M has coordinates (47. 4-")- (= = 


3.9 (V2, 1) and (2, V3) 


+2 143 
I Mis the point with coordinates Bee ; ). 


3.10 = (s, 4t) and (—3s, —1) 


IM has coordinates (* = ; <=") = (-s, =), 


For Probs. 3.11 to 3.15, find the equation of the given circle. 


3.11 The center is at (0,0), radius = 4. 
f The equation of a circle with center (A, k) and radius ris (x — h)? +(y —k) =r’. In this case, 
h =0, k=0, r= 4. The equation of the circle is (x — 0 + (y — 0) = 4", or x? + y? = 16. 
3.12 ~The center is at (1, 2), radius = 6. 
— h=1,k=2, r=6. The equation of the circle is (x — 1)? + (y — 2° = 6’, or 
(x — 1)? +(y — 2)? =36. 
3.13 The center is at (—2, —3), radius = 1. 
i h=-2,k=—3, r=1. The equation of the circle is [x — (—2)/ + [y —(-3) P= V’, or 
(x +2P+(y+3P=1. 
3.14. The center is at (—2, 3), radius = V2. 
8 h=-2,k=3, r=V2. (x +2) +(y-37 =2. 


3.15 = The center is at A(0, 0), and the point B(1, 1) lies on the circle. 


# Since (1, 1) lies on the circle, d(A, B) = radius of the circle. d(A, B) = VI- + I’ = V2. Then 
h =0, k=0, r= V2. The equation is x? + y? = 2. 


For Probs. 3.16 and 3.17, tell whether the points all lie on a circle with given center P. 


3.16 P(0, 0); (0, 1), (—1, 0), (V2/2, 2/2) 
I We need to find the distance from each given point to (0, 0). If these distances are all 
the same, the points all lie on a circle with P as the center. d((0, 1), P) = VP +0 =1. 
d((—1, 0), P)= V(—ip) + 0 = 1. d((V2/2, V2/2), P) = V0V2/2)* + (V2/2)? = 1. Thus, the three 
points do lie on the circle. 
3.17 P(1, 2); (4, 7), (-2, -3), (6, -1) 
E d((4, 7), P)= V3 +5. d((—2, —3), P) = V3° +. d((6, —1), P) = VS" +. Since the three 


distances are the same, the points do lie on the same circle with center P. 


For Probs. 3.18 to 3.21, find the center and radius of the given circle. 
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(x-1)?+y?=4 

I Since (x —h)* + (y — k)’ =r’ is the equation of the circle, in this case h = 1, kK =0, r =2. The 
center is at (1,0), and the radius is 2. 

3.19 (x+2)?+(y +3) =3 

i h=—-2, k=—3, r= V3. The center is at (—2, —3), and the radius is V3. 


3.20 x? +y?—4y=0 
#) We must put this equation in the form (x —h)* + (y —k)? =r. Complete the square on y* — 4y, 
making sure you add the required 4 to both sides: x? + (y? — 4y + 4) =04 4. x7+(y —2)°=4. The 
center is at (0,2), and the radius is 2. 
3.210 x? +y?+4x-—4y=1 
I Regrouping terms, we obtain (x* + 4x) + (y* — 4y) = 1. Completing the square, (x? + 4x + 4) + 
(y? —4y + 4) = 1+ (4+ 4), or (x + 2)? + (y — 2)? =9. The center is at (—2, 2), and the radius is 3. 
3.22 Graph the equation in Problem 3.21. 


I See Fig, 3.2. 
Center at (~2, 2) 


Fig. 3.2 


For Probs. 3.23 to 3.30, decide whether the graph of the equation exhibits symmetry with respect to 
the x axis or origin. Do not graph the equation to determine whether the symmetry exists. 


3230 y=x+2 


The tests for symmetry are the following: 

(a) Replace x with —x, If the equation does not change, the graph is symmetric with respect to the 
y axis. 

(b) Replace y with —y. If the equation does not change, the graph is symmetric with respect to the 
x axis. 

(c) Replace x with —x and y with —y. If the equation does not change, the graph is symmetric with 
respect to the origin. 


I (a) Iny=x +2, replace x with —x; then y = —x + 2. This is a change. The graph is not 
symmetric with respect to the y axis. (b) Replace y with ~y. Then ~y =x +2 or y = —x —2. Not 
symmetric with respect to the x axis. (ec) Replace x with —x and y with —y. Then —y = —x +2, or 
y =x —2. Not symmetric with respect to the origin. 


3.24 y=x 
I x axis y axis Origin 
—~y=x yo=rx —-y=-x 
Not symmetric Not symmetric Symmetric 


i. 


ee 
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3.25 x?+y’=4 


i xaxis y axis Origin 
F+H(-yY=4 (-x¥t+y=4 (-s¥t+Crl 4 
x*+y'?=4 xr+y'=4 r+y=4 
Symmetric Symmetric Symmetric 
3.26 x°+(y-1)=9 
x axis y axis Origin 


x? +(-y-1)?=9 
x°4+(y+1P=9 
Not symmetric 


Not symmetric 


3.270 y=(2k| 


fsxaxis 


—y = |2x| 
or y = —|2x| 


Not symmetric 


3.28) oix|+l=y 


— xaxis 
—y = |x| +1 


Not symmetric 


329 y=*x 
fsx axis 
-y=x° 


Not symmetric 


3.30 y=x*+1 


I Since (—x)’ = x”, we see y axis symmetry. It does not exhibit x axis or origin symmetry. 


3.31 Graphy =x +2. 


I See Fig. 3.3. See Prob. 3.23 above, Notice the lack of symmetry first uncovered in Prob. 3.23. 
x | . 1 | 2 
yl21314 
3.32. Graph a? +(y —1)=4. 
EI See Fig. 3.4. See Prob. 3.26 above. Here we have a circle with center (0, 1) and radius 2. Notice y 


axis symmetry. 


(-x/' +(y- 1 =9 
x7+(y-1f=9 
Symmetric 


y axis 


y =|2(—x)| 
or y =|—2r| 
Symmetric 


y axis 


y=|-x|+1 
or y=|x|+1 
Symmetric 


y axis 
y=(-—xy 


or y=-x° 
Not symmetric 


(-x/+(-y-1%=9 


x+(y+1P=9 


3.33. Graph y = |x| +1. 


I See Fig. 3.5 and Prob. 3.28. Notice that we calculated y only for positive x values since we 
already knew the graph had y axis symmetry. is 


Fig. 3.5 


3.34 Show that (5, 2V3), (2, —V3), and (8, — V3) form an equilateral triangle. 


I Let A be the point (5, 23), let B be the point (2, — V3), and let C be the point (8, — V3). 
Then d(A, B) = V(5 — 2) + (3V3)? = V9 + 27=6, d(B, C) = V(8— 2) + (OY = V36=6, 
and d(A, C) = V3" + (3V3)" =6. Since the three lengths are equal, it is an equilateral triangle. 


For Probs. 3.35 and 3.36, are the given points the vertices of a right triangle? 


3.35 (=3; 2); (1, —2), (8, 5) 


# Call the three points A, B, and C, respectively, Then AB = V(—4) + (47° = V32, BC= 

V(-7)? + Gy = V98, AC = V(- 11) + (—3)' = V130. Then AB? + BC? = 32 + 98 = 130 = AC*. 

Since these lengths satisfy the pythagorean theorem, the three points are the vertices of a right 
triangle. 


7a “ = 
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3.46 (-4, —1), (0, 7), (6, —6) 
# Calling the points A, B, and C, respectively, we see that AB* = 16 + 64= 80, BC* = 36 + 169= 
205, AC? = 100 + 25 = 125. Since 80 + 125 = 205, we do have a right triangle. 
3.2 RELATIONS AND FUNCTIONS 
For Probs. 3.37 to 3.46, tell whether the relation shown is a function. In all cases, x is the independent 
variable. 


3.37 See Fig. 3.6. 


Fig. 3.6 


I Figure 3.6 is a function. No two ordered pairs have the same abscissa. Notice (see Fig. 3.7) that 
any line drawn at x» perpendicular to the x axis on the x axis intersects the function only once. 


Fig. 3.7 


3.38 See Fig. 3.8. 


Fig. 3.8 


f Be careful here! Figure 3.8 exhibits a function. For cach x value, there is only one y value; thus, 
no two ordered pairs have the same abscissa. However, unlike Prob. 3.37, two ordered pairs share 
an ordinate, for example, (1, 1) and (—1, 1). 


Fig. 3.9 


I Figure 3.9 is a function. All ordered pairs have different abscissas. Notice that this graph reminds. 


us of y =x’. > 


3.40 — See Fig. 3.10. P 


Fig. 3.10 


ei # Figure 3.10 shows a function. Draw a perpendicular to the x axis at any point on the x axis, and 
note that it intersects the function only once. 


3.41 See Fig. 3.11. 


Fig. 3.11 


iE eee eer thes. Since (1, 1) and (1, —1) have the same first element, it violates the 
definition of a 
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3.42 


3.43 


3.44 


3.45 


3.46 


f(x) =2x- 

I fis a function. For every x, 2x — 40 has only one value. It is impossible to get two values of f from 
one x. 

f(x) = —-2x? +8 

f fis a function. If we plug in a value for x, we get only one value for f. 

y=| 

I This equation does define a function. For each x, |x| has only one value. 

x=lyl 

# Remember that x is the independent variable. But for x = | (for example), if 1 =|y|, then 
y = +1. Thus, (1, 1) and (1, —1) are both in this relation. The relation is not a function. 

x =2y’ 

I This is not a function. Two ordered pairs share an x value, for example, (8, 2) and (8, —2). 


For Probs. 3.47 to 3.56, find the indicated value if f(x) =x —9, g(x) =x* —9, A(x) = |x|, and F(x) = 


xw—x+4. 
3.47 _g(0) 
ET g(x) =x’ -9, so g(0) =0-9=-9, 
3.48 =f (0) 
I f(x) =x -9, so f(0)=0-9= —9. Thus, g(0) =/(0), but g(x) # f(x). 
3.49 h(—6) 
I h(x) = |x|, so h(—6) = |-6| = 
3.50 8 g(at+b) 
B g(x) =x’ -9, so g(a +b) =(a +b)? —9 =a" + Jab + bb? -9. 
3.51 F(2)—g(3) 
I F(2)—g(3) =(2°-2 +4) — (37-9) =10-0=10. 
3.52 F(1)+F(2) 
§ F()+F)=(1?- 144) +(2—-24+4)=44+10=14. 
3.53 F(0)- f(0) 
I F(0)-f(0)=( — 04 4)(0 — 9) =4(-9) = — 
3.54  3g(a)[—2h(—))] 
B 3g(a) = 3(a? — 9) and —2h(—b) = —2 |—b| = —2 |b}. Thus, 3¢(a)[—2h(—b)] = —6 |b| (a? — 9). 
385 f(0) 
F(0) 


f0)__ 0-9 9 


F(0) O-0+4 4 


3.56 


g(1+h)—g(1) 
h 
' g(l+h)—g(1)_(1+h)’-9-(1?-9)_(1+hP-1?_1+2h +h =1 B+ Ih ag 
h hi ¥ h h h 


For Probs. 3.57 to 3.66, find the domain of the given relation. In all cases, x is the independent variable. 


3.57 


3.58 


3.59 


3.60 


3.63 


3.64 


3.65 


3.66 


2x+5=y. 

I For any real value x, 2x + 5 =y is real. Since any real number can replace x, the domain is the set 
of all real numbers 2%. 

y=x? 


# Since any real number squared yields a number, y is defined for any real x. The domain equals 
the set of all real numbers. 


y= V3-x 
ff We must ensure that 3 — x? =0. Then 3 = x? or x? =3. Then —V3 =x <= V3 is the domain. 
y=|e|-1 
I For any real x, |x| — 1 is real. The domain equals the set of all real numbers. 
aS 
a 


I We need to be certain that 2— x #0. The domain is the set of all real numbers except for x = 2, 
that is, (—», 2) U (2, ~) or R— {2}. 


xe+y’=8 

I Since x is the independent variable, we need to solve for y to examine the domain. If 

x? +y?=8, then y?=8—x? or y = +V8—x’. Then 8 — x?=0 if and only if 8=x? or 

x? <8; that is, —2V/2 <x <2V2 is the domain of this relation. Note that this relation is not a 
function. 


2 
x-2 


y= 


I We need to be cautious here. We must be certain that x — 240 and Ss =0. But 
2 odat 

ae = 0 means that x — 2=0, since the numerator is =0 always. Thus, x —-2#0 and x —2=0. 

Thus, x —2>0, or x >2 is the domain. 


2x7 + y?=0 


f Since 2x? = 0 and y* =0 for all real x and y, the only way 2x? + y? = 0 is for x = 0 and y = 0. Thus, 
the domain is {0}. 


{(x, vy) |xeR, ye R, y =3} 


I The domain is &. For any real x, y is that value and is therefore always defined. 


{(1, 4), (2, 2), (3, 8)} 


I The domain és the set of x values; in this case, the domain = {1, 2, 3}. 


-_, 
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For Probs. 3.67 to 3.76, find the range of the given function. 


3.67 = {(1, 0), (0, 1), (2, a)} 
f The range is the set of ordinates, which in this case is (0, 1, a). 
3.68  f(x)=2x-3 


ff Any real y can be expressed as 2x — 3 for some real x. For example, if —4 = 2x —3, 2x = —1, or 
x = —4, The range = &. 


3.69 f(x)=x* 
# For every x € R, x? =0. The range is the nonnegative real numbers, or R* U {0} or [0, ~). 
3.70 f(x)=x*-2 
f For any real x, x* — 2 = —2, since x*=0. The range is [—2, ~). 
3.71 = g(x) =2—|2| 
# |x| =0; thus, —|x| =0 and 2 — |x| =2. Range = (—~, 2]. 
3.72 f(x)=|x/+5 
# |x| =0; thus, |x] +5=5. Range =[5, ~). 
3.73 f(x)=V2—-x 
W oifx =2, f(x) =0. Ifx <2, f(x) >0. (Note that x cannot be > 2.) The range is [0, ~). 
3.74 = h(x)=4 
I Since 4 is the function’s value for any x, the range is {4}. 
3.75 f(x) =1/x 
i x #0. Forx>0, 0<1/x <1. For x <0, —1<1/x <0, The range is (—1, 0) U (0, 1). 


3.76 = {(x, y) |xeR, yeR, y =x*} 


I For every real x, y is defined. Also for every real y, y is the eighth power of some real x. 
Range = &. 


For Probs. 3.77 to 3.81 tell whether the function is one-to-one. 


3.77) f(xw)=3r +4 


I A function is one-to-one if whenever x, # x2, f(x,) #f(x,). In this case, if x, #x2, 3x, +44 
3x, +4, so the function is one-to-one. 


3.78 = f(x) =|x| +1 
f |x| + 1 has the same value for x and —x. Thus, f is not one-to-one. 
3.79 a(x) =3V1—x 
f 3V1 —.x is not the same value for two different x choices, This function is one-to-one. 


3.80 f(x) = {(1, 2), (2, 1) 


I This is one-to-one. No two ordered pairs have the same second element. 


3.81 


3.82 
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A(x) = {(1, 3), (2, 4), (3, 1), GB, 4)} 


I This function is not one-to-one. Notice that (2, 4) and (3, 4) have the same second element. 


Give an example of two functions that are unequal, but whose domains and range are the same. 


I Let f(x) =x and g(x) =x”. Then f #g, but the domain of f = domain of g and the range of 
f =range of g. 


3.3 GRAPH OF A FUNCTION 
For Probs. 3.83 to 3.86, refer to Fig. 3.12 which is the graph of y = f(x). 


3.83 


3.84 


3.85 


3.86 


Fig. 3.12 


Is the relation y = f(x) a function? 


I Yes; for every x value there is exactly one y value. 


Find all intervals over which y = f(x) is constant. 

I Notice the horizontal segments. They occur on [d, c] and [a, b]. These are the only intervals over 
which y = f(x) is constant. 

Find all intervals over which y = f(x) is increasing and all intervals over which it is decreasing. 


I Approaching d from the left, we see that the y values are decreasing. From c to a, they are 
increasing, and from b on (infinitely far!), f is increasing. Decreasing: (—~, d). Increasing: 
(c, a), (b, ©). 


Find all intervals over which y = f(x) is nonincreasing and those over which it is nondecreasing. 


ff Nonincreasing means decreasing or constant; nondecreasing means increasing or constant. Refer 
to Probs. 3.84 and 3.85. Nonincreasing: (—~, c]. Nondecreasing: [d, ©). 


For Probs. 3.87 and 3.88, answer true or false, and explain your answer. 


3.87 


3.88 


If y = f(x) is an increasing function, then it is a nondecreasing function. 


f True. Since nondecreasing means increasing or constant, increasing implies nondecreasing. 


If y = g(x) is a nonincreasing function, then y = g(x) is a decreasing function. 


I False. y = 3 is nonincreasing (it’s constant), but it is not decreasing. 


For Probs. 3.89 to 3.109, graph the given function. 


3.89 = f(x)=3 


I See Fig. 3.13. Notice that this is of the form f(x) =a, which is a constant function. The vertical 
axis is the y or f(x) axis. 


—— 
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Fig. 3.13 
3.90 f(x)=2-3 


I See Fig. 3.14. This function is of the form f(x) = ax + 6, which is the form for a linear function 


Since we know the graph is a straight line, we find two points. Find a third point as well to make 
certain you did not make an error. The third point must lie on the line. 


‘ 7 1 
yi. =3| —1 


Fig. 3.14 
391 x=4 


# See Fig. 3.15. Notice that this is not a function of x, the independent variable. It is in the form 
x =a for a vertical line. 


xe4 


Fig. 3.15 
3.92 f(x)=x? 


I See Fig. 3.16. Notice that since f(—x) = x* = f(x), this function's graph is symmetric about the y 
axis. Also f(x) = 0 for all x. This graph is a parabola. See Chap. 14 for more about the conic sections 
in general. 

x| —2) —1)0|1)2 

y! 41 ilolila 


Fig. 3.16 
3.93 g(x) =2x* 


I See Fig. 3.17 and Prob. 3,92. This function has the property that each y value is double what the 
y value is for f(x) in Prob. 3.92 (for corresponding x values). 


Fig. 3.17 
3.94 h(x) =—-4x? 


I See Fig. 3.18. Again we look at f(x) = x* in Prob. 3.92. Notice that for corresponding x values we 
multiply the y values by —4. Thus, (0, 0) remains (0, 0), (1, 1) becomes (1, —4), ete. 


A(x) 


(1, —1/3) 


Fig. 3.18 
3.95 f(x)=x° 


I See Fig. 3.19. This function is symmetric about the origin, since y = x* and — y =(—x). 
Sees 
° yiO}1)-1/181]—-8 
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3.96 


3.97 


3.99 


3.100 


Fig. 3.19 
k(x) =x?-1 


I See Fig. 3.20. Take the ordered pairs in f(x) = x* and subtract 1 from each y value [since 
k(x) = x* — 1]. (0, 0) becomes (0, —1), (1, 1) becomes (1, 0), etc. Note that we could have used y 
axis symmetry and found several ordered pairs to plot the graph directly, instead of using Prob. 3.92. 


k(x) 


Fig. 3.20 
g(x)=x°-1 
# See Fig. 3.21 and Prob. 3.95, We subtract 1 from each y value. You can also graph g directly. 
h(x) = 2(x* — 1) 
I See Fig. 3.22 and Prob. 3.97. We double each y value. 
f(x) =x" 


# See Fig. 3.23. This graph is symmetric about the y axis since f(—x) = f(x). Notice that it is just a 
very steep version of y =x’. 


g(x) =x", nis a positive odd integer 
I See Fig. 3.24. Compare this to Prob. 3.101 below. Since n is odd, g(—x) = —g(x) = —x”; thus, 


the graph exhibits origin symmetry. 
ao Tine 
y | —2"| -11011)2" 


_ ‘e 


~~ 
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h(x) 
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glx) 
(2,2") 


(1,1) 


Fig. 3.24 


3.101 f(x) =x", mis a positive even integer 


I See Fig. 3.25. If m is a positive even integer, then f(—x) = (—x)”" =x"; thus, the graph is 
symmetric about the y axis. 


x|—-2 |-1)0)1|/2 
3 om SCIRIES 


Fig. 3.25 


3.102 f(x)=Vx+2 


I Figure 3.26 exhibits none of the three symmetries. Notice that f(x) = 0 for all x and that x + 2=0 
or x = —2. No part of the graph can exist in the shaded areas. Notice that the graph is one-half of a 
parabola. The “negative branch” is “missing” because of the square root. 


x {i 515 
f(x)| O| 11V2)2 
3.103) g(x) =3Vx+2—-1 


I See Fig. 3.27. Using Prob. 3.102, we triple each y value and then subtract 1. 


3.104 f(x) =\x| 


: 


+ 
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Yy | fx) 


I Figure 3.28 is symmetric about the y axis. Also f(x) =0 for all x. 


x |-1]/0|1)2|-2 4 . 
= ACIERES 2 i 


a) 2 
ag. 
’ . 
3 
Fig. 3.28 — ae 
3.105 g(x) = —2 |x| ” 
# See Fig. 3.29. Using Prob. 3.104, we multiply each y value by —2. Notice the y axis symmetry. c 
3.106 A(x) =2|x] +1 
I See Fig. 3.30. Again we used Prob. 3.104 to find the graph. Note that you could have found 
ordered pairs directly. 
ob ya . - ‘ 
(3.107, f@&)= [x] _? 
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h(x) 
(2,5) 


a3 


Fig. 3.30 


I See Fig. 3.31. Here fis the greatest-integer function: For every x, f(x) is the “greatest integer 
that is not greater than x."’ Then [0] = 0, [1] = 1, [—1] = —1, [2] =2, [—2] = —2, etc. However, 
[4] = 0, [4] =0, [4.2] = 4, [—2.5] = —3. The graph then looks as follows: 


Fig. 3.31 
3.108 = e(x) = 2[x] 


§ See Fig. 3.32. We will do this in two ways. See Prob. 3.109 for the second way where we will use 
Prob. 3.107. Here we plot points directly. 


glx] = 2[x] 
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Fig. 3.32 
3.109 g(x) =2[x] 
I Here, we simply double each y value in Prob. 3.107 and obtain the same graph as Fig. 3.32. 
2 - [0] =0, 2 - [1] =2, 2 -[—1] = —2, 2 - [2] =4, 2 - [—2] = —4, 2- [4] =0, 2- [f] =0, 2 - [4] =8, ete. 
3.4 STEP FUNCTIONS AND CONTINUITY 
For Probs. 3.110 to 3.121 graph the given function. 


x21 


I This is an example of a step function. The graph of the function (Fig. 3.33) consists of horizontal 
segments (or steps). In this case, in the xy coordinate system, y = 1 at 1 and x > 1; y = 0 for all other 


x. 
1 x>1 
3.111 -{ 
g(x) aes 
I See Fig. 3.34. 


Fig. 3.34 
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| x>1 
3.112 A(x)= 2 -—2<x=1 
a | x=-2 
I See Fig. 3.35. 


Fig. 3.35 
1 x21 
3.113 fx)= | oo 
I See Fig. 3.36. 
Fig. 3.36 
1 x=2 
3.114 s(x)={" pe 


I See Fig. 3.37. Compare this g(x) to f(x) in Prob. 3.113. Later in this section we will look at these 
again to discuss continuity. 


Fig. 3.37 


> >2 
‘3.116 rm=[i oS 
I See Fig. 3.39. 
’ 
Fig. 3.39 
A >2 
san? g(x)=[?, 72) 
I See Fig. 3.40. 


atx) 
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x+1 x>2 


cca sisy= {77 x=2 


f See Fig. 3.41. Notice that the two rays in this group are parallel. We will look at other examples 
like this in the section on linear functions. 


Fig. 3.41 
x-2 x>2 
aid me)={ 2) x=2 
I See Fig. 3.42. 
Fig. 3.42 
x x>0 
3.120 f(x)=4x+1 —l1<x=0 
x xs-l 
I See Fig. 3.43. 


fix 


Fig. 3.43 


 3aat g(e)={_ 
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1 x an integer 
1 otherwise 


I See Fig. 3.44. 


Fig. 3.44 


For Probs. 3.122 to 3.131, tell us whether the given function is continuous for every x in its domain. If it is 
not, tell where it is discontinuous. Some of these are from Probs. 3.110 to 3.121 above. 


3.122 


3.123 


3.124 


3.125 


3.126 


3.127 


3.128 


f(x) =x 
I This function is continuous everywhere. There are no breaks in the graph of this function. Until 
we study continuity more formally (see Chap. 15), we will use this simple criterion. 
f(x)=x-1 
I This function is continuous everywhere. Clearly there are no breaks in the graph of this function. 
g(x) =ax*+bx+c;a,b,ceR;,b +0. 
f In general, all quadratic and linear functions are continuous everywhere. This is a quadratic 
function (or linear if a = 0). It is continuous everywhere. 

1 x=1 
f(z)= lo x<il 
f See Prob. 3.110 above. Figure 3.33 clearly indicates a break at x = 1. This function is continuous 
for all x except x = 1; it is discontinuous at x = 1. See Prob. 3.126. 

1 x21 
F(x)= {s x<l 
I) Without looking at the graph, we note that the place at which we might have a discontinuity is 
x =1. Since 1 +0, there is clearly going to be a jump at x = 1. 

1 x>I1 

se)=|_, x<1 
f Discontinuous at x = 1. You can look at Fig. 3.34 (Prob. 3.111 above) or use the exact same 
argument as in Prob, 3.126. 

1 x21 
hx)={) 

@) x x<l 
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f Looking at Fig. 3.37 (Prob. 3.114 above), we see that A(x) is continuous everywhere. See Prob. 
3.130. 


x21 


l 
saad nix) =| x<l 


ff Without looking at the graph, we note that the only candidate for discontinuity is x = 1. Since 
1 =x, there clearly will not be a jump on the graph. A(x) is continuous everywhere. 


x22 
x<2 


3.130 ¢(x)= a 


I See Fig. 3.37 (Prob. 3.114 above), Clearly the function is discontinuous when x = 2. See Prob. 
3.131. 


x2=2 


1 


I Without looking at the graph, we investigate g(x) when x = 2 (the only possible discontinuity for 
g). Since 1 #x when x = 2, there will be a jump in the graph. g is discontinuous when x = 2. 


3.5 LINEAR FUNCTIONS 
For Probs. 3.132 to 3.137, find the slope and y intercept (if they exist). 
3.132 y=3x+1 


I Since when y = mx + b, m = slope and b = y intercept, in this case m (slope) = 3 and b (y 
intercept) = 1. 


3.133 2y=3x+1 
I Solve for y; y = 3x + 4, m =3 (slope); b = 4 (y intercept). 
3.134 —3y=x+6 
i if —3y =x +6, then y = —x/3—2. Slope = —4, y intercept = —2. 
3.135 x+y+4=0 
I y=-—x —4. Slope = —1, y intercept = —4. 
3.1% y=3 
I Then y = mx + b where m =0, b = 3. Note that this is a horizontal line. 


3.137 x=-2 


I This is a vertical line; it has no slope and no y intercept. 


For Probs. 3.138 to 3.143, graph the linear functions given. Use the slope and y intercept graphing technique. 


3.138 y=3x+2 


I See Fig. 3.45. After plotting the y intercept, make use of the fact that the slope is 3. That means 
that (2 — ¥,)/(%_ — x,) = 3 for any (x,, ¥;), (42, y2) on the line. Thus, if x changes by 1, then y 
changes by 3. In the graph we went from (0, 2) to (1, 5). Therefore, y, — y, = 5 — 2 is a change of 3, 
and x, —x, = 1 — 0 isa change of 1. 


Fig. 3.45 ’ 
3.199 y=2r +3 
I See Fig. 3.46. To get (1,5), we note that m = 2, Thus, for a change of 1 in x, we have a change of 
2 in y. 


) 
3.140 3y =3x +6 } 
TT See Fig. 3.47. Then y =x + 2. We get the point (1, 3) from (0, 2), using the fact that m = 1. \ 
é 
uh - 
1 
Fig. 3.47 
3141 y=-x+1 F 
» 


I See Fig. 3.48. Notice that b = 1 and m = —1; then for each change of 1 in y, the x change is —1. 
Notice that in the graph we went from (0, 1) to (1, 0). Therefore, y, — y, = 0 — 1 is a change of —1, ‘- 
and x, — x, = 1 — 0 is a change of 1. 


— 
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Fig. 3.48 
I See Fig. 3.49. If x changes by 1, then y changes by —2. See Prob. 3.143. 


Fig. 3.49 


I See Fig. 3.50. Alternatively, we can use (0, 1) together with an x change of —1 and a y change of 
2. That gives us (0, 1) and (—1, 3). This is the same line as in Prob. 3.142. 


Fig. 3.50 


For Probs. 3.144 to 3.161, find an equation of the line that satisfies the given conditions. 


3.144 Slope m = 1, y intercept (6) = 2 
8 y=mx + b is slope-intercept form, y = Ly +2 =x +2, y=x+2. 


3.145 


«3,146 


3 .147 


3. 148 


3.149 


3.150 


3.151 


3.152 


3.153 


3.154 


3.155 


3.156 


3.157 


3.158 
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Slope 2, y intercept = 3 
B oy=me+b=2e +3, y=2r +3. 


Slope —1, y intercept = 4 
P y=met+b=-x+4, y=-x4}. 


Slope = 0, y intercept = 3 
@ y=0c +3=3, y=3. 


No slope, x intercept is 7 


I “No slope” signals a vertical line. This one is x = 7. 


No slope, passes through the origin 
I Vertical line, x intercept 0. This is x = 0 (the y axis!). 


The line is the x axis. 


I This is a horizontal line with y = intercept = 0. Then y = 0. 


Contains the points (0, 0) and (1, 1) 


2 Seed 1-0 
| Since m = 222! == 1, y— y= m(x— x1) ory —0= 1-0) ory =x. [Note: we could 
27 #1 oF 


have used y — y, = m(x — x2) and obtained the same result.] 
Contains the points (1, —1) and (2, 3) 
a={=1) 4 


| aa Thus, y —3=4(x —2), y=4x—S. 


Contains the point (2, 1) and is parallel to y =x —3 

I If the line is parallel to y = x — 3, then its slope m = 1. Thus, y — y, = m(x — x,), or 

y—1=1(%-2), y=x-L 

Contains the point (3, 1) and is perpendicular to 2x + y =3 

f 2x + y =3 is the equivalent of a line with slope —2. The slope of our line here must be the 

negative reciprocal of —2, or $. Thus, y — 1 = 4(x —3), or y =x/2—}. 

Parallel to x + 2y = 12 and has y intercept = —5. 

fo x+2y=12, so2y = —x + 12, or y = —x/2 +6. Our line has m = —}. Then b = —5, and 
=—4x—-5. 

Perpendicular to x + 2y = 12, y intercept = —5 

§ See Prob. 3.155. Then m =2, b = —S. y=2x —5. 


Vertical line containing (7, —6) 


I The line must be of the form x = a. Since x =7 is on the line, the line is x = 7. 


Horizontal line containing (7, —6) 


I The line must be of the form y = a. Since y = —6 is on the line, the line is y = —6. 


ae 
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3.159 


3.160 


3.161 


Horizontal line containing the y intercept of x — y = 3 


f The y intercept of x — y = 3 is —3. Thus, our line has equation y = —3. 


x intercept is 3; y intercept is 2 


§ The line contains (3, 0) and (0, 2). Then m = (2 — 0)/(0 — 3) = —¢ and y —2 = —3(x — 0), or 
y=—$x +2. 


x intercept is 4, y intercept is 6 
I m=(6—0)/(0—4) = —8 [points [4, 0) and (0, 6) are on the line]. Then y = —ix + 6. 


For Probs. 3.162 to 3.164, evaluate the given line or function at the given value. 


3.162 


3.163 


3.164 


3.165 


3.166 


f(x) =3x —5. Find f(0). 
I (0) =3(0) -5=-S. 


f(t) =2t+ 1. Find f(—3). 
# f(-3) =2(-3) +1=-S. 


f(t)=t—5. Find f(a + b). 
I f(a+b)=(a+b)—S=a+b-S. 


Find the point of intersection of 2x + 1 =y and x — y =3. 

I Since y = 2x + 1 and y = x — 3, they will meet when 2x + 1 = x — 3. Then x = —4; thus, since 
y =x -3, y = —4-—3=-—7. The intersection point is (—4, 7). 

Find all points of intersection of y = x? and y =x. 


I Since x* = x when the graphs intersect, x? — x = 0, x(x — 1) =0, x = 0, x = 1. When x =0, y =0. 
When x = 1, y= 1. Thus, (0, 0) and (1, 1) are the intersection points. 


For Probs. 3.167 to 3.171, use the quadrilateral with vertices A(0, 2), B(4, —1), C(1, 5), and D(—3, —2). 


3.167 


3.168 


3.169 


3.170 


3.171 


Show AB || DC. 


—_2-(-1)_ 3 a SS 
Im for AB is eS ii g7 and m for CD is mrs Ve q: They are parallel since their 


slopes are equal and they are not the same line. 


Show that DA || CB. 


== 2-2 4 4 — -(- 
| wm for AD = = ——— = = and m foe CB = 7) SF The shopes wre the vain, 08 
=3=0 “a 4-1 3 
they are parallel. 
Show that AB 1 BC. 
Im for AB = —j and m for BC = $. Since —} = —1/4, the lines are perpendicular. 
Show that AD 1 DC. 


fm for AD = { and m for DC = —}. Since { = —1/—3, they are perpendicular. 


Find the perpendicular bisector of AD. 


3.172 


3 173 


3.174 
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I. AD has slope 4 and passes through (0, 2). Its equation is then y — 2 = 4(x — 0) or y = 4x +2. Then 
the perpendicular bisector has slope —}. The midpoint of AD is (S. 2—*) = (—3, 0). The 


perpendicular bisector has m = —j and passes through (—3, 0). Its equation is y = —}(x + 3). 


If f(—1) =3, f(3) =5S, and f is linear, find f(x). 


ff The line contains (—1, 3) and (3, 5). Thus, m = rae ; and y —5=}(x —3) or 

y =x/24+3. (-1) 

Determine whether y = 3/x + 1 is a linear function. 

I Itis not. Notice that equations of the form xy =a are nonlinear unless a = 0, If a = 0, we find the 
graph is two lines (see Prob. 3.172). Any function otherwise containing an xy term is nonlinear. 
Discuss the graph of xy = 0. 

I if xy =0, then x =0 or y = 0. Thus, the graph is the x axis and the y axis. 


3.6 ALGEBRA OF FUNCTIONS 
For Probs. 3.175 to 3.184, find (f + g)(x), (f —g)(x), and their respective domains. 


3.175 


3.176 


3.177 


3.178 


3.179 


3.180 


3.181 


f(x) =x, g(x) = 2x 
ET o(f +g)(x) =x + 2x = 3x; (f — g)(x) =x — 2x = —x. Domain of both = & (all real numbers). 


f(x) =x’, g(x)=x-1 

Ef +g)(x) =x? + (x -1) =x? +x—-1; Uf —g)(x) =x? — (& —- 1) =x? —x +1. Domain 
of both = &. 

f(x) =x —2, g(x) =1/x 


of +g)(x) =x —2+ 1/x; (f —g)(x) =x —2—1/x. Domain of both = (—~, 0) U (0, =) 
(x can’t be zero). 


flx)=——, (x)= Ve 


i (f +g)(x)= ——+VE (f - g)(x)=— - Ve. Domain of both = {x ¢ R| x =0, x #1}. 


f(x) = Vx +1, g(x) =Vx-1 

B o(f +g)(x) = Vx +1+ Vx —1; Uf —g)(x) = Vx + 1 — Vx — 1. Domain of both = 
{x € R| x =1)}. Note that if x <1, Vx — 1 is not defined. 

f(x) =\z|, eg) =[] 

H (f +g)(x) =I\a| + [x]: Uf —8)() = |x| — [x]. Domain for both is 2. 


fx)=2, @)=—s 


x 


é (f +8\x)=x° +5 55 (f —g)(x) =? - 5. Note that we need 1 =x? 40. Then x* #1. 
—xX _— 
Then x? #1 or x #1, —1. Domain (for both) = {x « R®| x # +1). 


CEE eee 
> 
a 
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3.182 f(x) =x'+1, g(x) =0 
Bf +gi(x)=x'+1+0=2° +1; (f —g)x) =x" +1-0=x° + 1. Notice that if g(x) =0, then 
f(x) + g(x) =f (x) for all f(x). g(x) = 0 is the zero function, behaving for functions the way 0 does 
for real numbers. 
3.183 f(x) = Vx —9, g(x) =x 
Bf +g)(x) = Vx -9 +2; (f —g)(x) = Vx —9—x. Domain = {x € R| x =9). 
3.184 f(x)=x+ Vx, g(x) =f (x) +? 
Bf +g)(x) = (x + Vx) + (+ Vie + x7) = 20 + VE +2? 
SS —_—_-— 


f(x) f(x) +x? 


(f — g)(x) = (x + Vx) — (& + Vx +27) = -x? 
Domains: For f + g, [0, ©), for f —g, R. 


For Probs. 3.185 to 3.189, find fe(x) and (f/g)(x) and their respective domains. 


3.185 f(x)=3x, g(x) =2e 


B fe(x) =f (x) - g(x) = 3x + 2x = bx"; (f/g)(x) =f (x)/g(x) = 3x/(2x) = 3 (2x #0). Domain fg = &. 
Domain f/g = (—, 0) U(0, =). Notice that g(x) = 2x and g(x) is the denominator of f /g. 


3.186 =f(x)=1+x, g(x) =x 


| felx)= (1+ 2)e=2°+:2 (6) =" #0) Domain fg = 2. Domain f/g = R — {0}. 
3.187 f(x)=Vx+1, g(x)=x-3 


or (x #3). Domain fg = {x € R| x =1). Domain 


i fel) = (x - 3)Ve+T,£ (x)= 
fig={xeR|x=—-lLandx #3}. 


3.188 f(x) = Vx —2, g(x) = Vx -—2 


= = = =. ae ei _ ¥e=2.. = 
O fe(x)=Vx -—2 Vx -—2=(Vx-2f =x 4 G)= 4 ee Dome 
fg ={x€ R| x =2}. Domain f/g = {x Ee R| x > 2}. 
3.189 f(x) =x", g(x)=1 


B fe(x)=x°-1=x°; (f/g)(x) =x°/1 =x". Domain fg = domain f/g = ®. Notice that g(x) = 1 
functions as a multiplicative identity for function multiplication. 


For Probs. 3.190 to 3.199, find f ° g(x). 
3.190 f(x)=x, g(x) =2x+1 

EB feg(x)=f(g(x)) =f(2x +1) =2e +1. 
3.191 f(x) =x +3, g(x) =x? 

B feg(x) =f(x*) =x? + 3. 


3.192 f(x) =x", g(x) =2x +5 
B feg(x) =f(2x +5) = (2x + 5)? = 4x? + 10x + 25. 
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f(x)=1, g(x) =3x° 
I feg(x) =f (3x°) =1. [Do you see this? f(x) = 1 for all x!] 


f(x) =x° +4, g(x) =3 
I feg(x)=f(3)=3°+4=31. 


3.195 f(x)=a+x’, g(x) =x 
B fog(x)=f(x) =a+ (xP =a4+x7, 
3.196 f(x) =x? +x, g(x) =x? +x 


W feg(x)=f(x? +x) = (x? +x) + (0? 4+ x)= (72 +2)? +421). 


3.197 f(x) = » B(x) = 


Zs 24+x 


1 24+x 


B feg)= =t(=)- 1+1/Q+x) 34+x° 


3.198 f(x) =, g(x) =2 
I feg(x)=fQ2)= 
3.199 f(x)=x/2, g(x) =2x 


B feg(x) =f (2x) = 2x/2 =x. Look at the results in Probs. 3.198 and 3.199. Don't be tricked in the 
future. 


For Probs. 3.200 to 3.206, find g°f(x). These are functions from Probs. 3.190 through 3.199 above. Check 
the results to notice that f °g(x) and g°f(x) are not always the same function. 
3.200 f(x)=x, g(x)=2x+1 ; 
B ogef(x) =g(x) = 2x + 1. [See Prob. 3.190; f eg(x) = g¢f(x) in this case.] i 
3.201 f(x)=x+3, g(x) =x? 
Be ogef(x) =g(x + 3) = (x +3)’. [See Prob. 3.191; f g(x) #g f(x) in this case. ] 
3.202 f(x) =x, g(x) =2x +5 
EB ogef(x) =2(x*) = 2(x*) + 5 = 2x? + 5. See Prob. 3.192, 
3.203 f(x) =1, g(x) =3x°* 
Be ogef(x) =g(1) = 3(1*) =3. See Prob. 3.193. 
3.204 f(x)=a+x", g(x)=x 
EB ogef(x)=g2(a +x") =a +x. See Prob. 3.195. 


3.205 flx)=——, g(x) =5 


+x 


A+x 
; b. 
oat) at; =) Ee Fe ea Steed 


q ) 
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3.206 


f(x) =x/2, g(x) = 2x 
EB ogef(x) =g(x/2) = 2(x/2) =x. See Prob. 3.199, and notice that f °g(x) = g°f(x) =x. 


For Probs, 3.207 to 3.211, let f(x) = 2x — 4. 


3.207 


3.208 


3.209 


3.210 


Find domain and range of f and f~'. 

f First note that f is one-to-one, so we are assured of the existence of f~'. Also the domain of 

f =range of f~', and the range of f = domain of f~'. Since the domain f = range f = ®, the domain 
f-'=range f-'=&. 

Find f~'(x). 

By =2x —4. Reverse the x and y: x = 2y — 4, 2y =x +4, ory =x/2+2, f- (x) =x/24+2. 


Find f~'e f(x). 


-4 
a +2=x-24+2=x. f-'of(x) =x. 


G f'*f@)=f"'@-4)= 


Find f °f~'(x). 

EB fef-(x)=f(x/2 +2) =2x/2+ 2)-4=x+4—-4=x. Thus, fof (x) =x. 

Graph f (x) and f~'(x) in the same coordinate system. Show that these two graphs are symmetric 
about y =x. 

I See Fig. 3.51. 


Fig. 3.51 


For Probs. 3.212 to 3.216, let f(x) =x? +1, x=0. 


3.212 


3.213 


3.214 


Find the domain and range of f~'. 


I Notice first that f(x) here is one-to-one. Note that if we did not add the restriction x = 0, f would 
not be one-to-one and we would not have an inverse function. The domain of f~' = range of 

f =[1, *) since x* + 1 = 1 for all x. The range of f~' = domain of f = [0, ©) since we are given that 
x=0. 

Find f ~'(x). 


# y=x? +1; x20. Thus ifx=y?+1, y=0, then y?=x—1, ory =Vx—1=f7~"(x). 


Find f~' f(x). 
Bf ef(x) =f G2 +1) = Ve + 1-1 = Ve = |e]. But x =0, so |x| =x. 
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“321s Find f °f~*(x). 
B ofeof (x) =f(Ve -1) = (Ve - 1? +1 =x-14+1=2. 


3.216 Graph f(x), f~'(x), and y =x on the same axis system. 
I See Fig. 3.52. 


Fig. 3.52 
For Probs. 3.217 to 3.227, let D be the set of real numbers other than 0 and 1. Consider f,, fy, . . . ,fedefined — 
on D as follows: 

flx)=x ae fx) = 1-3 
fey=—=— f= hey = 
Find the following functions. 
«3217 fieflx) 
I feof) =f 2) == fa). 
«3.218 fre f(x) 
# Behe B( tpi a 
3.219 firhx) 
W fehl) = fill/x) = Ax = fA). 
«3220 fee fil) 


WE feofle) = ila) = Ux = fe), 
3221 fusfix) 
# ffdx)=f( 5) = 


xi@-1) ¥=1 


eho aes sas = Gr 7 7A). Notice that fis its own inverse, 


22 frefi(x) 
H fyeflx) =f —x) =1-(1—x)=1-14+x=x=f,(x). 


“4 Ke . = 
’ -~ 


a 
ie = 
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3.223 foo felx) 


s=—} I x x 
a a I fa a PEPE a 


3.224 fio (fie fs)(x) 


/(l—x) 


| 1 s=1 
! fehte)=1(—) *7q-_ 1 Then fre(feefs)(x) = fae fala) = 1 - = = —— = fol). 


: 
> 
3.225 fi'(x) 

# See Prob. 3.221. Since f,°f,(x) =x, f7'(x) = fix). See Prob. 3.226 for an alternative method. 


3.226 f3'(x) 
i f(x)=1-x. Ify =1— x, then when x =1—y, y=1—x=f~'(x). Notice that f(x) =f7'(x). See 
Prob. 3.222. 
3.227 fi '(x) 
Se weet tan. fet ice PWN cs 
fy = ltx= - , then x =1 =! xory=7— =f (x) = f(x). 


3.7 PROBLEM SOLVING AND FORMULAS 


3.228 A piece of wire 30 inches (in) long is bent to form a rectangle. If one of its dimensions is x in, 
express the area as a function of x. 


I Since the semiperimeter of the rectangle is } - 30 = 15 in and one dimension is x in, the other is 
(15 — x) in. Thus, A = x(15— x). 


3.229 An open box is to be formed from a rectangular sheet of tin 20 x 32 in by cutting equal squares, x in 
on a side, from the four corners and turning up the sides. Express the volume of the box as a 
function of x. 


I From Fig. 3.53 we see that the base of the box has dimensions 20 — 2x by 32 — 2x in and the 
height is x in. Then V = x(20 — 2x)(32 — 2x) = 4x(10 — x)(16— x). 


Fig. 3.53 


3.230 A closed box is to be formed from the sheet of tin of Prob. 3.229 by cutting equal squares, x in on a 
side, from two corners of the short side and two equal rectangles of width x in from the other two 
corners, and folding along the dotted lines, as shown in Fig. 3.54. Express the volume of the box as a 
function of x. 


£ One dimension of the base of the box is (20 — 2x) in; let y in be the other, Then 2x + 2y = 32 and 
y = 16— x. Thus, V = x(20 — 2x)(16 — x) = 2x(10 — x)(16 — x). 


3.231 A farmer has 600 ft of woven wire fencing available to enclose a rectangular field and to divide it into 


3.232 


Fig. 3.54 


three parts by two fences parallel to one end. If x ft of stone wall is used as one side of the field, 
express the area enclosed as a function of x when the dividing fences are parallel to the stone wall. 
Refer to Fig. 3.55. 


f The dimensions of the field are x and y ft, where 3x + 2y = 600. Then y = 4(600 — 3x), and the 
required area is 


A=xy =x - 4(600 — 3x) = 3x(200 —x) 


VLLLLLLA LLL LLL LLL ALLEL LL 


Fig. 3.55 


A right circular cylinder is said to be inscribed in a sphere if the circumference of the base of the 
cylinder is in the surface of the sphere. If the sphere has radius R, express the volume of the 
inscribed right circular cylinder as a function of the radius r of its base. 


I Let the altitude of the cylinder be denoted by 2h. From the adjoining Fig. 3.56, h = VR? —r and 
VR? 


the required volume is V = ar* - 2h =22r°VR*—r°. 


Fig. 3.56 


For Probs. 3.233 through 3.235, let z = f(x, y) = 2x” + 3y? — 4. Find: 


3.233 f(0, 0) 


|? 


I f(0, 0) =2(0P + 300 —4= —4. 
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3.2§¢@ =f (2, -3) 
8 f(2, -3)=2Q/ + 3-3) -—4=31. 
3.235 f(—x, -y) 
I f(—x, -y)=2(—x) + (-y)? — 4 = 2x? + 3y? — 4. Note that f(x, y) =f(—x, —y). 


2 


2 
+ 
For Probs. 3.236 through 3.238, let f(x, y) =5 ~ " 
3.2%)“ Find f(x, —y). 
rity. pe 
P-(-yy xe 


i f(x, -y)= re (x, y) 


3.237 Find f(—x, y). 


i Ih" a eae —y) =f (x, y). 


3.238 Find f(1/x, 1/y). 
11 (1/x) + (/y)* _ 1/x? + 1/y? Sy a =e 7 
gigi 5) (i/x)— (ly? Wy? yt 
For Probs. 3.239 through 3.248, solve the given formula for the letter indicated. 


3.239 D=RTforR 


fi if D=RT, then D/T = RT/T (division by T) and D/T = R. Note that we divided by T to isolate 
R, where R is the unknown. 


3.2440 D=RT for T 


I See Prob. 3.239 above. If D = RT, then DIR= RT/R (division by R) and D/R = T. Note again 
that the goal of the division was to isolate the unknown. 


3.2441 V=LWH for L 
V LWH 


i sifV=LWH, then T= a and T= L. Check: V == (WH) 
V=V 
3.242 C=2arforr 
C 2zr Cc 
§ ifC= 2ar, then =~ = oq war 
3.243 =" =ffori 
' If i/12=f, then i/12-12=f - 12 andi=f - 12 or i = 12¢. 
b A 
3.244 a7, A 


bh 2A b 
f Cross multiply: bh = 2A and = =S or = A, 
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3.245 


C = 10d + 25q for q 


Check: C= 10d + 25(5 = a“ 


25 
C= 10d +C—10d 
c=C 


3.246 =F (+6! for h 


oz, 
b+b' 


h 
= 5 (division by b + b') and h =2( 2 )= = 


b+b' 
3.247 V=4BhforB 
— 3V =3(4{Bh) 
3V=Bh 
B=3V/h 
3.248 $=5(a+1) fora 
i 28 = n(a + 1) 


2S 
—=z=a+l 
n 


=e ee 
n 


3.8 MISCELLANEOUS PROBLEMS 


3.249 Show that the points A(1, 2), B(0, —3), and C(2, 7) are on the graph of y = Sx — 3. ’ 
f The point A(1, 2) is on the graph since 2 = 5(1) — 3, B(0, —3) is on the graph since —3 = 5(0) — 3, 
and C(2, 7) is on the graph since 7 = 5(2) — 3. 

3.250 Show that the points D(0, 0) and E(—1, —2) are not on the graph of y = Sx — 3. 
f The point D(0, 0) is not on the graph since 0 # 5(0) — 3, and E(—1, —2) is not on the graph since 
—2#5(-1)-—3. 

3.251 Sketch the graph of the function 2x. 


§ This is a linear function, and its graph is a straight line. For this locus only two points are 
necessary. Three points are used to provide a check. See Fig. 3.57. 


x O;1/2 
y=f(x)|0/2)4 
The equation of the line is y = 2x. 
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Fig. 3.57 
3.252 Sketch the graph of the function 6 — 3x. 


! a : ; = . See Fig. 3.58. The equation of the line is y = 6 — 3x. 


Fig. 3.58 
3.253 Sketch the graph of the function x’. 


! ee ; ; = = . See Fig. 3.59. The equation of this locus, called a parabola, is 


y =x°. Note for x #0, x? #0. Thus, the curve is never below the x axis. Moreover, as |x| increases, 
x? increases; i.c., as we move from the origin along the x axis in either direction, the curve moves 
farther and farther from the axis. Hence, in sketching parabolas sufficient points must be plotted so 
that its U shape can be seen. 


~~, : i 4 


e 
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| 254 Sketch the graph of the function x? +x — 12. 
fee ATS Bs Of <1 45 

’ y=f(x)|8/0]-10| -12/-12! o] 8 
The equation of the parabola is y = x + x — 12. Note that the points (0, —12) and (—1, ~12) are not 


joined by a straight line segment. Check that the value of the function is —12} when x = —4. See Fig. 
3.60. 


(—2,;—13) (Q, —12) 
Fig. 3.60 ~~ 


255 Sketch the graph of the function —2x? + 4x + 1. 


x 3) 2}1|0| -1 
| yafe@t=slilalit—s . See Fig. 3.61. . 


ee 


5 
- 1 
Fig. 3.61 ° 

‘ 
Sketch the graph of the function (x + 1)(x — 1)(x — 2). ‘ 

= 3}2| 3)1|0|-1] -1 . 
ee cis toe . 

This is a cubic curve of equation y = (x + 1)(x — 1)(x — 2). It crosses the x axis where x = —1, 1, and 
} 
= = mf 
7 ~ 4% 
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Fig. 3.62 Fig. 3.63 


< 
LJ 


: a Ts bbe 
‘Sketch the graph of the function (x + 2)(x — 3)’. 
5|4 3/2] 1) O| -—1| -—2]| -3 


a5 
I =fe@) 12862 lolaliztisl 16! 01-36 
This cubic crosses the x axis where x = —2 and is tangent to the x axis where x = 3. Note that for 
x >—2, the value of the function is positive except for x = 3, where it is 0. Thus, to the right of 
x =—2, the curve is never below the x axis. See Fig. 3.63. 


Sketch the graph of the function x* + 2x — 5, and use it to determine the real roots of 
x?+2x—-5=0. 
I x 2} 1)| O| -—1| -—2| -3|-4 

y=f(x) 131 -21-s1-6|-sl-21 3 
The parabola cuts the x axis at a point whose abscissa is between 1 and 2 (the value of the function 
changes sign) and at a point whose abscissa is between —3 and —4. 
Reading from the graph in Fig. 3.64, we see the roots are x = 1.5 and x = —3.5 approximately. 


yee | 


CHAPTER 4 
Polynomial and Rational Functions 


4.1 POLYNOMIAL FUNCTIONS 
For Probs. 4.1 to 4.10, write the given equation in standard form. 


41 


4.2 


4.3 


4.5 


4.6 


4.7 


4.10 


4x? + 2x*-6+ Sx =0. 

fin standard form, polynomial equations are written from the highest power of x to the lowest. In 
this case, the standard form is 2x* + 4x* + 5x —6=0. 

—3x° + 6x — 4x7 +2=0. 

0 3x°+ 4x? — 6x —2=0. 

2x4 +2°+4=0 

Bole? + Ox8+2°+ 0x7 +4=0, 


xe+dx?-x+2=0 

Box +h? -—x +2=0 is rewritten as 2x* + x? — 2x + 4 =0 since in standard form all coefficients are 
integers. 

4x* + Ox* — 8x? + 12x —-10=0 


8 o2x* + 3x" — 4x? + 6x — 5=0, since in standard form (ap, . . . , a,,) = 1 for all coefficients 
Migs as cco as 


2x — 4x*=0 


B —4x* + Ox? + Ox? + 2x + 0=0, and then notice that ged (—4, 2) #1. So the answer is —2x* + 
Ox? + Ox? +x +0=0. 


oP. 


4 ttn? 


f Multiplying by 12 gives x* + 4x? + 36 =0. Inserting zeros, x* + Ox* + 4x? + Ox + 36 =0. 


Bx? +0x*+ Ox? + Or -2=0. 

2x* — 6x? +2=0 

BH x*—3x? + 1=0. Insert zeros: x* — 3x7 + Ox +1=0. 
(x +27 +5=0 

B(x? + 4x +4)4+5=0, or x? +4x+9=0. 


For Probs. 4.11 to 4.15, rewrite the equation in the standard form y — k = a(x —h)’. 


4.11 


92 


y=x+l 


By =x? + Lis written as y — 1 =x", or y—1=1(x — OY. 


4.12 


4.13 


4.14 


4.15 
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y=—2x7 +3 

B y-—3=—-2x*, ory —3 =—2(x —0). 

y=4-(x-1) 

§ y-4=—-(x-1), ory -—4=-1(x-1/. 

y=x?-4x+6 

I y=(%*—4x+4)+2 — (by completing the square); y=(x—2)?+2, or y—2=1(x—-2). 


y=(1—x)(2—x) 
Bo y=2-3x4+x°=(x?-3x+9)+(-2) (since }- 4 =2); y=(@@— 3) —4, ory +4=1@ -3/. 


For Probs. 4.16 to 4.20, find the vertex of the given parabola. 


4.16 


4.17 


4.18 


y+1=2(x-3/ 

I ify —k=a(x—h)’, then (h, k) is the vertex of the given parabola. In this case, k = —1 and 
h =3. (3, —1) is the vertex. 

y=—2x7+3 

§ Then y — 3 = —2(x — 0)*. Thus, k = 3 and h = 0. The vertex is at (0, 3). 

y=x*-4x +6 

Boy =(x?-—4x+2)+4=(x -—2) +4; y —4=(x —2)*. The vertex is at (2, 4). 


y =x(x +2) 

B oy=x?+2e=(x7+2x+1)-1 = (since 1— 1=0); y+1=(x + 1)’. The vertex is at (—1, —1). 
y =2x?-8x +5 

Boy —S=2(x? — 4x) =2(x? — 4x + 4) —8; y + 3 = 2(x — 2)’. The vertex is at (2, —3). 


For Probs. 4.21 to 4.24, identify the given parabola as opening upward or downward. 


4.21 


4.22 


4.23 


4.24 


y=x’-5x+6 


I if y = ax? + bx +c, then the parabola opens upward if a > 0 and downward if a < 0. In this case, 
a =1>0, and the parabola opens upward. 


y=2-x? 

i ify =2— x’, then y = —x* +2 and a = —1 <0; the parabola open downward. 
y=x(1—-x) 

i ify =x —x’, then y = —x* +x and a = —1<0, and the parabola opens downward. 
y =(2—x)(3—x) 

I y=6-—5x +x*;a=1 and the parabola opens upward. 


For Probs. 4.25 to 4.29, find the maximum (or minimum) value of the quadratic function. 


4.25 


a 


f(x) = 2x —3)'=1 


ee 
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# ify =2(« —3) —1, then y + 1 = 2(x — 3)’. The vertex is at (3, —1), and the parabola is opening 
upward (since a > 0, where a is the coefficient of x’). Thus, the function has a minimum value of —1. 
f(x) =2? +3 

@ ify =—2x? +3, then y — 3 = —2(x — 0)’, The vertex is at (0, 3), and since a <0, the maximum 
value is 3. , 

f(x)=4-(x-1/ 

i ify =4—(«-1), theny —4=—(x —1)*. Thus, f has a maximum value of 4. 

f(xj=x-—4x +6 

I oy=(x-27+2 = (since 4+2=6). Thus, a >0 (f has a minimum), and the minimum value is 2. 


f(x) = (@ — 1) + 3) 


fo y=x?+2x-3;a>0, sofhas a minimum. y=(x+1)?-4 = (since 1— 4= —3), soy +4= 
(x + 1)’, and the minimum value is —4. 


For Probs. 4.30 to 4.35, is the given function a polynomial function? 


4.50 


431 


y=x? 
I This is a polynomial function, since y = agx" + a,x"! 
integer or zero and all a, are complex numbers. 


++--++a,_,x +a,, where n is a positive 


y =1/x? 


I This is not a polynomial function since y = x~?, and —2 is not a positive integer or zero. 


y=(x +2)" 


f This is not a polynomial function. Note that x is the independent variable and thus may not be a 
positive integer or zero. : 


y=2x+4-2i 


I This is a polynomial function. If y = 2x + (4 — 2i), then all conditions of the definition in Prob. 
4.30 above are satisfied. Note that the constant term a, = 4 — 2i. 


y=2x?+ V3x-i 

If This is a polynomial function. the coefficients 2 and V3 are complex as in the constant term —i. 
y =i — Vax -2 

I This is not a polynomial function since x‘? appears and } is nonintegral. 


For Probs. 4.36 to 4.39, determine whether the graph of the polynomial will cross or touch the x axis at each 


zero. 


4.4% 


4.37 


f(x) =x*(«-1) 


I The zeros here are 0 with a multiplicity of 2 and 1 with a multiplicity of 1. Thus, the graph 
touches at 0, and the graph crosses at 1. (Recall that the graph of a polynomial crosses at a zero of 
odd multiplicity and touches at a zero of even multiplicity.) 


f(x) =x(x — 1)°(x +2) 
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@ The zeros here are 0 with a multiplicity of 1 (crosses), 1 with a multiplicity of 2 (touches), and —2 
with a multiplicity of 1 (crosses). 


438 8 f(x)=(?-1)( +27 


f The zeros here are 1 with a multiplicity of 1 (crosses), —1 with a multiplicity of 1 (crosses), and 
—2 with a multiplicity of 3 (crosses). (Do you see where 1 and —1 come from? If x? — 1 = 0, then 
x=tl1.) 


4.39 f(x)=(e + 1)°(e + 2) + 39° 
I Touches at —2; crosses at —1 and —3. 


For Probs. 4.40 to 4.42, find the remainder by actually performing the division. 


4.40 (2x?—4x +8)=+(x-2) 
2x 
Bo x—2)2x*-4x +8 
2x? — 4x 


+8 
Remainder = 8. 


4.41 (3x?+x—7)+(x-1) 


3x+4 

Bo ox-1)3x7+ x-7 
3x? —3x 

4x -7 

4x-—4 

-—3 
Remainder = —3. 


442 (3x°+4x?—7x+5)+(x+1) 


3x*+ x-8 
Box4+1)3x°4+ 4x7 -7x4+5 
3x? + 3x? 


x? —Tx 
x*+x 


=i +5 
—-&-8 


13 
Remainder = 13. 


For Probs. 4.43 and 4.44, find the remainder by using the remainder theorem. 


4.43 (x°—Sx?—3x + 15) +(x +2) 


I The remainder theorem tells us that the remainder upon division by x — r will be f(r). In this 
case, r = —2, so f(—2) = (—2)* — S(—2)? — 3(—2) + 15 = -7. 


444 (2x*+ Gx* + 3x —4) +(x +3) 
f(r) =f(—3) =2(—3)* + 6(—3) + 3(-3) —4 = -13. 


96 J CHAPTER 4 


For Probs. 4.45 to 4.52, show that the second expression is a factor of the first by means of the factor 
theorem. 


445 2x°—3x?+2x-8, 1-2 
I By the factor theorem, we must show that r is a root of f(x) = 0 to show that x — r is a factor of 
f(x). In this case, f(2) =2-2°-3-2?+2-2-—8=0. Thus, x —2is a factor. 

446 Ax? + 5x? -6r 4+ 18, 443 
! f(x) = 3x" + Sx? — Gx + 18; r = —3. Then f(—3) = 3 - (—3)' + 5 - (—3)? — 6 - (—3) + 18 =0. Thus 
x +3isa factor. 

447 2x°—3x7+x-6,x-2 
B f(x) = 20° — 3x7 +x -6;7=2. Then f(2) =2-2°—3-2?+2-—6=0. Thus, x —2 is a factor. 


448 2x°-—7x*-3x-4,x-4 
Bf (x) =2x* — 7x? — 3x — 4; r=4. Then f(4) =2-4°-7-4?-3-4-—4=0. Thus, x — 4 is a factor. 


449 3x*—x°-3x7+4,x-4 
Bf (x) =3x* — x? — 3x7 +4; r=4. Then f(4) =3- (4)*-— G4) — 34° +4 =0. Thus, x — 4 is a factor. 


450 x*-81,x+3 
I f(-3) =—3* —81=0. Thus, x + 3 is a factor. See Prob. 4.51. 


451 x°+a°,x+a 
I f(x) =x? +a’; r= —a. Then f(—a) = (—a)’ + a” = —a” + a” = 0. Thus, x + @ is a factor. See Prob. 
4.52. 

4.52 x"+a",x +a, where n is an odd positive integer 


I f(x) =x" +a"; r= —a, Then f(—a) = (—a)" + a" = —a" + a” =0 (since n is an odd positive 
integer). Thus, x + a is a factor. 


For Probs. 4.53 to 4.56, write equations with integral coefficients having the given numbers and no others as 
roots. 


453 1,2,-3 
I By the factor theorem, x — 1, x — 2, x +3 must be factors. Then f(x) = (x — 1)(x — 2)(x +3) = 
(x? —3x + 2)(x + 3) =x°—7x +6=0. 

45 -1,-2,-3 


I By the factor theorem, x + 1, x +2, x +3 must be factors. Then f(x) = (x + 1)(x + 2)(x +3) = 
(x? + 3x + 2)(x + 3) = x° + Ox? + Le + 6 =0. 


4.55 —4,3,0 
B(x +4)(x — 3)(x) = 0; x? + x? - 12e = 0. 
4.56 V3, —V3,2 


B(x — V3)(x + V3)(x — 2) = 0; (x? — 3)(x — 2) = 0; 9 — 2x? — 3 + 6 = 0, 
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4.2 GRAPHING POLYNOMIAL FUNCTIONS 
For Probs. 4.57 to 4.83, sketch the graph of the given polynomial function. 
4.57 f(x)=x° 


I See Fig. 4.1. If f(x) =x° =0, then x =0. The graph crosses the x axis at x = 0 since multiplicity is 
odd. When x = 0, y = 0, so the graph crosses the y axis when x = 0. Since f(—x) = —f(x), the graph 
is symmetric about the origin. As x grows larger, so does y; as x grows smaller, so does y. Notice the 
steps we have gone through here. We will use them throughout this section. 


e 


UY 


+— 


i. iY 
“jy 


|. 


~ 8 


- 


Fig. 4.1 


ke fix\=-< 


I See Fig. 4.2. If f(x) = —x* =0, then x = 0. The graph crosses the x axis at (0, 0). If x =0, then 


f(0) =0. If f(—x) = —f (x), then f is symmetric about the origin; f(1) = —1, f(—1) = 1, f(2) = —8, 
f(—2) =8. 


Fig. 4.2 


ey 
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4.59 f(x) =3x° 


I See Fig. 4.3. (0) =0 and f(—x) = —f(x), so the graph is symmetric about the origin. f(1) = 3, 
f(-1) = -3, f(2) = 24. 


fiy=3)' 


Fig. 4.3 
4.60 f(x)=x°-2 
I See Fig. 4.4. f(x) = 0 when x° — 2=0. So x°=2, and x = V2 ~ 1.26. Note that the multiplicity is 


odd. Also the graph will show no symmetry since all three symmetry tests fail: f(—x) # f(x) and 
f(—x) #—f (x). Substituting —x for x, —y for y, or both does not produce equivalent equations. 


Fig. 4.4 
4.61 f(x) =2(x*—2). 


I See Fig. 4.5 and Prob. 4.60. We can sketch this graph by observing that all y values in Prob. 4.60 
are doubled. 


4.62 f(x)=—2(x*-2) 
I See Fig. 4.6 and Probs. 4.60 and 4.61. 
4.63  f(x)=(x-2) 
I See Fig. 4.7. f(0) = —8, and when (x — 2p =0, x =2. 


4.64 


4.65 


f(x) =2(e-2/ 
I See Fig. 4.8 and Prob. 4.63. 


f(x) = —2(« -2)° 
I See Fig. 4.9 and Prob. 4.64. 


f(x) =x -2)7 +1 
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fix) = 2x’ — 2) 


Fig. 4.5 


fa) = -2@' - 2) 


Fig. 4.6 


Fig. 4.7 


I See Fig. 4.10 and Prob. 4.64. 


100 0 CHAPTER 4 


(0, —16) 


Fig. 4.8 


(0, 16) 


Fai =—2(x-—2)’ 


Fig. 4.9 


Fig. 4.10 
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4.67 f(x)=x°-4 


ff See Fig. 4.11. When x* —4=0, x = V4 ~ 1.587. f(0) = —4. 


Fig. 4.11 


4.68 f(x)=3(x*-4) 


4.69 


4.70 


4.71 


4.72 


I See Fig. 4.12 and Prob, 4.67. Triple each y value. 


fix) =x" — 4) 


Fig. 4.12 
f(x) =3(x* — 4) +2 

f See Fig. 4.13 and Probs. 4.67 and 4.68. Add 2 to each y value in Prob. 4.68. 
f(x)=x" 


I See Fig. 4.14. If y =x*, then y = (—x)* =x*; the graph is symmetric about the y axis. f(0) = 0, 
fQ1)=1, f(—1) = 1, f(2) = 16, f(—2) = 16. 


f(x) = 3x" 


I See Fig. 4.15 and Prob. 4.70. This graph will have all ordinate values in Prob. 4.70 multiplied by 
3. 


f(x) =3x*-2 
I See Fig. 4.16 and Prob. 4.71. Subtract 2 from each ordinate in the graph of y = 3x*. 
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Fig. 4.13 


Fig. 4.14. 


Fig. 4.15 


Fig. 4.16 
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f(x)=x°+1 
I See Fig. 4.17. This graph passes none of our symmetry tests. f(0) = 1 and if x5 + 1=0, then 
x° = —1 and x = —1. Notice that as x increases, y increases, just as with y = x’. 


Fig. 4.17 
4.74 f(x) =3(x5 +1) 


I See Fig. 4.18 and Prob. 4.73. We triple each ordinate in the graph of y = x° + 1. 


y= 3° +1) 


Fig. 4.18 
4.75 f(x) =3(x°+1)-6 
I See Fig. 4.19 and Prob. 4.74. We subtract 6 for each ordinate in the graph of y = 3(x° + 1). 


4.76 y=(x—3)(x*-1) 


I See Fig. 4.20. If (x — 3)(x? — 1) =0, then x =3, +1. Each of these zeros has a multiplicity of 1, so 
the graph will cross the x axis at these points. Also the three symmetry tests fail. Investigating the 
behavior of this function, we find that (a) it is negative for x < —1, (b) it is positive for 
—1<x<1, (c) it is negative for 1<x <3, (d)_ it is positive for x > 3. 

4.77 y=2(x —3)(x*-1) 
I See Fig. 4.21 and Prob. 4.76. 


4.78 y=2(x—-—3)(x?-1)+1 
I See Fig. 4.22 and Prob. 4.77. Add 1 to each y value in the graph of y = 2(x — 3)(x? — 1). 


rr 


104 


Fig. 4.19 


y=(x-3)"-1) 


Fig. 4.20 


y=2x-3)" -1) 


POLYNOMIAL AND RATIONAL FUNCTIONS J 105 


y =(x*— 1)? -9) 
I See Fig. 4.23. This graph has four zeros: x = +1, x = +3, all with odd multiplicity. Also replacing 


x with —x does not change the equation, so the graph exhibits y-axis symmetry. f(0) = 9. f > 0 for 
x<-3,x>3, -1<x<1l;and/f <0 for -3<x<—1, l<x<3. 


(-3,0) . 


™ y =(27 - 1)" -9) 


Fig. 4.23 
4.80 y =2(x?—1)(x?-9) 


I See Fig. 4.24 and Prob. 4.79. Multiply all y values in the graph of y = (x* — 1)(x? — 9) by 2. 


y =2(x* — 1) - 9) 


Fig. 4.24 
481 9 y=2(x*-1)(x*—-9)+1 


I See Fig. 4.25 and Prob. 4.80. Add 1 to each y value in the graph of y = 2(x? — 1)(x? — 9). 
482 f(x)=x?-6r+5 


I See Fig. 4.26. Since this is in nonfactored form, we first factor the equation’s RHS: 


x? — 6x +5 =(x — 1)(x — 5). Clearly, 1 and 5 are zeros. Also f(0) =5, and the function is negative 
between 1 and 5. 


483 y=-x°+2x+8 


I See Fig. 4.27. Factoring, we find —x* + 2x + 8 = —(x? — 2x —8)=—(x?7-2x +1-9)= 
—(x*—2x +1) +9=—(x —1)° +9. f(0) =8, and if f(x) =0, —(«@— 17° + 9=0, 
—(x —1)°=*9, (x — 1) =9. Then x — 1 = 3 when x =4, and x — 1 = —3 when x = —2. 


SS 
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4.84 


4.85 


y =2(x’ —1)( -9) 


Fig. 4.25 


Fig. 4.26 


Fig. 4.27 


For Probs. 4.84 to 4.87, refer to the following situation: A parcel delivery service will deliver only 
packages with length plus girth not exceeding 108 in. A packaging company wishes to design a box 
with a square base that will have a maximum volume and will meet the delivery service's restrictions. 
Write the volume of the box V(x) in terms of x. 


§ Volume =/-w-h=x-x > (108 —x —x —x —x)=x7(108 — 4x). 


What is the domain of V in Prob. 4.84? 


108 — 4x must be nonnegative in order that V = 0. Thus, 0=x = 27. If x =0 or x = 27, the 
volume of the box is 0. 
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4.86 Graph V for the domain in Prob.4.85. 
I See Fig. 4.28. 


Fig. 4.28 


4.87 From Fig. 4.28 estimate (to the nearest inch) the dimensions of the box with maximum volume. 
What is this maximum volume? 


I To the nearest inch, the maximum occurs when x = 18. V(18) = 18 - 18 - 36 = 11,664 in’® = 
maximum volume. 


For Probs. 4.88 to 4.96, refer to the graphs in Figs. 4.29 to 4.34. 


(0, 1) 


Fig. 4.29 Fig. 4.30 


Fig. 4.32 
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Fig. 4.33 Fig. 4.34 


4.88 Which of the figures represents a polynomial function which is always increasing? 
f Figure 4.34. Note that if a > b, then f(a) > f(b) for all a, b. None of the other graphs have this 
property. The graph of Fig. 4.34 is a polynomial of degree 1. 

4.89 Which of the figures are symmetric about the y axis? 
I Figures 4.29 and 4.30. For both of these we see that if (x, y) is on the graph, so is (—x, y). 


4.90 Which of the figures exhibits x axis symmetry? 
I Only Fig. 4.32. Notice that if (x, y) is on the graph, so is (x, —y). 


4.91 Which figure has four zeros? 
I Figure 4.33. Notice that the graph crosses the x axis four times. Each zero must be odd for this to 
happen. 

4.92 Which figures exhibit zeros with even multiplicity? 
ff Only Fig. 4.29. The graph touches the x axis at 0 without crossing it. 


4.93 Which figure does not represent y = f(x)? 
I In Fig. 4.32, the graph is not a function of x. If you “plug in” an x, you get two y values. 


4.94 In which figures are there two intervals in which the function is positive? 
fin Fig. 4.31, f > 0 when x is in the intervals (—1, 4) and (1, ~). In Fig. 4.33, f > 0 when x is in the 
intervals (—2, —1) and (0, 3). 

4.95 Which figure is symmetric about (0, 0)? 
I None; there is no figure in the collection where, for all (x, y) on the graph, (—x, —y) is on the 
graph. 

4.96 Which figures must represent a function of the form P(x) = ax", where n is an even positive integer 
and a > 0? 


I The graph in Fig. 4.29. If n were odd, the graph would cross the x axis at (0, 0). 


4.3. SYNTHETIC DIVISION 


For Probs. 4.97 to 4.122, use synthetic division to find the quotient and remainder. The method is fully 
described in Prob. 4.97. 


497) (x6 4+x°4+443)+(4-1) 
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i iL fy hh See 
B02 sd 


1 +2 +3 +6 


SeeetieceetliS stoves 
Quotient remainder 


The quotient is Lx? + 2x + 3 =x? + 2x +3, and the remainder is 6. 
Outline of method: 


(a) Write down the coefficients of the dividend from left to right in decreasing order of the powers 
of x. Insert 0 for any missing terms. oe ES 


(b) To the right of this, write the a of the divisor x — a. 


ep ter ee ah 


(c) On the third line (skip one line) rewrite the leading coefficient. 


a See oe. 


l 


(d) Multiply this leading coefficient by a, and write it on the second line in the second column as 
shown. Then add the terms in column 2, and write the sum on the third line as shown. 


oe Oe bee vr |S 


(e) Multiply the sum obtained in (d) by a, and repeat the procedure in (d) for each column. 


ae Pus: 


E253 6 
Coefficients of quotient remainder 


The quotient is (1)x* + (2)x + 3 =x* + 2x +3, and the remainder is 6. 


4.98 (x°-—x-1)+(x-1) 


' 10 -1 -1 [1 
paar ne ies 
Oe es 


The quotient is x° + x, and the remainder is —1. 
499) (4x? +x-1)+(x-1) 


| 1 11 -1 |-1 


—1 9 -1 
1 0 1 =2 


The quotient is x* + 1, and the remainder is —2. 


4.100 (x9 +x? +x+1)+(x-1) 


| Vonks in wis lb 
ue ie 
ee 3 4 
The quotient iS x* + 2x + 3, and the remainder is 4. 


ee 
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4.101) (2x0 +x? +241) +(x +1) 


! 3. 4°35. & Cee 
-2 1 -2 
2-1 2 -1 


The quotient is 2x’ — x + 2, and the remainder is —1. 


4.102 (2x°+2x7+x4+1)+(e +1) 


: 42 2:2 4.64 
—2 0 -1 
q 0 4° 6 


The quotient is 2x? + 1, and the remainder is 0. (What does that mean?) 


4.103 (2x* + 2x? + 2x +1) +(x +1) 


i 2° 2:2 & feo? 
—2 0 -2 
2. 0:23 


The quotient is 2x* + 2, and the remainder is —1. 


4.104 (2x°+ 2x? +2e+2)+(x +1) 


i 2 °252 ~@ Fs 
-2 0 -2 
2 @2 © 


The quotient is 2x* + 2, and the remainder is 0. 


4.105 (2x* + 2x? + 2x +2) +(x +2) 


| 2°22 (Se 
-4 4 -12 
2 -2 6 -10 


The quotient is 2x* — 2x + 6, and the remainder is —10. 


4.106 (2x° + 2x? + 2x +2) +(x +3) 


! 2 2 2 oe iss 


—6 12 —42 
2 —4 14 —40 
The quotient is 2x* — 4x + 14, and the remainder is —40. 


4.107 (2x* + 2x? + 2x + 2) + (x - 3) 


i a. 222 5: 
6 24 78 


2 8 26 80 
The quotient is 2x* + &x + 26, and the remainder is 80. 


4.108 (Sx* — 2x? -— 2x —2)+(x +1) 


4.109 


4.110 


4.111 


4.112 


4.113 


4.114 


4.115 
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| 5 -2 -2 -2 |-1 
-5 7 -5 
5 -7 5 -7 


The quotient is 5x” — 7x +5, and the remainder is —7. 


(5x? — 2x? — 2x — 2) +(x —1) 


i 5 -2 -2 -2 [LL 
$3 31-3 
5. 3° 14 = 


The quotient is 5x? = 3x + 1, and the remainder is —1. 


(Sx* — 2x? — 2x — 2) = (x +3) 


! 5 -2 -2 -2 |-3 
-15 $1 —147 


3 -lf @ -14 


The quotient is 5x? — 17x + 49, and the remainder is —149. 


(Sx* — 2x? — 2x — 2) + (x +2) 


! 5 -2 -2 -2 [+2 
-10 24 -44 


$3 -12 22 -%4% 
The quotient is S5x* — 12x + 22, and the remainder is —46. 


(Sx? — 2x* — 2x — 2) + (x —2) 


i 5 -2 -2 -2 |2 
10 16 28 
5 8 14 26 


The quotient is 5x? + &x + 14, and the remainder is 26. 


(Sx* — 3x7 — 2x — 2) + (x +2) 


I 5 -3 -2 -2 |-2 
-10 26 —48 


5 -13 w -30 


The quotient is 5x* — 13x + 24, and the remainder is —50. 


(x44 x°4+27+x4+1)+(e-1) 
i Fee | 


The quotient is x* + 2x? + 3x + 4, and the remainder is 5. 


(xt4x24 x72 454+ 1) +(x +1) 
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-1 0 -1 6 
: B25 ee 


The quotient is x* + x, and the remainder is 1. 


4.116 (x* + 3x? + 2x +2)+(x-1) 


! POs Pe tt 
oy ‘4 6 
lL. 1 46 8 
The quotient is x° + x? + 4x + 6, and the remainder is 8. 
4.017) (x*4+3x°+2e+2)+( +1) 
i 1 OS.) 2S pk 
—1 1 -4 2 


1 -l 4 24 
The quotient is x* — x? + 4x — 2, and the remainder is 4. 


4.118 (x*+2x+2)+(x-1) 


F $0 6 2 2 [1 
2 3 
} 4. 2 3° 5 
The quotient is x° + x? + x + 3, and the remainder is 5. 
4.119 (x*+x+2)+(x—-3) 
! G6 6-2. 2B. 
3 9 27 &4 
1 3 9 28 86 


The quotient is x* + 3x7 + 9x + 28, and the remainder is 86. 


4.120 (x*+1)+(x+1) 


' : 2 0 Ose fs 
-1 1 -1 1 


i -i 1 -1 2 


The quotient is x*° — x* + x — 1, and the remainder is 2. 


4.121 (x*+1)+(x-1) 
! 10001 lt 
re 4 


The quotient is x* + x’? +x + 1, and the remainder is 2. 


4.122 (x*-1)+(4+1) 
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1 00 oO -1 [-1 
=i 4 =1«2 
1-1 1-1 O 


The quotient is x° —x* + x — 1, and the remainder is 0. 
For Probs. 4.123 to 4.126, evaluate by synthetic division. 


4.123. f(—2) if f(x) =x°-—7x?+12x-3 
I We will divide by x + 2; the remainder will be f(—2). 


1-7 12 -3 |-2 


—2 18 -—60 
1 -9 30 -63 
The remainder is —63 = f (—2). 


4.124 f(3) if f(x) =x° — 7x7 + 12x -3 
fl Divide by x —3 


The remainder is —3 = f (3). 


4.125 (5) if f(x) =x° — 4x? — 20x + 55 
i 1 -4 -20 55 |5 


The remainder is —20 = f (5). 


4.126 f(s) if f(x)=x°+1 


i 16060 80 6 1 8 
» DD: (MN eR (O) Sms eC 
x “6s B@ o2e <3. ee 
12444 8 


The remainder is f (4) = §. 


For Probs. 4.127 to 4.129, use synthetic division to show that the first polynomial is a factor of the second. 


4.127 x—3,x°-18%+27 
I We will divide and show that we obtain a zero remainder. 


i oO =18 27 3. 
3 '° 9 = 


rt 3: =9 0 


The remainder is 0, so x — 3 is a factor. 


4.128 x +1, x°+2x7+2x7+2x4+1 


A De 
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The remainder is 0, so x + 1 is a factor. 


4.129) x44, x*=-3x7/44+2/24+)} 


i 1 0-3 4 4¢ [3 
—- 4} -4 
1 -4 -4 


The remainder is 0, so x + 4 is a factor. 


4.4 FUNDAMENTAL THEOREM OF ALGEBRA 


4.18 State the fundamental theorem of algebra. 
I Every polynomial P(x) of degree d = 1 with complex coefficients has at least one complex zero. 
(Remember! Real numbers are also complex.) 

For Probs. 4.131 to 4.140, find a polynomial equation of lowest degree which has the roots listed. 


4131 0,1 

B(x —0)(« — 1) =x(x — 1) =0, or x? -x =0. 
4.132 3,4 

B(x —3)(x —4) =0, or x? —- 7x + 12=0. 
4.133 0,1,2 

Boax(x— 1)(x — 2) = x(x? — 3x + 2) =0, or x* — 3x7 + 2x =0. 
4.134 1,2,-3 

BE (x-1)(e —-2)(e +3) = (e — 1) (x? +x —- 6) =0, or x? — 7x +6=0. 
4.135 l,i EA 

B o(x-1)(Q -i) =x? —-x—ik +i=0, or x? +(-1-)x+i=0. 
4.13% i 

I x-—i=0; remember, first-degree polynomials are polynomials. 
4.137 23, i 

8 (x -2i)(x — i) =x? — 2x — ix +27? =0, or x? —-3ix -2=0. 
4.138 —l,i 

W o(e+ le -) =x? 4+x--i=0, ore? +(l-)x-i=0. 
4.139 1,-lL,i 


@ (x-1)+ De -1) = - 1)? +2-% -) = +(1-1-)eP-(1-i+dx-i= 
x? + (-i)x? + (—D)x —i1 =0, or x’ -— ik’? —x -i =0. 
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4140 1+i,-1-i 
: Bf [x-(+))@ —(-1-))=(@—-1-)(e +141) =0, orx?-2=0. 


For Probs, 4.141 to 4.144, find a polynomial of degree 3 having the given zeros. 


4.141 1,2 


I For 1 and 2 to be the only zeros, x — 1 and x — 2 must be the only linear factors. Thus, 
(x — 1)°(x — 2) is one possibility. In polynomial form, (x — 1)*(x — 2) = x* — 4x* + Sx —2. 


4.142 1,-1 


# Then x —1 and x + 1 are the only linear factors. (x — 1)*(x + 1) is one possibility. (What is the 
other?) In polynomial form, (x — 1)*(x + 1) =x* —x?-—x 41. 


4.143 1+ V3,1-V3, -1-V3 
I Se a eee 
[x — (1+ V3)]lx — (1 — V3)][x — (-1 — V3)] = x? — (1 — V3)x? — (4 + 2V3)x — (2V3 + 2) in 
polynomial form. 
4.144 a,b 
B(x —a)(x —b) =x? — ax — bx + ab = x? + (—a — b)x + ab in polynomial form. 


For Probs. 4.145 to 4.147, find a polynomial P(x) of lowest degree with leading coefficient 1 (monic) that has 
the indicated set of zeros. You may leave the answer in factored form, but indicate the degree of the 


polynomial. 


4.145 2,3, 4 (multiplicity of 2) 
BH x—2,x-3, (x —4) are the factors. P(x) = (x — 2)(x —3)(x — 4)? where the degree of P(x) = 4. 


4.146 1, —1 (multiplicity of 3), 0 
E P(x)=(x—1)(x + 1)°x where degree P(x) =5. 


4.147 (2—3i), (2+ 3i), —4 (multiplicity = 2) 
B P(x) =(x + 4)"[x — (2 —3i)][x — (2 + 33)] where the degree of P(x) = 4. 


For Probs. 4.148 to 4.150, find the zeros of the given polynomial. 


4.148 x°(x —2)(x +3) =0 


I if (x —a)" isa factor of P(x), then a is a zero. In this case x — 0, x — 2, x +3 are factors, so 0, 2, 
—3 are zeros. 


4.149) (x +i)(x —1)°(x + 4)=0 


f x=-—i, 1, and —4 are all zeros. 


4.150 (2x —1)(2x +5)(x —3)=0 
i if2x —1=0, P(x) =0. If 2x +5=0, P(x) =0. Thus, the zeros are x = 4, —3, 3. 


For Probs. 4.151 to 4.154, find the remaining zeros of each given polynomial, using the given zero(s). 


4.151 x°-3x7+x+hd 


oe 
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4.152 


4.153 


4.154 


I if isa zero, then x — 1 is a factor. Using synthetic division: 


1% 3. Jf) BE 
1 —2 -1 
1 —2 -1 0 
= ~b + Vb* — 4ac 
x’ — 2x —1is a factor; but if x7 — 2x —1=0, hin = —— Ve Thus, 


the remaining zeros are 1 + V2 and 1 — V2. 


x= 3x7 +2, 14+ V3 

f Then 1 — V3 must be a zero, so x — (1 — V3) is a factor of P(x) as well. 

[x — (1 + V3)][x — (1 — V3)] =x? — 2x — 2. Since (x? — 3x? + 2) + (x? — 2x —2) =x -1, Land 1-3 
are the other zeros. 

x* + 5x7+4,i 

I Ifiisa zero, then —i is a zero as well. (x —i)(x + i) =x* — i? =x* + 1. We divide x* + Sx? + 4 by 
x* + 1 and obtain x? + 2. When x? + 2=0, x* = —4 or x = 2%. Thus, other zeros are —i and +2/. 
x*— x" + 6x? — 26x + 20, —1 —3i 


# If —1—3i isa zero, then —1 + 3/ is as well. [x — (—1 + 34) [x —(—1 — 3) ] = x? +2 + (1-97) = 
x? +2x + 10. We divide x* — x* + 6x? — 26x + 20 by x? — 2x + 10 and obtain x? — 3x + 2= 
(x — 2)(x — 1). Thus, the other zeros are 2, 1, —1 + 3%. 


For Probs. 4.155 to 4.160, find all possible candidates for rational zeros of the given polynomial. See Prob. 
4.155 for a description of the method. 


4.155 


4.156 


4.157 


4.158 


4.160 


2x? -—5x+2 


I If p/q (a rational number in lowest terms) is a zero of P(x), then p | ao and q | a,, where ay is the 
constant term. In this case, any zero p/gq must be such that p | 2 (p divides the constant term) and 
q | 2 (q divides the coefficient of x”). Thus, p = +1, +2; q = +1, +2; and p/q = +1, +2, +}. 


3x? —7 

f If p/q isa zero, then p | 7 and q | 3. Thus, p = +1, +7; g = +1, +3; and p/qg = +1, +4, +7, +f. 
x+2e+4 

I If p/q is a zero, then p | 4 and q | 1. Thus, p = +1, +2, +4; g = £1; and p/q = +1, +2, +4. 


3x5 +x°+2x +6 


I If p/q isa zero, then p | 6 and q | 3. Thus, p = 1, +2, +3, +6; q = £1, +3; and p/q = +1, +4, 
+2, +4, +3, +6. 


x'-4 
I if p/q isa zero, then p | 4 and q | 1. Thus, p = +1, 2, +4; g = 1; and p/q = +1, +2, +4. 
3u* + u*? — 15 


i If p/q is a zero, then p | 15 and q | 3. Thus, p = +1, +3, +5, +15; q = +1, +3; and p/q = +1, 
+4, +3, 5, +4, +15. 


For Probs. 4.161 to 4.166, find the rational zeros of the given polynomial. 


4.161 


2x* — 5x +2 


4.162 


4.163 


4.164 


4.165 


4.166 
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I Using the method in Probs. 4.155 to 4.160 above, the possible rational zeros are +4, +2, +1. 
Using synthetic division 
32 


eee, 
= 
we find that 1 is not a zero (remainder #0). Continuing with synthetic division for each possible 
rational zero, we find 4 and 2 are the rational zeros. 
x°+3x7+x-2 
I The possible zeros are +2, +1. 


1 3 .& =? [2 


—2 -2 2 
1 i -1 0O 
Thus, —2 is a zero. Checking with synthetic division, we find that 2 and +1 do not yield a zero 
remainder. Thus, —2 is the only rational zero. 
P+1 


I The only possibilities are +1. 


br . 85-0) - to [2 
-1 1 -1 
i=2 i 


—1 is the only rational root. Check to see that division by 1 does nor yield a 0 remainder. 


x*—x3—5x7+3x+2 
I The possible rational zeros are +2, +1. 


pay Sa Sy a 
1 0 -5 -2 


1 0 -5 = 0 


1 is a rational root. Checking, you will find that —2 is the other rational root. 


2x3 —x*—5x-2 


I Possible rational zeros are +4, +2, +1. Using synthetic division, we find —}, }, 1, 2 to be rational 
zeros. 


2-1 -5 -2 |[-3 
=I “1: 2 


2-2 -4 0 
Check the other roots, using synthetic division. 
32u*—1 


I The possibilities are +1, +4, +4, +4, +34. Using synthetic division, or noting (without it) that 
32(4)° — 1 =0, we find } to be the only rational root. 


For Probs. 4.167 to 4.169, find all roots for the given polynomial equation. 


4.167 x°+3x7+x-2 « 
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I The possible rational roots are +1, +2. Using synthetic division, we find that —2 is a root. 


1 3 1 —2 [2 
~2 -2 2 
1 L- =3 0 
Thus, the remainder is 0, and (x* + 3x* +x — 2) +(x +2) =x? 4x —-1. Ifx? +x —1=0, then by 
= 5 ax 
using the quadratic formula x -e The three roots are —2, - ; : 
4.168 +1 
I The possible rational roots are +1. 
1 00 Oo |-1 
—1 1 +1 
FE ust ok 
Then ~1 isa root. fx?—x+1=10, x=! *¥5 The three roots , are 


4.169 x*—x°—5x°+3xr+2 


I The possible rational roots are +1, +2. Using synthetic division, we find —2, 1 to be roots, since 
(x* —x° — Sx? + 3x + 2) + (x + 2) =x°— 3x? 4441, and (x° — 3x7 4+441)+ (2-1) =x?-2e-1L 


1-3 <5 3) 2:42. 2 3 2 LIE 


—2 6 —2 -—2 1 —2 -1 
1 -3 1 1 0 1 —2 -l 0 
If x? — 2x —1=0, then x = 1 + V2. The roots are 1 + V2, —2, 1. 


For Probs. 4.170 to 4.174, use Descartes’ rule of signs to discuss the number of positive and negative zeros of 
each given polynomial. 
4.170 P(x)=2x7+x-4 


I P(x) =2x* + x — 4 which has one variation of sign (+ to —). P(—x) = 2x? x — 4 which has one 
variation of sign (+ to —1). Descartes’ rule of signs tells us that there will be 1 positive zero [one 
variation in sign in P(x)] and 1 negative zero [one variation in sign in P(—x)]. Note that the other 
possibility by Descartes’ rule does not apply here. It is not possible to subtract an even integer from 
1 to get a number of zeros. See Prob. 4.171. 


4.171) M(x) =7x?+2x+4 
I) M(x) = 7x? + 2x + 4 which has zero variations. M(—x) =7x?,~ 2x 4 4 which has two variations. 
Thus, there are 0 positive zeros and either 2 or 0 negative zeros. (Here we find that since there are 
possibly 2 negative zeros, there are also possibly 2 — 2 = 0 negative zeros.) 

4.172) P(x)=x°+4x?4+x-1 
BP P(x) =x? + 4x? +> 1 which has one variation. P(—x) =—x*+4x°,- x — 1 which has two 
variations. 

4173) P(x)=x*+x74+1 


Eo P(x) = P(—x) =x" + x’ + 1, There are zero variations, which means no positive or negative 
zeros, 
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S(x)=x5 txt +270 -27 +1 

f S(x) has two variations. S(—x) = —x° + x* —x° — x7 + 1 which has three variations. Thus, S(x) 
has 2 or 0 positive and 3 or 1 negative zeros. 

P(x) =x°-2x +3 


ff We will use synthetic division and divide by 1, 2,3, . . . until the quotient row is nonnegative. 
Then we use —1, —2,... until it alternates in sign. In this case, we find: 


t =2) Suh. 1 —-2 3 |2 
i =i 2 0 
1 -—1 2 (not nonnegative) 1 0 3 (nonnegative) 
Thus, 2 is an upper bound. 
1 —2 3 |-1 
—1 3 


1 -—3 6 (alternates) 
Thus, —1 is a lower bound. 


O(x)=x?-3x-2 


i 1-3 -2 [LL 1 -3 -2 [2 
1 -2 2 -2 
1-2 0 1-1 0 
1 -3 -2 [3 1-3 -2 [4 
: 4 4 
eG 2 1 1 2 (nonnegative) 


Thus, 4 is an upper bound. 


1 -3 -2 |-1 
4 


1 -—4 2 (alternates) 
Thus, —1 is a lower bound. 


M(x) =x°—3x+5 


i 16-3 sh 1:0 33 (2 
1 1 -2 s 4 2 
La =e 3S 1 2 1 7 (nonnegative) 
2 is an upper bound. 
i 0 -3 5 [2 «2 o@-= £2 1 G3 ~-s [= 
= te —2 4 -2 —3 9 —18 
1-1 2 7 ag? ae Be 1 -—3 6 —13 (alternates) 
Thus, —3 is a lower bound. 
R(x) =x° — 2x? +3 
| f= Ss oP 2 28 Se 
ki =}. =1 20 0 
=} -—1 2 1 0 O 3 (nonnegative) 


2 is an upper bound. 
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=O Si-t “EF 28 S142 
-1 3 -3 —2 8 -—16 
l -3 3 O 1 =—4 8 ~—13 (alternates) 
~2 is a lower bound. 
4.179) M(x) =x*—2x?4+3x4+2 
! re =i Ss 21 
1 Bes 


; 4 0 3 5S (nonnegative) 
1 is an upper bound. 


i} 06 =§ 3 Dilek 1 0 -1 3 2 [-2 


a 10 -3 —2 4 -6 6 
1 -1 03 -) 1 -2 3 -—3 8 (alternates) 


—2 is a lower bound. 


4.180) P(x) =2°4+7x?—x +2 


i £ Fi ak SEL. 
:. 68-9 


1 8&8 7 9 (nonnegative) 
1 is an upper bound. 


io) = 2 =e OD es aT 8 2 |-8 
-1 -6 7 -2 -10 22 -8 8 -56 


1 6-7 9 1 § =< & 1-1 7 —54 
—8 is a lower bound. (Do you see why we jumped from dividing by —2 to dividing by —8?) 
For Probs. 4.181 to 4.183, show that there is at least one real zero between the given values of a and b. 


4.181 P(x)=x*—3x -2;a4=3,b=4 


i P3)=% —3(3) —2=—2, and P(4) = 4° — 3(4) — 2=2; since P(3) and P(4) are opposite in sign, 
there must be at least 1 real zero between them. 


4.182 P(x) =x°-3x +5;a=-3,b=-2 


f P(—3)=—13, and P(—2) =3. Since P(—3) and P(—2) are Opposite in sign, there must be a real 
root between them. 


Ses 


4.183 Q(x) =x*—3x?-3x+9;a=1, b=2 


# Q(a) = Q(1) =4, and Q(b) = Q(2) = -1. 4 and —1 are opposite in sign, so there is a real root 
between them. 


For Probs. 4.184 to 4.187, write an equation whose roots are the negatives of those of f(x) = 0. 


4.184 x'-8&r? +x-1=0 
# We change the signs of alternating terms, beginning with the second: x’ + &x? +x + 1=0. : 


4.185 x6 +3x°7+2e4+1=0 


OB ox*+Ox* + 3x? + 2x + 1 =0 is changed to x* — Ox’ + 3x? — 2x + 1 =0, or x* + 3x? — 2x + 1=0. Be 
careful with equations that are not in standard form. 


i 
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4.186 2x*—5x7+8r-3=0 


I This is 2x* + Ox? — Sx? + 8x — 3 = 0; change it to 2x* — Ox? — 5x* — && — 3 =0, or 2x* — Sx* — &x — 
3=0. 


4.187 x°+x+2=0 


I This is x° + Ox* + Ox? + Ox? + x + 2 =0; we change it to x° — Ox* + Ox® — Ox? + x —2=0, or 
xo+x-2=0. 


RATIONAL AND ALGEBRAIC FUNCTIONS 


For Probs. 4.188 to 4.198, tell whether the given function is rational and why. 


4.188 f(x)=cx+d 


+ 
I This is rational, since f(x) = cx +d = ao , where cx + d and 1 are polynomials. 


_@-2)" 
f= 


I This is nonrational. The numerator cannot be written as a polynomial. If we divide, we find 


f(x) = Vx —2. 


g(x) =|2| 


I This is nonrational. |x| is not a polynomial. Look at Fig. 4.35 which is the graph of g(x). Do you 
notice the sharp peak? You will learn in calculus that this ensures that the function is nonrational. 


Fig. 4.35 


fix)== 


#1 and xx are both polynomials. This is a rational function. Do not be misled by the irrational 
coefficient of x. 


h(x) =3" +2 
I This is nonrational. The power to which 3 is raised is variable. 


x?+3x-7 


x + 5x —6 


# $The numerator and denominator are each a polynomial of degree 2. This is a rational function. 


f(x) = (x +2 
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4.195 


4.196 


4.197 


4.198 


f This is nonrational. The exponent x is variable. 


x-1 
* ie a 


x 


§ This function is rational. The numerator and denominator are each a polynomial of degree 1. 


f(x)=Vx-2 
f Vx —2=(« —2)"? which is not a polynomial (the exponent is nonintegral). 


_(x+1P 
2x +i 


f This is rational. The numerator and denominator are each polynomials. 


h(x) 


fe)=— 


I This is nonrational. The denominator is not a polynomial. 


For Probs. 4.199 to 4.207, find all vertical and horizontal asymptotes of the graph of the given function. Do 
not graph the function. 


4.199 


4.200 


4.201 


4.202 


4.203 


x 


{@)==G 


f Vertical: Since f(x)=——, as x + 1— 0, f grows without bound. Thus, x = —1 is a 


vertical asymptote. Horizontal: As x grows without bound, f(x) = ee gets nearer and 


nearer to 1. y = 1 is a horizontal asymptote. 4+ 
x+1 
fx)=— 


+1 + 
I Asx-—0, — grows without bound. x = 0 is a vertical asymptote. As x ™, ae grows closer 
to 1. y = 1 is a horizontal asymptote. 
x? 
x?-4 


f(x)= 


2 


= z7 «©, which implies that x* — 4 = 0 will give us vertical asymptotes. 
= 2 


x =2, x = —2 are vertical asymptotes. As x &, — es 1. y = 1 is a horizontal asymptote. 


f Asx*-4—0, 


; 
Os +4 


I Since 3x’ + 4 does not approach 0 for any choices of x, there is no vertical asymptote. As x =, 
f(x) 1. y = Lisa horizontal asymptote. 


oe 
(x — 1)(x +2) 


I Asx—1—-0o0rx +2-+0, f(x). Thus, x = 1 and x = —2 are vertical asymptotes. As x =, 


f(x)= 


G@—1)@ +2) i rm a * y = 01s a horizontal asymptote. 


4.208 f(x)=1/x 45 
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x7+2 


4.204 [®)=a5, 


Bo oxt+x=x(x’ +1), and x(x° + 1) 0 if x0 or x° + 1-0. Thus, x = 0 and x = —1 are vertical 
asymptotes. As x, f(x)— 0. y = 0 is a horizontal asymptote. 

x¥+3 
f@)= FG + DEFD 


8 ifx—2, x——1, or x— —2, the denominator approaches 0. Thus, x = 2, x = —1, x = —2 are 
vertical asymptotes. As x &, f(x)—>0, and y = 0 is a horizontal asymptote. 


4.206 f=—- 5 


é 
| 


W Asx—1, (1—x)— 0 and f > ~. Thus, x = | is a vertical asymptote. As x ~, f(x) 0, and 
y = 0is a horizontal asymptote. 9 


4.207 f(x)=1+3/4x Th 


ey 
I Asx—0, 3/4x-+~, x = 0 is a vertical asymptote. As x > =, 1 + 3/4x—> 1. y = 1 is a horizontal 
asymptote. 

For Probs. 4.208 to 4.213, sketch the graph of the given rational function. | 


i ifx =O, then we have a vertical asymptote. As x ~, 1/x-+0, so y = 0 is a vertical asymptote. 
There are no x or y intercepts. y = 1/x shows origin symmetry. We plot a few points: (1, 1), 
(—1, —1), (2, 4). See Fig. 4.36. 


a he 


Fig. 4.36 


4.209 f(x)=—-2/x 
I This is similar to Prob. 4.208, but we multiply each ordinate by —2. See Fig. 4.37. 


4.210 f(x)=2+1/x i 


i ifx—0, 1/x grows without bound. x = 0 is a vertical asymptote. As x-> =, f—>2, soy =2isa 
horizontal asymptote. There is no symmetry. We plot the points (1, 3) and (4, 4). See Fig. 4.38. 
A % * 


ty as... 
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“sin = —2/x 


Fig. 4.38 
4.211 f(x)= can ae 
; fO)=7G-1 
id I We find vertical asymptote x = 1, horizontal asymptote y = 0. There is no symmetry. We plot the 
f points (2, 4), (—2, —4), (3, 4). See Fig. 4.39. 
a 
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x 


4.2122 f@)=> oq 


fe Asx—-1, x+1->0. x =—1 isa vertical asymptote. As x ™, f 1, and y = 1 is a horizontal 
4 asymptote. We plot the points (1, 4), (—2, 2), (2, 3). See Fig. 4.40. 


(1, 1/2) 


Fig. 4.40 


2 


4213 f(x)=> 


 oifx*—4=0, x=+2. Asx—2 0rx— —2, f grows without bound; x = +2 are vertical 
asymptotes. As x =, f+ 1, so y = 1 is a horizontal asymptote. Replacing x by —x leaves the 


equation line unchanged: the graph exhibits y-axis symmetry. We plot the points (0, 0), (1, —}), 
(3, 2). See Fig. 4.41. 


CHAPTER 5 
Systems of Equations and Inequalities 


§.1 SYSTEMS OF LINEAR EQUATIONS 
For Probs. 5.1 to 5.10, solve the system of equations by graphing. 


5.1 x+2y=5,3x-y=1 


@ See Fig. 5.1. Graph the two lines /,: x + 2y = 5 and I: 3x — y = 1. For/,, ifx =0, y =2.5; if 
y=0,x=S. Forl,, ifx =0, y= —1; if y =0, x = |. Next find where these lines intersect. The 
intersection point is (1, 2). Thus, x = 1, y = 2 is the solution. Check: 1 + 2(2) =5, 3(1) -2=L. 


Fig. 5.1 
5.2 x+y=1,2e+3y=0 
I Follow the procedures in Prob. 5.1. See Fig. 5.2. For x + y = 1, ifx =0, y =1; ify =0, x = 1. For 


2x + 3y =0, ifx =0, y =0; if x =3, y = —2. The intersection point is (3, —2), thus, x = 3, y = —2is 
the solution. 


5.3 2x + 4y = -7,x-—3y =9 
I See Fig. 5.3. Let 2x + 4y = —7 be /, and x — 3y =9 be /,. For /,, ifx =0, y = —]; if y =0, 
x=—}. Forl,, ifx =0, y = —3; if y =0, x =9. The lines intersect at (1.5, —2.5): x = 1.5, y = —2.5. 
5.4 x —2y =3, 3x —6y =9 


B See Fig. 5.4. For /, (x — 2y =3), ifx =0, y = —2; ify =0, x =3. For /, (3x —6y =9), ifx =0, 
y=—i=—: ify =0, x =3. Then /, and /, coincide, and the system is dependent: Every (x, y) will 
Satisfy the system. 
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i Fig. 5.3 
Fig. 5.4 
55 4x + Sy =6, &x + 10y = 12 
I See Fig. 5.5. The system is dependent. See Prob. 5.4. 
(3/2, 0) 
x 
Fig. 5.5 


5.6 2x+y=2, 6x+3y=5 


I See Fig. 5.6. Bor /, (2x + y = 2), ifx =0, y =2; if y =0, x =1. For/, (6x + 3y =5), ifx =0, 
y=; ify =0, x =}. Then /, || 45; there is no solution (the system is inconsistent). 
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Fig. 5.6 
5.7 Sx—3y=1, 10x —6y = —2 


§ See Fig. 5.7. For /, (Sx —3y = 1), ifx =0, y = —4; if y =0, x =4. For/, (10x — 6y = —2), ifx =0, 
y=4; if y =0, x =—. Then /, || /,; there is no solution. 


(0, 1/3) 


(- 1/5, 0) (1/5, 0) 


Fig. 5.7 
5.8 x=y,x=-y 


I See Fig. 5.8. for /, (x = y) we plot the points (1, 1) and (2, 2). For /, (x = —y) we plot the points 
(1, —1) and (2, —2). Then /, N/, = {(0, 0)}, and x =0, y =0. 
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$59 xt+y=i,y=} 
I See Fig. 5.9. Let /, be x + y = 3 and /, be y = 3. Then /, contains the points (0, 3) and (3, 0). Then 
1, NL, = {(0, 3)}, and x =0, y = 32. 


(3/2,0) 


Fig. 5.9 


5.10 x+y=1,y=|2| 
I See Fig. 5.10. Here x = 4 and y = }. Note that, for x <0, (x + y = 1) || (y =|x}). 


Fig. 5.10 


For Probs. 5.11 to 5.18, without solving, tell whether the given system is independent, dependent, or 
inconsistent. 
SM 3x+y=6,2x+y=5 


# Recall that if ax + by =c and dx + ey =f, then the system is independent if d/a # e/b, dependent 
if d/a =e/b =f /c, and inconsistent if d/a =e/b #f/c. Herea=3, b=1, c=6, d=2, e=1, f =5. a 
Then d/a = 3; e/b =1/1 =1; thus, d/a #e/b, and the system is independent. 


fF $12 3x-y=4,x+y=7 
I d/a=};e/b =—1/1. The system is independent. 


§13 2x+y=10, —4x —2y = —20 
fs dja=2/-—4; e/b =1/—2; f /c = 10/—20; d/a = e/b =f /c, and the system is dependent. 


‘$14 2x-y=—-10, —-4x-y=10 
§ d/a=2/-—4, e/b = —1/-1. The system is independent. 


7% * 


wt 


™ 
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5.15 


§.17 


5.18 


yrex=S,y+x=8 
W d/a=1/1;¢/b=1/1; f/c =}. Then d/a =e/b #f/c, and the system is inconsistent. 
ytx=3,y+x=9 


@ d/a=1/1;e/b =1/1; f/e = 3/9. The system is inconsistent. Compare this to Prob, 5.15, Can you 
generalize this result? 


x=3y +8, 2y=x+4 

I Then x —3y =8 and —x + 2y =4. d/a = 1/—1; e/b = —}. This system is independent. 
y=x, 2y=x+6 

B —x+y=Oand —x + 2y =6. d/a = —1/—1; e/b =}. The system is independent. 


For Probs. 5.19 to 5.30, solve by using the addition/subtraction method. 


5,19 


5.20 


§.22 


§.23 


5.24 


x+y=10,x-y=14 


# Adding, we get (x + x) +[y +(—y)] = 24. Then 2x = 24, or x = 12. Replace x by 12 in either 
equation. Then 12 — y = 14, or y = —2. Thus, x = 12, y = —2 is the solution. Check: 12 + (—2) = 10, 
and 12 — (—2) = 14. 


2x +y =20, —x —y = 10 

I Adding gives (2x — x) + 0 = 30, or x = 30. Substituting, we find 2(30) + y = 20, or y = —40. 
Check: 2(30) — 40 = 20, and —30 — (—40) = 10. 

x —4y =6, 2x-}y=10 : 

# Subtract the second equation from the first: (x — 2x) — $y + 4y = 6 — 10. (Note the +4y term. It is 
positive because we are subtracting a —4y.) Then —x = —4, or x = 4. Substituting gives 4— 4y = 6, 
ty = —2, or y = —4. Check: 4—- 4(—4) =6, and 8 — 4(—4) = 10. 

3x+y=5,x+2y=5 

f Multiply the first equation by 2 and subtract: 


6x + 2y = 10 
x+2y= 5 
5x = § 


Then x = 1. Substituting 1 for x in x + 2y =5, we get 1 + 2y =5, 2y =5—1=4, or y =2. Check this. 
4x —y =10,x+3y=9 
I Multiply the first equation by 3 and add: 

12x — 3y = 30 

x+3y= 9 

13x = 39 
Then x = 3. Substituting into x + 3y =9 yields 3 + 3y =9, so 3y = 9 — 3 =6. Thus, y = 2. See Prob. 
5.24. 
4x —y =10,x+3y=9 
# This time, we multiply the second equation by 4 and subtract: 


4x— y= 10 
4x+l2y= 36 
—13y = —26 


§.25 


5.26 


§.27 


5.28 


5.29 


5.30 
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Then y = 2. Substituting, we get x + 3(2) = 9, or x = 9 —6=3. Note that we get the same result as in 
Prob. 5.23. We should, since these are equivalent techniques. 
2x —3y = 10, 3x —2y =5 
f Multiply the first equation by 3, multiply the second equation by 2, and subtract: 

6x — 9y = 30 

6x — 4y = 10 

—Sy =20 

Then y = —4. Substituting gives 2x + 12= 10, 2x = —2, orx = —-1. 
2x +y =5, 4x +2y = 10 
f Multiply the first equation by 2 and subtract: 


4x +2y=10 
4x +2y=10 


0= 0 
The system is dependent. 


3x + y =20, 2x + y =20 
I Subtracting, we get (3x — 2x) + 0=0, or x = 0. Then, substituting gives 0 + y = 20, or y = 20. 


3x +y =20, 3x +y =30 
I Subtracting, we get (3x — 3x) + (y — y) = 20 — 30, or 0 = —10. The system is inconsistent. 


0.4x + O.8y =0, 0.x +y =16 
I Multiply the second equation by 4 and subtract: 


0.4x+0.8y= 0 
0.4x+ 4y= 64 


—3.2y = —64 
Then y = 20. Substituting into 0. lx + y = 16, we get 0. Lx + 20 = 16, 0.1x = 16 — 20 = —4; or x = —40. 


x/2+ y/3=6, —x/3+y/2=8 


f Multiply both equations by 6: 3x + 2y = 36 and —2x + 3y = 48. Multiply the first equation by 2, 
multiply the second equation by 3, and add: 


6x+ 4y= 72 
—6x+ 9y = 144 


13y = 216 
Then y = 16.62 (rounded). Substituting, we find 3x + 33.24 = 36, 3x = 2.76, or x = 0.92. 


For Probs. 5.31 to 5.41, solve by substitution. 


5.31 


5.32 


x+y=16,x-—y=10 


I ifx+y=16, then x = 16 — y. Substitute 16 — y for x in the second equation. Then (16 — y) — y = 
10. 16 — 2y = 10, 2y = 6, or y = 3. Substituting for y, we get x + 3= 16, or x = 16 —3 = 13. Check 
this. 


x+2y=10, 2x +3y =8 


- T. 


y eee ene SER 
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@ x =10—2y. Substitute 10 — 2y for x in the second equation. Then 2(10 — 2y) + 3y =8, 
20 — 4y + 3y =8, —y = —12, or y = 12. We substitute for y: x = 10—2y = 10-24 = —-14. 
§33 -x-y=15, -2x-4y=4 


f -x=15+y, orx=~—y— 15. Substituting —y — 15 for x in the second equation gives 
—2(—y — 15) — 4y =4, 2y + 30—4y =4, —2y = —26, or y = 13. Substituting for y, x = —13—-15= 
—28. See Prob. 5.34. 


§34 —x+y=15, -2x+4y=4 


I Solve the second equation for x: —2x = 4 — 4y, or x = —2 + 2y. Substituting for x in the first 
equation, we get —(—2 + 2y) + y = 15, 2— 2y + y = 15, or y = —13. Then x = —2 + 2(—13), 
x= —28. 


§35 x=5—2y, y=10x—-6 


By =10(5 —2y) —6, or y = 50 — 20y — 6, 21y = 44, or y = #. We substitute 4 for y in the first 
equation, x =5 —2(#) =5- 9 =P - FR =H. 


x y 
-+y= —7 = 
5.36 aty 6.5 x=10 
x sos x ; 5 —x/2 x 
§ y=6—>. Substituting 6 — > for y in the second equation, 3 +x= 10, 6-5 +32 = 30, 
Sx 
F = 24, Sx = 48, or x= %. Substituting for x, y= 6— $/2=6- i= %- = H=8. 


See Prob. 5.37. 
x y 
37 a+ = 6, = + — 
5 ; y=6 3 x=10 


I x/2=6—y, or x = 12 —2y. Substituting 12 — 2y for x in the second equation, we get 
y/3 + (12 —2y) = 10, y + 36 — 6y = 30, —Sy = —6, or y = 8. Substituting for y gives 
x=12-—2(%) =12—¥=*. See Prob. 5.36. 


5.38 ~+2=8,~+%=10 


I x/2=8—y/3 or x = 16 — 2y/3. Substituting 16 — 2y/3 for x in the second equation, we find 
x/3=? —2y/9, 4 —2y/9 + y/2=10, € + Sy/18 = 10, Sy/18= 2 — 48 = 4, 15y = 252, or y = 16.8. 
Substituting for y gives x = 16 — $(16.8) = 4.8. 


§.39 = ().2x + 0.Sy = 10, x — 0.3y = 15 
§ x =15+0.3y. Substitute for x; 0,.2(15 + 0.3y) + 0.5y = 10, 3.0 + 0.06y + 0.Sy = 10, 0.56y =7, or 
y = 12.5. Substituting for y gives x = 15 + 0.3(12.5) = 18.75. See Prob. 5.40. 

§.40 8 0.2x + 0.5y =10, x —0.3y = 15 


I 0.2x = 10 —0.Sy, 2x = 100 — 5y, or x = 50 — 2.Sy, Substituting for x, we get 50 — 2. Sy — 0.3y = 15, 
50 — 2.8y = 15, 2.8y = 35, or y = 12.5. We substitute for y: x = 50 — 2.5(12.5) = 18.75. See Prob. 
5.39. 


$41 0.2x—}y =10, 0.6y —x/3=12 


I 0.2 = 10 + hy, 2x = 100 + Sy, or x = 50 + jy. Substituting for x, we get 
0.6y — (50 + 3y)/3 = 12, 1.8y — 50 — iy = 36, —0.7y = 86, or y = —86/0.7 = —860/7. 
Substituting for y yields x = 50 + 3(—"#) = 50 + (—*#") = YP — 4 = A = 
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For Probs. 5.42 to 5.44, solve the given problem by using a system of linear equations. 


5.42 


5.43 


5.44 


The sum of two numbers is 20, and their difference is 10. Find the two numbers. 


f Let x =one number and y = the other. Then x + y = 20 and x — y = 10. Thus, 2x = 30, or x = 15, 
and y =x — 10=5. Check: Sum = 20; difference = 10. 


The length of a rectangle is 10 in more than the width. The perimeter of the rectangle is 60 in. Find 
the dimensions of the rectangle. 


f Let /=length and w = width. Then / = 10 + w and 2/ + 2w = 60. Substituting for / gives 
2(10 + w) + 2w = 60, 20+ 2w + 2w = 60, 4w = 40, or w = 10 in. Then / = 10 in + 10 in = 20 in. 
Check: 20 = 10 + 10 (length is 10 more), and P = 2(20) + 2(10) = 60. 


The sum of two numbers is 15. The larger minus thrice the smaller is the negative of the larger. Find 
the numbers. 


i Let x = smaller and y = larger. Then x + y = 15 and y — 3x = —y or 2y — 3x = 0. Multiply the first 
equation by 2 and subtract: 
2y + 2x = 30 
2y —3x= 0 
Sx = 30 
Then x = 6 and y = 9. 


For Probs. 5.45 to 5.47, solve the given system. 


5.45 


5.47 


5.48 


x+y+z=5,x-y+z=10,x+y=3 


I Add the first two equations: 2x + 2z = 15. Add the third and the second: 2x + z = 13. Then 
subtract: 


2x +2z=15 
2x+ z=1]13 
z= 2 


Substituting gives 2x + 4 = 15, orx =}. Then y =3—x =3-—¥=—3. 


x+y+2z=10,x-—y—2z=5,x+y+z=20 

I Add the first two equations: 2x = 15, or x = 3. Subtract the third from the first: 2z — z = —10, or 
z=—10. Then from x + y +z = 20, y =20—x —z = 20-4 —(-10) =30-3=¥%. 
x+2y+2z=—5S, 2x —2y +2z=10, -x-y-—z=5 

I Add the first two equations: 3x + 3z = 5. Multiply the third by —2, and add to the second: 


2x—2y+2z= 10 
2x +2y +2z=-—10 


4x + 4z= 0 
Then 4x + 4z = 0 and 3x + 3z =5, so 12x + 12z = 0 and 12x + 12z = 20. No solution; inconsistent. 
If the numerator of a fraction is increased by 2, the fraction is 4; if the denominator is decreased by 
6, the fraction is 4. Find the fraction. 
I Let x/y be the original fraction. Then 
. x+2 


(1) 
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x 1 
——— =- -y=-6 
(2) pene ey or 6x -y 
Subtract (1) from (2): 2x = 2 and x= 1 
Substitute x = 1 in (1): 4-y=-8 and = y=12 


The fraction is ;4. 


5.49 A woman can row downstream 6 mi in 1 h and return in 2h. Find her rate in still water and the rate 
of the river. 
f Let x = rate in still water (mi/h), y = rate of the river (mi/h). Then x + y = rate downstream and 


x — y =rate upstream. 
Now x+y=6 (1) = Add (1) and (2): 2x=9 and x=4 


x-—y=%=3 (2) Subtract(2)from(1) 2y=3 and = y=1} 
The rate in still water is 44 mi/h, and the rate of the river is 14 mi/h. 
x—-—Sy+3z=9 (1) 


§.50 Solve the system 4 2x— y+4z=6 (2) 
3x-—2y+ z=2 (3) 


§ Eliminate z: 

Rewrite (1): x-—Sy+3z= 9 Rewrite (2): 2x— y+4z= 6 
Multiply (3) by —3: —9x +6y —3z=—6 Multiply (3) by —4:  —1l2x+8y-—4z=-—8 
Add: —8&r+ y = 3 (4) Add: —10x + Ty =-2 (5) 
Multiply (4) by —7: 56x — 7y = —21 Substitute x = —4 in (4): 

Rewrite (5): -—10x+7y=- 2 —8(-4)+y=3 and y=-1 

Add: 46x =-23 Substitute x = —}, y = —1 in (1): 


x=-} —}-5(-1)+3z=9 and z=}. 


Check: Using (2), 2(—4) — (—1) + 4(3) = -1+1+6=6. 


5.51 A parabola y = ax? + bx +c passes through the points (1, 0), (2, 2), and (3, 10). Determine its 


equation. 
# Since (1,0) is on the parabola: a+ b+c= 0 (1) 
Since (2, 2) is on the parabola: 4a+2b+c= 2 (2) 
Since (3, 10) is on the parabola: 9Ya+3b+c=10 (3) 
Subtract (1) from (2): 3a+ b= 2 (4) 
Subtract (1) from (3): 8a+2b=10 (5) 
Multiply (4) by —2 and add to (5): 2a =6 and a=3 
Substitute a = 3 in (4): 3(3)+b=2 and b=-7 
Substitute a = 3, b = —7 in (1): 3-7+c=0 and c=4 


The equation of the parabola is y = 3x* — 7x + 4. 


§.2 MATRICES AND DETERMINANTS 
For Probs. 5.52 to 5.55, find a, b, c, d. 


§S52 [a 6 c dj=(2 3 -1 O 
# Two matrices are equal if and only if their corresponding elements are equal. Thus, a = 2, b = 3, 
c=-1,d=0. 
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ab DS 
nad by al=(-2 3 


f Corresponding elements must be equal. Thus, a = 1, b =5, c= —2, d=3. 


a+2 3c-1 5 8 
upd 6 ES el" 7 i 
§ Thena+2=5, a=3; 3c —1=8; c =3; 2b+3=7, b=2; d—2=0, d=2. 
a+2b 2a-—b ct+2 5 0 6 
a | a 3d-—4 eee 2 | 


I a+2b=5, so 2b =4, b =2, since a= 1. Since c +2 =6, c =4; since 3d — 4=2, d =2. 


For Probs. 5.56 to 5.70, refer to the following matrices. 


=2 
| <7 ee 

A= = = om 

E | ° a a . 

1 
; 2 0 

D=|3 gul—4: 7) 2 Uke 

5 1 =—2 
> =5 


5.56 What are the dimensions of B and of E? 


fA matrix is m X n if it has m rows (horizontal) and n columns (vertical). In this case, B has two 
rows and two columns, so it is 2 X 2; E has one row and four columns, so it is 1 x 4. 


5.57. What are the dimensions of F and of D? 
I See Prob. 5.56. Fis 4 x 2; Dis3 x 1. 


5.58 What element is in the second row, first column of F? 


I [—2, 0] is the second row. Then —2 is in the second-row, first-column position. 


5.59 Write a zero matrix of the same dimension as B. 


0 0 
fA zero matrix has all entries zero. Thus lo 4 is the matrix we are looking for. 


5.60 How many additional columns would F need to be square? 


I Fis 4x 2. If it were 4 x 4, it would be square. It needs two additional columns. 


5.61 Find A + B. 
fat) Fes Ot ps2 2 
‘ A+B-|, l+[25 i- 1 a 


$5.62 FindC+D. 


—2 2 0 
§ C+D=| —34+] 3 |=] -3+3 /=| 0 
5 6 


1 
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§.63 _‘ Find the negative of matrix B. 


f For any matrix B, —B is the matrix such that B + (—B) = zero matrix. All the entries of — B must 
be the negative of the corresponding entries in B. 


i “2. F 4 
=—(=2) SEs 2 3 
Note that B + (—B) =0 (0 = the zero matrix). 


$64 Find D-C. 


2 
§ D-C=D+(-C)=| 3] + 
5 


$65 FindA—A. 


tacacavcare[y Ho[h AT-lt dl 


3 — 
5.66 Find 5B. 
_J-3 2 -(<> @)) (25 4 
’ sB=5|_> iF 5(-2) 5(-3)J L-10 -15 
5.67 Find —2E. 
§ -2E=-2[-4 -1 0 -2]=[8 2 0 4}. 
5.68 Find2A+B. 
3 «4 aie i =i 
’ 24+B=[¢ +l l-| 4 oa 
5.69 Find B +2A. 
= ee =- 56 
| B+24=|_) l+le =| § _4 | See Prob. 5.68. 
5.70 Find3D—4C. 
6 8 14 
§ 3D-4C=3D+(-—4C)=|] 9}4+] 12 |=] 21 
15 —4 ll 


2 33 4 -5 2 4 
_§.71 105. tet A =| -( | 
For Probs 0 5.78, le e 2a and B ‘a <a 


5.71 ‘Find 2B. 
=~§ 2 # -10 4 8 
’ 2B =2| 3 0 ile 6 0 “al 

5.72 Find 0b. 


-5 2 4) fo 00 
=" 9 -alnlo ool 
. 30 -1) loo 0 


SYSTEMS OF EQUATIONS AND INEQUALITIES J 137 


5.73 Find A’. 
, I. A’ =the transpose of A = that matrix which has rows and columns of A interchanged. 
: Zz ~O 
' 2 3 i 
at =| | =|3 -4 
{ 0 —4 
} ; 18g 
Row 1 of A is column 1 of A’. 
5.74 Find 2B’. 
=—§ 3 =15), 5 
§ 2B7=2| 2. 0 | (see Prob. 5.73)= et 
4: =4 & =-2 
5.75 Find 3A’. 
So 2 9 6 0 
I See Prob. 5.73.A’ =| 3 —4 |. Thus3A7=3] 3 -4]=|9 —12 |]. 
i 5 i 5 3 6 
5.76 Find A’ — 2B’. 
z 0 10 —6 2 -—6 
f AT -—2B" =A™ +(-2)B’=|3 -4]+]-4 Of=|]-1 -4}. 
Lo SS —E fs te ie 


5.77 Find A + B’. 
I Ais2~1, and B’ is 1 x 2. Thus, A+ B’ is not defined. 


5.78 Find A’ +B’. 


2 © -§ 3 —3 3 
8 A'+B"™=|3 -4/4+!1 2 O}=] 5 -4 
ae 4 -1 5 4 


For Probs, 5.79 to 5.82, perform the operation indicated. 


5.79 [2 1 5]+2[1 0 5] 
# [2 1 5J+2{1 0 S5J=[2 1 5S]+[2 0 10)=[4 1 15). 


5.80 24 -1]-5[9 —1] 
# 24 -1)-5[9 -1])=[8 -—2]+(-5)[9 -1]=[8 -2]+[-45 5]=[-37 3]. 


1 q +30 17 


I [0 1" =[i}. Thus, -| 1] +240 n=|—11+([5|=[5} 


\ 7 


en (-[!]-20 9 


1 -1 177 
| See Prob. 581: ~ | 1| +20 1)" =| —, |; thus, the resutt is | “| =(-1 —2}. 


7 - = 
: 
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For Probs. 5.83 to 5.85, solve for x and y, or s and ¢. 
1 T 
583 |[x+2 6+y)=2| | 
1 a 
! 24] =2{1 O}=[2 O}. Thus, x +2=2, x =0; and6+y=0, y =—6, 


1 0 v=35 28 
ae ke 1 = -2| 0 Pe 


#§ Then 1 = —2s +6, 2s =5, ors =3; and 1 = —2¢—4, 2¢=—5, ort = —3. 


e *)}- 21% A 

_ & ke ke alt 12 
&@ Then —x = —2(11), or x =22; and —y = —2(12), or y = 24. Question: What is the relationship 
between a and e? b and f? 


; 
| 


a, b, 


For Probs. 5.86 to 5.90, let A, = 
d, 4 


f | where i= 1, 2, 3 are any three matrices and h, k € 
i 


5.86 Prove A, + A, =A;+ A. 
b b, ¢ a,+a, b+b, ey +e 
B A,+A,=[4 i ry 2 2|~[% 2 O,+62 4 
Ct a ee e: d,+d, ete: fith 
a+ a, by + b, pale 
= =A,+A 
d,+d, e,+e, fath, ie 
(Note that a, + a, = a, + a, since a, € R). 
5.87 h(A, + Ay) =hA, +hA, 
a,+ay, b, +b, el 
— = 
5 BA, A2) Bei e, +e, fith 
ed h(b, + bs) poppe! be alte, hb, +hb, rae 
h(d, + d,) h(e, +e) Ath + fy) hd, +hd, he, + he, Af, + hf, 
m hi hb, re) [ie hb; hey 


Lad, he, th 1 lady hes ig TAAL thas 


ye a, 6 ¢, =. (A+k)a, (h+k)b, (h+k)e, 
§ (h+hA n+n| 2 | (h+k)d, (h+ke, aie 
hay +he, hb, +kby he, + ke, 


“Lhd, +kd, he, +ke, Wisk, | hAn + RAs 


5.89 A, +(—A,)=0 
! As+(~A.)=[7 ”s i. 2 ~l=[5 0 ol7° 


€2 =; “hh 


5.90 A, +0=A, 


a, b, Cy 00 0 a,+0 b, +0 ce, +0 c 
atom [e et gltlo o oll I-le. eee 
’ - d, ey 1 0 0 0 d,+0 e,+0 f,+0 e, fi ne 


vy as) 
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0 
For Probs. 5.91 to 5.93, find the indicated matrix, where A = b ; and B= k + 
5.91 Find B’. 


1 0 1 0 
I B=(5 | ana 87 =[ 5 | | = 8. The first row of b is the first column of B7. 


5.92 Find (A’)’. 


; I 2 1 
‘ A= % ‘| and (A’)’ = k a] = A. The first row of A’ is the first column of (A’)’. 


5.93 Find [(A7)"]’. 


3 Scoaton < 
e (A4"y"'= b A (see Prob. 5.92). Then [(A’)?]" = 5 A = A’. The first row of (A’)’ is the 
first column of [(A’)"]". What would {[(A7)"]"}" be? Can you generalize? 


For Probs. 5.94 to 5.96, find the matrix X. 


pe xl al-k 


rT Le x-|* 0 |: Then a-2=5, a=7;b-3=8, b=llje+1=2,c=1;d—4=1, d=5, Thus, 
=|, 5} 

sos x+[) |= 4] 
I 5 : +{> : -(" 0 | a+3=-2,a=-5;b+2=6, b= 40+ 0=4, 024; 


-5 4 
d+1=8,d=7. Thus,X=| | 4) 


2 4 —2 0 
me ax +[) 6 =3 2 A 
2a 2b 2 4 =—§ 8 
0022 Bl+(S g)-[°$ gh ess2--s 20-8, 0=—4:2024-0,20=-4 
b= -2;2¢=6, ¢=3; 2d +6=12, 2d =6, d=3. Thus, X=| 3 4! 
For Probs. 5.97 to 5.106, find the product indicated. 
1 2i[-1 2 
5.97 | | 
2 Al=1 2 
; , . Ris 
I This product is defined since the number of columns of 3 | equals the number of 
rows of & at We then find the product as follows: 


bs alls al-bey icy a-240- 
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5.99 


5.100 


5.101 


5.102 


5.104 


In general, (AB),,,..,, of the matrices A,,.., and B, ,,, is the matrix whose if th element is 

4b, + anby, + >>> + a,b, where i ranges from | to m and j ranges from | to n. In this case, then, 
—1-2 2+ 31 ie - 

—3-—1 6+2 


ie 5° ) 

1 416 -2 

I The product is 

[° ab 5] 

6 2)l1 4 

' - -241- ibaa | i ‘) 
6-24+2-1 6-3+2-4) 114 24] 


the product is 


—2-04+3-6 -—2-1+3(-2) -(18 ie 
1-0+4°6 1-14+4(-2)) laa -7) 


14f2 3 1 
0 
1 
@ LetA=| 1] andB=[2 3 1). ls AB defined? Yes; the number of columns of A = the 
0 1 2 1:3 Fs e 33 
number of rows of B=1. Then} 1 |[2 3 1J=] 1-2 1-3 1-1}=]2 3 14. 
0 0-2 0-3 0-1 0 0°0 


, qi: 6 


5 6 
f [1 5] has two columns; R | has two rows. The product is[1-5+5-0 1-6+5-1]= 
{5 11]. Be very careful. 1 -6 +5 - 1 is the first-row, second-column position. Since [1 5] has only 
one row, the product has only one row. 


20 
(2 1 3]}0 0 0 
f a2 


The product is [2-2+1-04+3-1 2-14+1-04+3-0 2-04+1-0+3-2]=[7 2 6]. 


oe 2 
1}]}0 2 0 
So ft 
4 
f The product is not defined. Do you see why? The number of columns of | 1 | # the 
a 6 
number of rows of} 0 2 0 |. Before going on, compose another example in which the product of 
00 1 
two matrices is not defined. 
k 2 4 : , 
1.0.3 6 0 
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1-34+2-44+3-6 1°-1+2-2+3-0 29 5 


Th d ti I , 
I The product is 1-34+0-44+1-6 1-14+0-241-0 9 1 


i -—6 41/1 0 
— 193 | ‘| 


—6-1+4-0 -6-04+4-1 =| ie 4 
193-14+8-0 193-0+8-1] 1193 8 


ct See Prob. 5.106. 


4 
was unchanged 


I The product is| 
193 8 


|. Notice that 


1 
by multiplication by 


0 
| sa06 [Tolle a] 
| 5-1+(-2)-0 eb elle —2 


| 
| joo! sgemae COC Ma Ee ei VG 
i candidate for multiplicative identity? 


is a good 


l 
| Do you see that F 1 


For Probs. 5.107 to 5.110, perform the indicated operations. The - represents the dot product. 


5.107 [1 y-[<| 


| I Here, A-B=1-1+1-5=6. 


5.108 [1 -3)-{_¢| 
fe A-B=1-1+(-3)(-6)=1+18=19. 


1 
5.109 [1 a-[t]+e 3 4]-| 2 
3 


1 
fii 6}: [)]=1-0+6-1=6:02 3 4)-| 2 | =2-14+3-2+4-3=2+4+6+ 12=20. So 
3 


oe 


(1 a-[i]+t2 3 4]-| 2 |=6+20=26. 
3 
1 
2 
ae 


n 
© A-B=1-142-24+--:t¢n-n=n’+(n—-1P ¢---+2V4¢. P4+V+--- += 
eee If you don’t recognize that formula, you may leave the answer as 1° + 27+ + -- +77. 


Lz 1 
For Probs. 5.111 to 5.114, verify the given statements, where A = | | B= Le sh 


c= 7 01 
eS Se Ab 


S111 AB+#BA. 
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142-2 Hein © 7 
0-141-2 0-241-3) 2 3 

1-141-0 1-241-1 a 
BA=| > 123.0 eet 4 
AB#BA. 


1 aB-| 


§.112 (AB)C=A(BC). 
$ 7 
| aB-|> 4 (see Prob. 5.111) 


oo vitsns tiga 


ac sl al-[5 


aol) Cf iJ-[ 2 8]-ane 


(AB)C= ; 


§.113. A(B+C)=AB+AC. 
aaro[t EF aL. Sparel Jpsc-( 3 
AB+AC=|) |=Ae +0. 
§.114 (B+C)A=BA+CA., 
t ascol? Zeron=[7 2 [7 F}aa-[} 3]omme.sun 
cae[2 Ih F-[2 Shave pron 


For Probs. 5.115 to 5.118, evaluate the given determinants. 


ay, ay 


' Remember that = @,;4o2 — G2, 8j>. In this case 5 {| =1-4-5-6=4~30=-26. 
a>, n 5 4 


¢% 
5.116 & i 


1 4 
! Le 9 =1-8—(4)(—3) =8 + 12=20. 


1 4 
5.117 oa 
1 
alt g[-ta-dted-a=a 
oS 
1 4 
ond - vl 
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| lc . |= 100.7)- (40.1) =0.7-0.4=03 
0.1 0.7 3 Cee ts wide 


For Probs. 5.119 to 5.123, evaluate the given determinant by using cofactors. 


3 —-2 -8 
5.119 —~ 8° 2 
1 0 -—4 
I Use column 2 since it has two zero entries. 
3 -2 -8 
Sar a = 
-2 0 2] =(-2\(-1)' |+0+0=2| 2 4|=208-2)= 12. 
1-4 1 -4 
1 0 -—4 
1 4 1 
5.120 11 -2 
A a | 
i Same 1 i 4 
: _))'+! _1)!+2 _1)'+3 
I Using row 1, we get 1(—1) ‘ ~|+a 1" Io ~|+u ay. 4 
1 -2 1 -—2 : se | 
= = + =-12. 
F =| 4|; == | | ; 
1 0 0 
a aes 
1 0 O 5 3 
I Use row 1 (it has two zeros). |-—2 5 3 =1|5 || +0+0=5—(—6)=11. 
§ -2 1 
0 1: 5 
§.122 3 -7 6 
0 —2 3 
0 “cS 15 
fs Use column 1. Then |3 -—7 6] =0+3(—1)**' | +0=-39. 
—2 3 
0 -—2 3 
zs 6 2 4 
5.123 03 00 
So he: § 
0902 ee 
I Use row 2; then the determinant = 3(—1)*** |3 2 5]. (The others are all zero.) Now use row 3 
00 2 


a | 
=2-1-1=?2: 3(—1)*?-2= 
3 “| 1 = 2; 3(—1) 2=6. 


ae 

(which has two zeros). |3 2 5| =2(-1)°** 
0 0 2 

For Probs. 5.124 to 5.127, show that each statement is true. All letters represent real numbers. 


al 


5.124 


a b 
ka we 
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5.126 


5.127 


r] ‘i . = a(kb) — b(ka) = abk — abk =0. 

ab ce) b a 

ec dl ide 

! . ? = ad — be and — |” | = -(be ad) = be +.ad = ad ~ be = . >, 
c d dc cod 

? b _ja ¢ 

c d| |b 
ab ac 

' ? a | ad — be = ad — cb = |? d\" 

m |= a b 

& 2 c d 

! 3 Mt | = (kad — (kb)e = kad — kbc. Then k |* || = k(ad — be) = kad — kbe = |** “4 


For Probs. 5.128 to 5.134, state the theorem that can be used to justify the given statement. 


5.129 


5.1580 


§.131 


§.132 


6 8 3 4 

lo - | ie lo -1 | 
f If every element in a column or row of a determinant is multiplied by a constant jhere, row 1 is 
multiplied by 2), the new determinant is the constant times the original. 


zeros. 


046 38 
0 i238 
0 1 6 18 9)/=0 
eo 3°48 Ora 
eo 2 Is 


I See Prob. 5.129. All entries here in column | are zero. Notice how much work is saved by using 
this theorem. 


, 3 A ‘ =3 3= ° 
1 2 1 2 

f If.aconstant multiple of a row or column is added to another row or column, the determinant’s 
value is unchanged. Here we multiplied row 2 by —3 and added it to row 1. 

5 | = 3+4 2 

So 1 5+2 1 


f See Prob. 5.131. We multiply column 2 by 2 and add it to column 1. The determinant’s value 
does not change. 
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§.133 


Co — = 


I If two rows or columns in a given determinant are identical, then the determinant’s value = 0. 
Here row 1 = row 3. 


23 469 
§.134 |4 6 9}=-|2 1 3 
2 8 % Zz 3: } 


I If two rows or columns are interchanged in a given determinant, the resulting determinant is the 
negative of the original. Here, rows 1 and 2 were interchanged. 


For Probs. 5.135 and 5.136, prove the given statement. 


abe eufig ea f 
§135 |e f gi=-—|a b cl=|aec b 
que. t GF: +t ot xz 


I Here A is the first determinant, B is the second, C is the third. A= —B = C since A and B are the 
same except rows | and 2 are interchanged; thus, A = —B. B and C have columns 2 and 3 
interchanged; thus, B = —Cor -B=C;A=—-B=C 


abe 
§.13% jc a e|=0 
abe 
I In the given determinant, row 1 = row 3. Thus, the value of the determinant = 0. 


eae 
5.137. Show that (2, 5) and (—3, 4) satisfy the equation | 2 5 1] =0. 
4 1 


b ae ee | es | 
i ifx=2,y=5,thenwehave| 2 5 1 5 1] which is 0 since row 1 = row 2. 
—3 41 -3 41 
Similarly, if x = —3 and y = 4, then row 1 = row 3 and the determinant is zero. 


gy 41 
$.138 Showthat| 2 3 1] =QOisa line passing through (2, 3), (—1, 2). 
= ier A 


I Note that (2, 3) and (—1, 2) satisfy the equation, since we would have equal 
3 alt*b al 
31 +x — 0. Then 


1 
rows. Next, expanding, we get —2 u | +(-1l) 
—2(y —2)— 1(y — 3) + x(3 — 2) =0, —2y +4-—y +3 +x =0, and —3y +x = —7. This isa line. 


For Probs. 5.139 to 5.141, solve for x. 


5.139 = 0 


aa 
—6 x 


§ 2x -—(-6)=0, 2c = —6, or x = —3. 


ine 


8 -3-x(2-—x)=0, 3-2x +x7=0, x? -— 2c —3=0, (x —3)(x + 1) =0, or x =3, x =—-1. 


Bua)! 2B 
§.141 1 x 21)=0 
4.2 


. e. , Oa p A 
= +. = (), 
! Using cofactors, we get x j | 1 | l | | | 0. Then 


x(2x — 2) —(2—3) + (2 —3x) =0, 2x? — 2x +1+2—3x =0, 2x7 -5x+3=0, 
(2x — 3)(x — 1) =0, orx =}, x=1. 


For Probs. 5.142 and 5.143, show that the two matrices are inverses of each other. 


3 -4)/3 
se [2 alk 
3-3+(—4)(2) 3-4+(—4)(3) 


B The prodact is} oy) 43-2 (-2K4) 4343 
are inverses of each other. If AB =/, then A = B™'. 


= b | = I, the identity matrix. Thus, they 


1-1 1 3 3 -1 
cae 10) 2° =1 1] -2°-2 1 
2 3 OjL-4 -5 2 
I The product here is 
1-3+(—1)(—2) + (1)(-4) 100 
0-3+2(-2)+(-1)(-4)  --- |}=10 1 O]/=LS0A=B". 
001 


Se 


For Probs. 5.144 to 5.147, a matrix M is given. Find M~'. 


aa |) 5] 
5.1 7 
I We write the augmented matrix ; lo 0 7 and transform it to a matrix of the form: 


e : s| When we do this, §=A~', where A=[ a} We convert one matrix to the other, 


using elementary row operations: (/) interchange two rows, (2) multiply a row by k #0, 
(3) add kR, to R;, where R is a row in the matrix. In this case we have the following: 


“2 7S melanin gan cen sls [5 2 h 
Replace R, by R, + (—2)R». Then a he ‘|- Plea yf sane 
cs a “(2 EE 
= = ; 
Thus, M & |. Cheek it sy il sla 4 
AE 
a [; | 


-~ 
» 
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1 


1 3}1 0 3) = a g 
! Replace R; by Rz+(~2)R,. Then | ee l~lo hee || Then if we replace R, by 


10) 7 -3 | 7 - 
R,+( 3)Ro, we get |} las + | Thus, a | 


1-3 0 
5.146 oi + 3 
2 -1 2 
1-3 Oj} 1 
io 4 216 
2 =2 210 
: 7 
ThenM ‘=| 2 
—6 


$.147 Show that if M = b 


I Replace R, by R, —4R,. Then 


since we get a row of all zeros on the left-hand side. 


3 
1 


| 


0 0 1 -3 O 100 
fF Oe Te° 3s 4 e 16 (We replaced R,; by R; —2R;.) 
01 0 S$°21-2 04 i 
1 -3 0 100 
~10 14] 030 (We replaced R, by 4R.) ; 
0 § 21-2 0-4 
tes agi h: (We replaced R, by R, +3R:, 
ap9 241 fees and R, by R;—5R>.) 
© © §) <2 =F:1 si 
10: 3 1 1 0 
~10 1434] 0 40 (We replaced R,; by 3R;.) 
00 1;-6 -5 3 
0 7 - 
ine $ ‘ (We replaced R, by R, — R, 
~|0 10 2 i ey R, by R>—-1.) 
001/-6 -5 3 . tae 
6 -3 
2 =t | 
-5 3 
9 = : 
6!" then M~* does not exist. 
3 911 0 3 9| 1.0 A ‘ 
2 6l0 ‘| 0 0|-3 ||. But then Mt does not exist 


For Probs. 5.148 to 5.158, use Cramer's rule to solve the given system. 


§.148 x +2y=6, 3x —Sy=10 
i ByCr ’s rul 
y Cramer's rule ‘as ae 
ea ky ax Ba. a>, kz 
. D D 
r where D= on Ss (#0). Here a,,=1, a,=2, a2, = 3, az,= —5, k, =6, and k,= 10. 
az, Ax 
| te A ee 
10 —- 3 10 1 2 
| ee } 
Since | 2 «| 7-30-20 = -50 and : 5| = 10-18 =-8 x= =f, andy ==h=4 
10-5 3 10 ae he tar | 


7 % 


-~ 
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5.149 x-—y=8, 2x+3y=10 
i a,,=1, 4,,=-1, @3,=2, az, =3, k,=8, and k, = 10. 


es; 3s 2 3 1 


: 


Then x = 5 5 y 5 ell 
§.1580 3x —Sy=8, 2x+y=2 
bal bal 
2 1 2 3 
§ x= D y= ae =|; | 3—(-10)=13 
ld 18 6— 16 _—!10 


So 2 ee 
§.151 2x-—6y=1,3x+y=2 


| | 5 2 2 = 
b= y= p-| | - 2 (—-18) =20 
4 
1=(-12)_ 13, 4-31 
ae ee aD 
§.182 -x-y =40, a 
o -1 40 
35 ¥ 2 35 Aiat 
' 5 y= p=| |=1-(-2) 3 
_ = -(-35) -§  —-35-90 =115 
a sO gt ae 
§.153 3x —y = 10, 40x — lly = —100 
| 10-1 3 od 
-100 -11 40 —100 5 «gf 
i. y= D=|,, _4,|= 733-40) =7 
fii 100 = =Sakin bas 
en coh ) 100 _ as - 400 _ 700 100 


5.154 2x+y=S, 4x +2y=10 


I D= ; J =4-—4=0. Thus, Cramer's rule will not work. This means that the system is either 
dependent or inconsistent. Here we notice that the problem is dependency. 


$155 x+y=0, 2y+z=-5, -x+z=-3 
I Given a system of equations 


ayx + ayy + Qy42 =k, 
Ay Xx + ay) + 43,2 =k, 
Gy X +ayy +Ayz =k, 


? =3-—(-2)=5 


then 
ay @3 
D= : (#0) 
a3; ay 
110 
Here, D=| 0 2 1/=1 
-1 0 1 
010 sO! t ie Pe 
-§ 2 1 0 -5 1 02 -5 
—3 0 1] 2 -1 -3 1] -—2 -1 0 -3] -1 
fp. i 2" p84. < Sa eee 
§.156 x+y=1,2y+z=0, -x+z=0 
110 : : ; 110 Te ae 
Bp=| 02 1/=1. Then |) | vl Oe 2.8 
>4 -1 00 
=f) § -J x= =? = = - I] Oe = 
1 y 1 jz i 2 
$187 y+z=-—4,x+2z=0,x-y=5 
0 5 me: 
§ D=|1 O 2|=1. Then 
1 -1 0 
—4 a. 0 -4 1 0 1 =4 
x=| 0 O 2] =2; y=]1 O 2)=-3; z=|1 O O|]=-1 
5 -1 0 qe ty 5: 1G 1-1 § 
‘ 
_ $158 2y—-z=-4,x-y—z=0,x-—y+2z=6 
lo 2 -1 
— D=)|1 -1 -1|=—6. Then 
1 -1 2 
—4 2 =1 0 -4 -1 0 2 -—4 
0-1 -l 1 0. —1 1 -] 0 
aes 21-6. en ae Ses ae Oe | J] 
—6 —6 , = —6 — ) z= =s = 


5.3 SYSTEMS OF NONLINEAR EQUATIONS 
For Probs. 5.159 to 5.184, solve the given system algebraically. 


‘$159 3x-—y =8, 3x7-—y* = 26 
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iy =3x —8. Substituting, we get 26 = 3x° — (3x — 8)’ = 3x? — (9x? — 48x + 64) = 

—fix® + 48x — 64 = 26. Then —6x* + 48x — 90 = 0, x? — 8x + 15 =0, (x — 5)(x — 3) =0, and x =5, 
x=3. Ifx=5, y=35)—8=7. Ifx =3, y = 3(3) — 8 = 1. Check to see that these solutions are 
correct. They are! 


5.160 3x —2y =5, 3x*—2y?=19 
I 2y=3x —5, ory = dx — §. Substituting gives 19 = 3x7 — 2(3x —3/ = 
3x? — 2(3x? — “Px + FF) = 3x? — x? + Bx — P= —9y? + Be — P= 9? + 1S - F. 
Multiplying both sides by 2, we get —3x* + 30x — 25 = 38. Subtracting 38 from both sides, we get 
3x? — 30x + 63 = 0, x? — 10x + 21 =0, (x —7)(x — 3) =0, andx =7, x =3. Ifx=7, y=3-7-4=8, 
ifx=3, y=3}-3-4=2. 

§.161 2x—y=—1, léx*-3y?=-11 
iy =2x +1. Substituting gives — 11 = 16x? — 3(2x + 1)? = 16x? — 3(4x? + 4x + 1) = 16x? — 12? - 
12x — 3. Adding 11 to both sides, we get 4x* — 12x + 8 =0, x* — 3x +2=0, (x —2)(x — 1) =0, and 
x=2,x=1. Ifx =2, y =2(2)+1=S. Ifx=1, y=2(1)+1=3. 

$162 4x —y =11, 8x? + Sy?=77 


fy =4x —11. Substituting yields 77 = 8x? + 5(4x — 11)? = 8x? + S(16x* — 88x + 121) = 8x? + 80x? — 
440x + 605. We subtract 77 from both sides: 88x" — 440x + 528 = 0, x? — Sx +6=0, (x —6)(x + 1)= 
0, and x = 6, x = -1. Ifx =6, y = 24-11 =13. Ifx =-1, y= —4-11=-—15. 
§.163 x*+2y*=9, xy =2 
f x =2/y. Substituting yields (2/y)’ + 2y*=9, 4/y? + 2y? =9, 4+ 2y* =9y?, 2y*-— 9y?4+4=0. Let 
9+ VBI — 4(2)(4) 9+ V49_9+7 


(7 eS 4-8 q > Thus S=(9+7)/4=4 or 


S$ =(9—7)/4=4. Then y*?=S =4, and y = +2; or y?=S =}, and y= +V2/2. If y =2, x=1; if 
y =-2, x =-1; if y = V2/2, x = 2V2; if y = —V2/2, x = -2v2. 

5.164 2x? + 4y? =19, 3x? — By? =25 
I Multiply the first equation by 2, and add: 


7x? = 
Then x? = 9 =9, x = +3. If x =3, 2(9) + 4y* = 19, 4y?=1, and y = +4. If x = —3, 2(9) + 4y? = 19, 
and y = +4. Thus, the solutions are (3, +4), (—3, +4). 
$165 x°+2y?=3, 3x7-y*=2 
f Multiplying the first equation by 3 and subtracting gives 


Ty? =7 
Then y = +1. Ify=1, x°+2=3, andx =+1. If y= —1, x = +1. Thus, the solutions are (+1, 1), 
(+1, —1). 
5.166 x? + 2y*=3, 3x*-y’?=2 

# Multiply the second equation by 2, and add: 

x? +2y’?=3 

6x? — 2y? = 4 

7x* =7 


5.168 


5.169 


5.170 


5.171 


5.172 


5.173 
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Then x? =1, orx = £1. If x =1, 2y?=2, and y =+1. Ifx =—1, 2y?=2, and y = +1. Thus, the 
solutions are (1, +1), (—1, £1). 

4x? + By? =4, 8x7 + Sy? =7 

I Multiply the first equation by 2, and subtract: 


&x* + 6y7=8 
8x? + Sy? =7 


y=1 


Then y = +1. If y=1, 4x7=1, and x = +}; If y = —1, x = +}. Thus, the solutions are (+4, 1), 
(+4, -1). 


2x? + 3y?=7, 3x74 2y?=8 
I Multiply the first equation by 3, the second equation by 2, and subtract: 


6x? + 9y? =21 
6x? + 4y? = 16 
Sy*= 5 
ete ify = 1, 6x* = 12, x*=2, and x = +2. If y=-l, x = +V2. Thus, the solutions are 
2, 1), (+V2, -1). 
a: 3 10 
-+-=1,-+—= 
x y x 


i if i/x =1-2/y, then 3/x =3—6/y. Thus, 3 — 6y + 10/y =4, 4/y =1, ory =4. If y=4, 
1/x +4=1, 1/x =4, or x =2. The solution is (2, 4). 

x? + 4y?—2x =1, 3x7 + 8y?-6x =2 

I Multiply the first equation by 3 and subtract: 


3x? + 12y* — 6x =3 
3x7+ 8y?-—6x =2 


4y? =1 
Then y = +}. If y=}, x? -2x =1—1=0, x(x —2) =0, and x =0, 2. If y = —4, x =0, 2. Thus, the 
solutions are (0, 3), (2, 4), (0, —3), (2, —4). 
9x* — 41y? + 60y = 100, x? — Sy? + By = 12 
| 9x? — 41y? + 6Oy = 100 
9x? — 45y* + 72y = 108 
4y?—12y = -8 


3+V9-—4(1)(2) 34V9-8 321 


Then y?-3y +2= p ye ee 5 , and y=2, y=1. If 


y =2, x7-—20+4 16=12, x?= 16, and x? = 16, andx = +4. Ify =1, x7 -5+8=12, x?=9, and 
x = +3. Thus, the solutions are (3, 1), (—3, 1), (+4, 2). 
2x? — y?=14,x-y=1 


I Substituting for y, we get 2x* — (x — 1)? = 14, 2x? — (x* — 2x + 1) = 14, x7 + 2x -15=0, 
(x — 3)(x + 5) =0, and x =3, x = —5. Ifx =3, y=2. Ifx =—5, y= —6. 


xy +x*=24, y-3x+4=0 
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§.174 


§.175 


5.176 


§.177 


5.178 


$.179 


5.180 


5.182 


5.183 


iy =3x —4, Substituting for y gives x(3x — 4) + x? = 24, 3x? — 4x + x? = 24, 4x? — 4x — 24 =0, 
x?—x-—6=0, (x —3)(x +2) =0, and x =3, x = —2. Ifx =3, y =5; ifx =-2, y=—-10. 

3xy — 10x =y, 2—y+x=0 

§ y=2+-x. Substituting for y, we get 3x(2 + x) — 10x =2 +x, 6x + 3x? — 10x =2 +x, 3x? - Sx - 
2=0, (3x + 1)(x —2) =0, and x = —}, x =2. Ifx =—4, y =}; ifx =2, y=4, 

ay =-3, xy =-6 

I if xy = —3, then, since xy = —6, we get —3 = —6. No solution. (Graphically, what does this say 
about these two hyperbolas?) 

4x + Sy =6, xy = -2 

fy =—2/x. Substituting for y, we get 4x + 5(—2/x) =6, 4x — 10/x =6, 4x7 — 10 = 6x, 2x? — 3x — 
5=0, (2x —5)(x + 1) =0, and x =3, x = —-1. Ifx =3, y= —2; ifx =—1, y =2. 


9 16 _ 18 12 
eh 3S, t= —1 
xy , Fs 


# 9/x* =5 — 16/y*. Thus, 18/x* = 10 — 32/y*. But 18/x? = —1 + 12/y*. Then —1 + 12/y? = 10—- 
32/y", 44/y? = 11, Ly? = 44, and y = +2. If y =2, 9/x? + 4P =5, 9/x* =1, x*=9, and x = +3. If 
y =—2, x = +3. Thus, the solutions are (3, 2), (—3, 2), (3, —2), (—3. —2). 
x? —xy = 12, xy -—y?=3 
Bs x(x —y) =12 and y(x — y) =3. Then x/y = 4 (x #y) and (4y)* — (4y)(y) = 12. So 16y? — 4y? = 
12, 12y* = 12, and y = +1. Ify = 1, x =4; if y = —1, x = —4. Since we divided by x — y, check both 
solutions. 
x°—y'=9,x-y=3 
8 x=y +3. Substituting for x, we get (y + 3)) — y* =9, y* + 9y? + 27y + 27 — yp? =9, Dy? + 27 + 
18=0, y? + 3y +2=0, (y +2)(y +1) =0, and y =—-1, y = —2. Ify = —-1, x =2; ify =-2, x=1. 
9x7 + y? = 90, x? + Sy? = 90 
# Subtract: x74 y= 90 
9x7+8ly2= 810 

— 80y? = —720 
Then y’ = 9, and y = +3. If y =3, x = 43. If y= —3, x = 43. 
a ee 
J a fe a aah 
G8 1/x? =6—2/y*. Thus, 2/x? = 12 —4/y?, 12—4/y? =5 + 3/y?, 12y? — 4 = Sy? + 3, 7y?=7, and 
y= +1. fy =1, x= +3; ify =—-1, x = +}. 
y? = 4x — 8, y? = —6r + 32 
I Then —4x + 32 = 4x — 8, 10x = 40, and x = 4, Then y’ = 16 —8 =8, and y = +2V2. Thus, the 
solutions are (4, +22). 
x? —y*=16, y?>=2x-1 
#8 From the first equation, y? =x* — 16. Then y? = x° — 16 = 2x — 1, x? —2x —15=0, 
x =[2+ V4 + 4(1)(15)]/2 =(2 + 8)/2, and x = 5 or x = —3., [We also could have factored: 
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(x — 5)(x + 3) =0.] Ifx =5, y?=10—1=9, and y = +3. Ifx = —3, y’ = —-6—1=—7, and 
y = +iV7. Notice the imaginary solution here. 


5.184 2x7+y?=6, x7 +y?+2x =3 
' ff Subtract: 


2x? + y? = 

x°+y?+2x=3 
) xe -2x=3 
i Then x? — 2x — 3=0, (x —3)(x + 1) =0 and x =3 or x =—1, Ifx =-1, y=+V3. Ifx =3, 
y =+V6— 2x7 = 42iV3. 


§.185 Solve the system 
Abe =0 (1) 
4y — x=6 (2) 
I Solve (2) for x: x = 4y — 6. Substitute in (1): 2y? — 3(4y — 6) = 2(y — 3)? = 0; y =3, 3. When 
y =3, x =4y —6=12—6=6. The solutions are x = 6, y = 3; x = 6, y =3. The straight line is 
tangent to the parabola at (6, 3). See Fig. 5.11. 


(6,3) 


Fig. 5.11 


5.186 Solve the system 
ex wre (1) 
3y —4x =7 (2) 
I Solve (2) for x: x = }(3y — 7). Substitute in (1): y* — 4y — i(3y — 7) +1=0, 4y? — 16y — 9y + 21+ 
4 = 4y? — 25y + 25 =(y —5)(4y — 5) =0 or y =5 and y = 3. When y =5, x = 4(3y — 7) =2; when 
y =3, x =4Gy —7)=—H. The solutions are x = 2, y =5, x = —13, y =]. The straight line intersects 
the parabola in the points (2, 5) and (— 42, 3). 


5.187 Solve the system 


I Subtracting, we get 2x? = 72, x? = 36, and x = +6. When x =6, y> =x"? + 45 = 36 + 45 =81 and 
y=+9. When x = —6, y>=x?+ 45 = 36 + 45 =81 and y = +9. The solutions are x = +6, y = +9; 
x =—6, y = +9. The two hyperbolas intersect in the points (6, 9), (—6, 9), (—6, —9), and (6, —9). 


§.188 Solve the system 
(ee 3y?=92 (1) 
2x? + Sy? =52 (2) 


# Multiply (1) byS: 25x? + 15y7= 460 

Multiply (2) by —3: —6x? — 1S5y> = —156 
Add: 19x? = 304; x2= 16 and x = +4. When x = +4, 3y* = 92 — 5x” =92— 80 = 12, y’=4, and 
y = £2. The solutions are x = +4, y = +2; x = —4, y = £2. See Fig. 5.12. 


=———- om 


=e? « 
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Fig. 5.12 
5.189 Solve the system 


hee = 0 (1) 
x?7— xy+y?=21 (2) 
§ Solve (1) for x: x(x + 4y) =0 and x = 0, x = —4y. Solve the systems: 


x?—xy+y?=21 x? —xy +y?=21 
x=0 x=—4y 
y=2l,y=4V21 9 y?=1, y= 41; x=—-4y=44 


The solutions are x = 0, y= +V21; x =+4, y= +1. 


5.190 Solve the system 
ey + 8y?=140 (1) 
5x°+8xy = 84 (2) 


# Multiply (1) by —3: ~9x? — 24y? = —420 
Multiply (2) by 5: 25x*+40xy= 420 
Add: 16x?+ 40xry—24y*= 0 
Then (2x — 3y”) = 8(2x — y)(x + 3y) =0 and x = }y, x = —3y. Solve the systems: 
3x? + By? = 140 3x? + 8y* = 140 
x=ly x= —3y 


iy? + 8y?=y?=140 —-27y? + By? = 35y? = 140 
y’=16, y=t4;x=ly=42 y?=4, y=42;x=-3y = +46 


The solutions are x = +2, y= +4; x = +6, y = +2. 


§.191 Solve the system 
ee (1) 
2x? + y*= 6 (2) 
# Multiply (1) by -2: —2x? + @xy — 4y? = —30 
Multiply (2) by 5: 10x? +S5y?= 30 
Add: 8x? + Gxy + y? = (4x + y)(2x + y) =0. Then y = —4x and y = —2x. Solve the systems: 
2x? + y? =6 2x7 + y?=6 
youd yuk 
2x? + 16x? = 18x7 = 6, x7 =} 2x? + 4x? = Gx? =6, x? =1 
x = +V3/3 and y = —4x = +4V3/3; x = +1, y = +2. 


5.192 Solve the system 
hire 
xy +4x+4y =2 


‘ 
é 
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I Substitute x =u + v, y =u — v in the given system: 

(1) (u + v)? + (u—v)? + 3(u + v) — 3(u — v) = 2u? + 20? + 6u =8 

(2) (u+v)(u—v)+4(u + v) + 4(u —v) =u? — vv? + Bu =2 

Add (1) and 2 times (2): 

4u? + 22u —12=22u—1)(u+6)=0 u=}, -6. 

For u = 4, (2) yields v? =u? + 8u —2=4+4-—2=$; v= +3. 

Whenu=3,v= 3; x=ut+v= 2, y=u-v=-1. 
Whenu=},v=-3: x=ut+v=-l, y=u-—v= 2. 

For u = —6, (2) yields v? = u? + 8u — 2 = 36 — 48 —-2 = —14; v= +iV14. 
Whenu=-6,v= iVi4; x=u+tv=-6+iVi4, y=u—v=-6-iVI14. 
When u = —6, v = —iV14; x=u+vu=-6-iV14, =u-—v=-6+iV14. 

The solutions are x =2, y = —1;x =—1, y=2;x=—6+iV14, y=—6+iV14. 


Solve the system 
ee (1) 
xy=12 (2) 
ff Multiply (2) by 2 and add to (1): 
x?+2xy+y?=49 or xt+y=+7 
Multiply (2) by —2 and add to (1): 
x?-2xy+y*=1 or x=y=+1 
Solve the systems: 
x+y=7 
x-y=-1 
2x =6 
x=3 
y=7-x=4 


a 
as 


y= 
y= 
x= 
x= 
y= 


x+y=-7 
.~y==1 
2x=—-8 
x=-4 
y=-7-x=-3 


The solutions are x = +4, y = +3; x = £3, y = +4. See Fig. 5.13. 
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§.194 Solve the system 


Periy = 8 (1) 
x? +xy—10y?=20 (2) 


f This system may be solved by the procedure used in Probs. 5,190 and 5.191. Here we give an 


=- = g 128 iV10 37V10 
2 _——— ~— 
alternative solution. When m ax : — is Sy e = 
= 8iV10 iV10 
The solutions are x = +5, y= t]l;x=+ YY ne 


§.195 Solve the system 
xi-y'=19 (1) 
xe+xyt+y?=19 (2) 
I Divide (1) by (2): x — y = 1. Solve the system 
eas +y?=19 (2) 
z—-y= 1 @) 
Solve (3) for x: x = y + 1. substitute in (2): (y + 1)? + (y + Dy + y? =3y? + 3y +1 =19. then 


3y* + 3y — 18 = 3(y + 3)(y — 2) =O and y = —3, 2. When y = —3, x = y + 1 = —2; when y =2, 
x =y + 1=3. The solutions are x = —2, y = —3; x =3, y =2. : 


5.196 Solve the system 
id dias ag (1) 
x?-y?=3 (2) 


f Factor (1): (2x — y)? — 4(2x — y) —5 = (2x — y — 5)(2x — y +1) =0. Then 2x — y = S and 2x —y= 
—1. Solve the systems: 


2x—y=5 -y=-1 
Shy My y=2x+1 
x’ —(2x —5)? =3 x?—(2x+1P=3 
3x? — 20x + 28 = (x — 2)(3x — 14) =0 3x74 4x 4+4=0 
=2, ¥ —4+V16—48 -2+2iV2 
x=2, 3 x= ie 
6 3 
When x =2, y=2x-5S=-1. 
When x = ¥, y=2x-S=48. ya2r +12 te 


The solutions are x =2, y=—1;x=¥f, y= Bix=—2 AMV? y_ DAMN? 
5.197 Solve the system 


$3 
=+== 
atts W 


4xy= 1 (2) 
Es Write (1) as 3x* + Sy? = 32x’y? = 2(4xy)’. Substitute (2): 
3x7 + Sy? =2(1)>=2 (3) 
Subtract 2(2) from (3): 3x? — &xy + Sy? = 0. Then (x — y)(3x — Sy) = 0 and x = y, x = Sy/3. Solve the 
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systems 
ee ba 
et aie 5 
4y?=1, y=+4,x=y=44 Py? = y =H = te 


For Probs. 5.198 to 5.202, solve the given problem by using a system of equations. 


5.199 


5.201 


Two numbers differ by 2, and their squares differ by 48. Find the numbers 


I Let x and y be the numbers. Then x — y = 2 (differ by 2) and x? — y’ = 48 (squares differ by 48). 
Thus, x = y + 2. Substituting for x, we get (y +2)’ — y? =48, y?+4y +4—y? =48, 4y = 44, and 
y=l1l. Ify =11, x = 13. 


The sum of the circumferences of two circles is 88 in, and the sum of their areas is *” in* when 
a = ¥. Find the radius of each circle. 


f Let r, and r, be the radii. Thus, 2(#)r, + 2(#)r, = 88 and 4r7 + ¥r3 = “>. Then 44r, + 44r, = 616, 
r, +m = 14, 1 =14—n. Also rj + r5 = 100. Substituting for r, in this equation gives (14 — r,)* + r3 = 
100, 196 + r3 — 28r, + r3 = 100, 2r3 — 28r + 96 =0, r3 — 147 + 48 =0, and r = 6in, 8 in. 


A party costing $30 is planned. It is found that by adding 3 more to the group, the cost per person 
would be reduced by 50¢. For how many people was the party originally planned? 


f Let x =cost per person and y = number of people. Then xy = 30 and x = 30/y. Thus, 
x — 0.5 = 30(y + 3) (since the cost per person was reduced by 50¢ and the number of people was 
increased by 3). Then 30/y — 0.5 = 30/(y +3), and y = 12. 


The square of a certain number exceeds twice the square of another number by 16. Find the 
numbers if the sum of their squares is 208. 

I Let x and y be the numbers. Then x* = 2y* + 16 and x* + y* = 208. Thus, x? = 208 — y? = 2y? + 16, 
2y? + 16 = 208 — y?, 3y? = 192, y? = 64, and y = +8. If y =8, x = +12. If y = —8, x = +12. Thus the 
solutions are x = 12, y= 8; x = 12, y= —8; x = —12, y = 8; x = —12, y= —8. 


The diagonal of a rectangle is 85 ft. If the short side is increased by 11 ft and the long side decreased 
by 7 ft, the length of the diagonal remains the same. Find the original dimensions. 


I See Fig. 5.14a. Let x = width and y = length. Then d = Vx" + y*, and d’ = 

Vix + 11)? + (y —7F (see Fig. 5.14b). If d =a", then Vx" + y* = V(x + 11)? + (y — 7). 

Since Vx" + y* = 85, V(x + 11)? + (y — 7)" =85. Then we have the equations (x + 11) +(y —7/°= 
7225 and x* + y* = 7225. Solving these two equations, we get x = 40 ft and y = 75 ft. 


¥ y-7 

) “| a | 

y y~-7 
(a) (b) 


Fig. 5.14 
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For Probs. 5.203 to 5.208, solve the given system graphically. 


§.203 y=x", y=x' 
f See Fig. 5.15. For both equations if x = 1, y = 1. 


Fig. 5.15 
5.204 y=x", y=x* 
U See Fig. 5.16, For y =x? ifx =1, y=1. Fory =x‘, ifx =—1, y=1. 
i 
‘ 
Fig. 5.16 
§.205 y=x", y=|x| i 


§ See Fig. 5.17. For y =x’, ifx =1, y=1. For y =|x|, ifx =—1, y=1. 


Gig 2 = 


a Sw! 


Fig. 5.17 
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5.206 y=x", 2y=3x+2 


I See Fig. 5.18. For y =x’, if x =2, y =4. For 2y = 3x +2, ifx =—}, y =}. Notice that a carefully 
drawn graph is crucial here. 


Fig. 5.18 
§.207 xy=1,x=y 


I See Fig. 5.19. For xy = 1, ifx =1, y=1. Forx=y, ifx=—1, y=~—1. 


Fig. 5.19 
§.208 x?+y?=25,y=x-5 
I See Fig. 5.20. For x? + y?=25, ifx =5, y=0. Fory =x —S, ifx=0, y=—S. 


y 
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5.4 SYSTEMS OF INEQUALITIES 
For Probs. 5.209 to 5.216, graph the given inequality. 


5.209 2x —3y <6 


I See Fig. 5.21. We graph the line 2x — 3y = 6. Then we find which “side” of the plane satisfies the 
inequality by testing a point. Dash the line 2x — 3y = 6 since the inequality is <, not =. Test (0, 0): 
2(0) — 3(0) < 6. Thus, the (0, 0) side of the plane is shaded. 


§.210 x=y 


§.211 


§.212 


§.213 


§.214 


I See Fig. 5.22. Test (1, 0): 1=0? No! Also use a solid line since it is =. 


Fig. 5.22 
x+y20 

I See Fig. 5.23. Test (1,0): 1+ 020? Yes! 

4x-y>8 

I See Fig. 5.24. Use a dashed line. Check (0, 0): 0 —-0 > 8? No! 

x>4 

I See Fig. 5.25. x > 4 is the region to the right of x = 4. Test (—1, 0). 

ys-2 

I See Fig. 5.26. Use a solid line here; all points below y = —2 satisfy y = —2. 


~ 


: 
Z 
- é 


gues 


Fig. 5.26 
§218 -S<xsl 
I See Fig. 5.27. Be careful! One line is dashed, and the other is not. 
Fig. 5.27 
§.2146 l=y<0 
f There is no region satisfying this inequality. If |= y, then y = 1; thus, y is not less than zero. No 
solution. 


For Probs. 5.217 to 5.231, find the solution set of each system graphically. 


$217 -2s5x<2,-l<y=s6 
I See Fig. 5.28. We graph 2=x <2 and —1<y =6 on the same set of axes and find where they 
intersect. Notice the cross hatched region: That is the solution set. 

§.218 -4<x<-1, -2<y=<5 
§ See Fig. 5.29. We sketch the regions —4 <x < —1 and -2<y <5 on the same axes and find the 
intersection of these regions. The crosshatched region is the solution set. 

$219 x<5,y>2 
I See Fig. 5.30. The crosshatched quadrant is the solution set. 


§.220 2x+ys8,0sx=3,0sys5 


eee 
= 


LIF LE LT AY 
LALA 
LA ZELET ER 

LLL LLL BEL EAR LLAL. 


<2 
Crosshatched region — ' re 


Lh 


es y=5 


MLL EK L. 


EAL 


y= 


1 The crosshatched region 


SRR 


y=6 
x 
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Fig. 5.29 


AU -) ) + ee el ee ee el tee BL 
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I Sce Fig. 5.31. Use the same technique as in the case of two inequalities. Use all solid lines, and 
use (0, 0) as a test for 2x + y =8. The solution set is the crosshatched area. 


Fig. 5.31 


S221 x+3ys12,0=x=8, 0O=y=3 
I See Fig. 5.32. All lines are solid. Use (0, 0) as a test for x + 3y = 12. 


NN y=3 
ay 


Or e.4 QM yj 
UTES 
IAT, 
UB 8 


Solution ie 


x+3y=12 


WATT eos ee 
§.222 2x+y=8,x1+3y=12,x=0, y=0 


f See Fig. 5.33. The solution set is in quadrant I since x, y = 0. Use (0, 0) as a test point for both 
lines. ; 


Fig. 5.33 
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§.223 x+y21, 2x—3y=6,x=0, y=0 
I See Fig. 5.34. Use (0, 0) as a test point for both lines. Use quadrant I only! 


y 


ae 
2x —3y =6 
ane 
Ors 
x+y=l 
Fig. 5.34 
§.224 x+2y=10,3x+y=15,x=0, y=0 
I See Fig. 5.35. Once again use solid lines and (0, 0) as a test point. 
x+2y=10 
3x+2y = 15 
Fig. 5.35 


§.225 3x+4y=8, 4x+3y=24,x,y=0 
I See Fig. 5.36. Be careful here! The solution set is in quadrant I. 


§.22%6 x?+y?=<1,x=0 


I See Fig. 5.37. Test (0, 0). The inside of the circle satisfies the first inequality, The crosshatched 
region is the solution set. 


§.227. y=x7,x=0 
I See Fig. 5.38. Use (0, 1) as a test. Is 1 > 0*? Yes! The crosshatched region is the solution set. 


5.228 y=x*,y<1 


I See Fig. 5.39 and Prob. 5.227. The crosshatched region is the solution set. 
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4x+3y=24 


Fig. 5.37 


Fig. 5.37 


§.229 y>x, ysl 
# See Fig. 5.40 and Prob. 5.228. The crosshatched region is the solution set. 


5.20 ysx’,ys0 
I See Fig. 5.41. The solution set here is the half plane below y = 0. 
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Fig. 5.39 


Fig. 5.40 


5.231 ysx*,y>1 
I See Fig. 5.42. 


For Probs. 5.232 to 5.235, find a parametric representation for the line segment P, P,. 


5.232 P,(2, 3), P2(5, 8) 


I If the line / connects P,(x,, y,) and P,(x2, y2), then x =x, + t(x, —x,) and y =y, + t(y¥2 — y;) for 
any f € R represents (x, y) on /. In this case, x = 2 + «(5 — 2) and y = 3 + ¢(8—3), orx =2 + 3¢ and 
y =3+ St. These last two equations represent (x, y) on line P, P,. If 0=r=1, the segment P,P, is 
represented. 


§.233 P,(3, 5), P,(—1, 2) 
§ See Prob. 5.232. x, =3, x. =—1, y, =5, y»=2. Then x = 3+ ¢(—1 —3) and y =54+4(2—5). Then 
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y yex 
c) S2 C x D SS 
Solution set") Oe (P—Solution se 
SEN te KEKE 
SOS Oe RRR 
SOS BSS LS 


SX sai 


x =3—4rand y =5 — 3t, These equations represent the line. If 0S1= 1, they represent the line 
segment. 


5.234 P,(—4,0), P(2, —5) 
I Here x, = —4, y, =0, x, =2, y= —5. Then x = —4 + ¢{[2 — (—4)] and y =0+ (-—5 —0), or 
x =—4+6tand y = —S¢t. If 0=1=1, these equations represent the line segment. 
5.235 P,(7, 3), P(-2, —3) 
i x=7+(-—2—7) and y =3+ 4-3 —3), orx =7—9t and y =3 — 61. If 0<1<1, these equations 
represent the line segment. 


For Probs. 5.236 to 5.240, find the maximum and minimum values for f(t) in the given range. 


5.236 f(t)=2t+5,0=1t=4 
Isl f(t) =at+b, a#0 (where a, b € R), then if c=t<=d, the extrema for f occur at c and d. Also 
if a>0, the maximum is f(d) and the minimum is f(c). If a <0, the maximum is f(c) and the 
minimum is f(d). Here a =2>0;c =0, d=4. Thus, the maximum is f(4) = 4(2) + 5 = 13, and the 
minimum is f (0) =5. 

§.237 f(t)=3t-—2, -2=1=3 
I Here a =3>0 (see Prob. 5.236). Thus, the maximum = f(d) = (3) = 9 —2=7, and the 
minimum = f(c) = f(—2) = -6-2=-—8. 

5.238 f(t)=—3t+2, 15156 


ff Then a = —3<0. The maximum = f(c) = f(1) = —1, and the minimum = f(d) = f(6) = 
-—18+2=-16. 


5.239 f(th=-t—4, -Ssts2 
# a=—1<0. The maximum = f(c) =f(—5) = 1, and the minimum = f(d) = f(2) = —6. 


§.240 f(t)=7,051s5 


I The above theorem does not apply since a = 0. However, if f(t) = 7, then f = 7 for all 1, and f is 
constant. 


For Probs. 5.241 to 5.243, express f(x, y) as g(t) for P,P,, and then find the extrema. 


5.241 f(x, y) = 3x + 2y —5; P, =(2, 1), PB, 6) 


B f(x,y) =f lx, + ey — 41), vi + HO — y))] = ax, + by, + © + [alan — x)) + bO(y2 — yt = g(t), Where 


5.242 


5.243 
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P, = (x,, ¥:), Pe = (x2, y2), and f(x, y) = ax + by +c. Then g(t) = ax, + by, + ¢ + [a(x, — x,) + b(y2- 


ys) |e = g(t) = 3(2) + 2(1) + (—5) + [3(8 — 2) + 2(6 — 1) Jt = 3 + (18 + 10)¢ = 3 + 280. Since 28 > 0, the 
maximum is g(1) = 31 and the minimum is g(0) = 3. 


f(x, y) =2x —y +3; P, =(-3, 0), P= (2, 3) 


B g(t) = ax, + by, +c + tla(x, — x,) + b( y2— y,)] = 2(—3) + (—1)(0) + 3 + {2(2 + 3) + (—- DG - 
0)] = —3 + 7; 7>0. Thus, the maximum is g(1) = 4, and the minimum is g(10) = —3. 


f(x, y) = —x + 4y +2; P, =(4, =3), P,=(-1, 4) 


HB og(t)=(—1)(4) + 4(—3) + 2 + e{-1(—-1 — 4) + 4(4 + 3)] = —14 — 33¢. The maximum = 19 = g(1), 
and the minimum = — 14 = g(0). 


For Probs. 5.244 and 5.245, find the extrema for f on P,P). 


5.244 


5.245 


f(x, y) = Sx + 2y — 3; P(2, 3), PS, —1) 
fs The extrema must occur at P, and P;, the endpoints of P,P;. Thus, the maximum is f(P,) or f(P)), 


and the minimum is f(P,) or f(P;). f(P,) =f(2, 3) = 5(2) + 2(3) — 3 = 13, and f(P,) =f(5, -1)= 
5(5) + 2(—1) — 3 = 20. Since 20 > 13, the maximum = 20 and the minimum = 13. 


f(x, y) = —4x — 2y + 2; P,(3, 2), P(-—2, —4) 


I f(P,) =—4(3) —2(2) +2 = -14, and f(P,) = —4(—2) — 2(—4) + 2 = 18. Since 18 > —14, f(P,) = 
the minimum = —14 and f(P,) = the maximum = 18. 


For Probs. 5.246 to 5.251, find the maximum and minimum values of f on the set § determined by the given 
linear inequalities. 


5.246 


—2x + 3y —6=0, y=0, x =0; f(x, y)=2x +y—-1 


I See Fig. 5.43. We notice that § is convex. Thus, the maximum and minimum of f on S occur at 
the vertices. f(0, 0) =0+0—1=—1. f(—3, 0) = -6+0—1=—7=minimum. f(0,2)=0+2-1= 
1 = maximum. 


y —2x +3y -6=0 | 


CAN 


‘ a ey <6 
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5.247 2x-y+220,x+y—2=0, y=0, f(x, y)=—x+3y—-5 


I See Fig. 5.44. S has vertices (—1, 0), (0, 2), (2, 0) and is convex. Then f(—1, 0) = 1-5=—4, 
f(2, 0) = -2—5=—7 = minimum. f(0, 2) = 6 —5 = 1 = maximum. 


2x-—y+2=0 : Fig. 5.44 


§.248 2x—y+22=0,x+y—2=0, y =0; f(x, y) =2x —6y +8 
I See Prob. 5.247. This is the same region. Then f(—1, 0) = —2+8=6. f(2,0)=4+8=12= 
maximum. f(0, 2) = —12 + 8 = —4= minimum. 

5.249 3x —2y +62=0,x+y +220, x—y—350,x+y—3=0; f(x, y)=x+y—-8 


I Sce Fig. 5.45. Then f(0, 3) =0+0-8=—8. f(—2, 0) = -2+0-8=-10. f(3, 0) =3+0-8= 
—5 = maximum. f(4, —24) =4—24-—8 = —10 = minimum. 


§.250 x-y+12=0;xr+y+120, —x+y +120; —x—y +120; f(x, y) = —4n +3y +8 


I See Fig. 5.46. Then f(0, 1) = 8+3=11. f(1, 0) =8 —4=4=minimum. f(—1, 0) =8+4=12= 
maximum. f(0, —1)=8—3=5. 
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Y  x-y+1=0 


E+y=-1 Fig. 5.46 


§.251 x-y+12=0,x+y+12=0, —x+y+120, —x—y +120; f(x, y)=x 


I Here S is the same region as in Prob. 5.250 above. Then f(0, 1) =x =0. f(1, 0) =x=1= 
maximum. f(1, 0) =x = —1= minimum. f(0, —1) =x =0. 


Si cn ae cms 


CHAPTER 6 
Exponential and Logarithmic Functions 


6.1 EXPONENTIAL FUNCTIONS 
For Probs. 6.1 to 6.20, sketch the graph of the given equation. 


6.1 y=2' 
I See Fig. 6.1. If x =0, y = 2” = 1; the x axis is an asymptote; as x increases, y increases. 
Fig. 6.1 
6.2 y=-—2* 


I See Fig. 6.2. If x =0, y = —2° = —1; —2* #0 implies that y is never zero (the x axis is an 
asymptote); as x gets large, y decreases. 


Fig. 6.2 
6.3 y=, y =4# on the same axes. 


I See Fig. 6.3. y = 4 is steeper; both equations increase as x increases, but 4" increases more 
dramatically. 


6.4 y= —2", y= —3* on the same axes. 
§ See Fig. 6.4. The reasoning is the same as in Prob. 6.3. y = —3* will decrease more dramatically. 


6.5 y=3" 
172 
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Fig. 6.3 


Fig. 6.4 


I See Fig. 6.5. If y=3™*, then y = 1/3". If x =0, y = 1. The x axis is an asymptote; and as x 
increases, y decreases. 


Fig. 6.5 
6.6 y=4" 


I See Fig. 6.6. See Prob. 6.5; this is a similar function. Which is steeper? 


6.7 y =2 and y = 2™ on the same axes. 


I See Fig. 6.7. Since 2* -2~* = 1, we suspect that something interesting will occur. Notice that one 
curve is the image of the other in the y axis. 


68 y=2' 


an a 
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(0,1) 


(1, 1/4) 


Fig. 6.6 


Fig. 6.7 


I See Fig. 6.8. Here, if x =1, y = 2° = 1. Otherwise, this graph is very similar to that of y = 2". 
Since y is never 0 and 2*~' gets close to 0 as x gets large through the negative numbers, the x axis is 
an asymptote. 


Fig. 6.8 
6.9 y=-2" 


I See Fig. 6.9. Look at the graph for Prob. 6.5 (Fig. 6.5). The graph of y = 2~* is similar. The 
graph of y = —2°* is the ordinate of each point in y = 2~* negated. 


6.10 y=3°°* 
I See Fig. 6.10. 3°" = 1/3". If x =0, y = 1. The x axis is again an asymptote, since y approaches 
0 as x grows large. 

611 y=2+2’ 


I See Fig. 6.11. We take the graph of 2" and add 2 to each ordinate. 
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Fig. 6.9 


(0,1) 


Fig. 6.10 


Fig. 6.11 
6.12 y=3'"* 


I See Fig. 6.12. If x =1, y = 3° =1. We notice that the x axis is again an asymptote. Also as x takes 
on large negative values, y gets large. 


613 y=2"! 
§ See Fig. 6.13. If x =0, y = 1. For x >0, 2! = 2"; for x <0, 2'"'=2-*. We combine these two 
graphs. 

614 y=2* 


I See Fig. 6.14. When x = 0, y = 1; besides that, as x increases, y increases dramatically. 
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6.15 


6.16 


6.17 


6.18 


(0, 3) 


Fig. 6.12 


Fig. 6.13 


Fig. 6.14 
y=-2” 

I See Fig. 6.15 and Prob. 6.14; we negate each ordinate. 

yor 


I See Fig. 6.16. Recall that e is the base for natural logarithms. In the calculus you will learn that e 
is the number which (1 + 1/b)" approaches as n gets arbitrarily large. Numerically, ¢ = 2.718; it is an 
irrational number. Thus, when x = 0, e” = 1; as x increases, so does e*. 


y=2e™ 


I See Fig. 6.17. 2e* = 2(1/e*). If x =0, 1/e* = 1; then 2(1/e*) = 2(1) = 2. As x gets large, 2/e* 
decreases 


y=2"* 


I See Fig. 6.18. There are two ways (at least!) in which we can obtain the graph. Notice that 
2*** = 2*2' =8- 2". We can get the same graph by noting directly that when x = 0, y = 2°=8. 


= . ~~ 
¢ 
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6.19 y=2e"*+5 


I Sce Fig. 6.19. We look at Fig. 6.17 and notice that if we add 5 to each ordinate, we get our 
function. 


Fig. 6.19 

620 y=10-2-", -2=x=2 
I See Fig. 6.20. When x =2, y = 10- (1/2*) = 8. When x = —2, y = #2. When x =0, y = 10- 1/2°= 
10. As x goes from —2 to 0, y increases; as x goes from 0) to 2, y decreases. 


y 


For Probs. 6.21 to 6.27, let f(x) =a". 


6.21 Prove that f(x + 2) =f(x) - f(2). 


Olt f(x) =a’, then f(x + 2) =a**? =a'a’. Since a* = f(x) and a* =f(2), f(x +2) =a‘a’* = 
f(x): f (2). 


6.22 Generalize the statement in Prob. 6.21, and prove your generalization. 
8 Prove that f(x + y) = f(x)f(y). Proof: f(x + y)=a**” =a*a” =f(x)f(y). 
6.23 Prove that f(x — y) = f(x)/f(y). 
# f(x-y) =a" =a*/a’ =f(x)/f(y). 
6.24 _—_— Prove that f is one-to-one. 
f Suppose that m #n. Then a” 4a"; fis one-to-one. 
6.25 Prove that f(—x) = 1/f(x). 
8 f(x) =a"; then f(—x) = a™* = 1/a* = 1/f(x). 


oll” 
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Prove that f(2 + x) =a*f(x). 


G8 f(2+x)=a?** =a'a"* =a"a". 


6.27. Generalize the statement in Prob. 6.26, and prove your statement. 
I Prove that f(b +x) =a°f(x). Proof: f(b +x)=a"** =a*a* =a°f(x). 


: For Probs. 6.28 to 6.30, compute the compound amount. Use a calculator to perform the arithmetic. 


6.28 $2000 at 12 percent compounded semiannually for 3 years 
I A(n) = P(1 +i)", where A(n) = compound amount at the end of n interest periods, i = rate per 
interest period, P = amount invested. Here n = 6, i = 0.12/2 = 0.06. Then A(6) = $2000(1 + 0.06)° = 
$2000(1.06)° = $2000(1.42) (rounded to two places on the calculator) = $2840. 

6.29 $6000 at 15 percent compounded quarterly for 4 years, 6 months 
I A(n) = P(1 +i)", where n = 18, P = $6000, i = 0.15/4 = 0.0375. Then A(18) = $6000(1 + 
0.0375)'* = $6000(1.0375)'* = $6000(1.94) (rounded to the hundreds place) = $11,640. 

6.30 $5050 at 11} percent compounded daily for 2 years 
I A(n) = P(1 +i)", where n = 730, P = $5050, i = 0.1175/365 = 0.00032 (rounded to five places). 
Then A(730) = $5050( 1.00032)" = $6379. 

For Probs. 6.31 to 6.33, compute the principal P invested to yield the following compound amounts A. 


6.31 $5000 at 10 percent compounded annually for 5 years 


ff Since A = P(1 +i)", P=A(1 +i)"; here A = $5000, i =0.1/1=0.1, n =5.0. Then P= 
$5000(1 + 0.1)~* = $5000(1.1)~* = $5000(0.62) (rounded to the hundreds place) = $3100. 


6.32 $6750 at 12} percent compounded semiannually for 3 years 
I =P =$6750(1 + 0.0625)~° = $6750(1.0625)~° = $6750(0.69) (rounded) = $4657.50. 


6.33 $10,000 at 14} percent compounded quarterly for 6} years 
£ =P =$10,000(1 + 0.036875)~* = $10,000(1.036875)~*° = $10,000(0.39) (rounded) = $3900. 


For Probs. 6.34 to 6.36, compute the amount due in each, given that the interest is compounded 
continuously. 


6.34 $3000 at 10 percent for 5 years 
I A= Pe" =$3000(e*"'”) = $3000(e°*) = $4946 (rounded to the nearest dollar). 


6.35 $4550 at 124 percent for 3 years 
BE A=$4550(e '*) = $4550(e°*”*) = $6620. 


6.36 $7500 at 16} percent for 44 years 
BE A=$7500(e° *') = $15,581. (Does that amount shock you?) 


For Probs. 6.37 to 6.40, answer true or false, and explain your answer. 


637 Ifa>bandne®Z, thena">b". 
§ False. 4>2, but 4-'=1,2-'=4, and} <3. 
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6.38 Ifa>bandneW, thena” >b”. 
8 True. a" > b" Wn € &, but n? ©. Thus, a” > b”. 


6.39 = The graphs of y = a* and y = b* (where a #6; a, b € VY) must intersect Va, b so chosen. 
fs True. If x =0, a” = b° = 1; they intersect at (0, 1). 


6.40 The graphs of y = a* and y = 2a‘ have no points of intersection. 
I True. Suppose that a* = 2a*; a* #0, so we can divide by a*. Then 1 = 2. 


6.2 LOGARITHMIC FUNCTIONS 


For Probs. 6.41 to 6.45, rewrite in an equivalent exponential form. 


6.41 logy 100=2 


f Remember that if log, 6 = x, then a* = b, and conversely. Thus, if we let a = 10, b = 100, x = 2, 
then log,, 100 = 2 and 10° = 100. However, by convention the base 10 is understood and therefore 
dropped. So log,, 100 is written simply log 100. 


6.42 log 10,000=4 

I If log 10,000 = 4, then 10° = 10,000. Remember: A logarithm is an exponent. 
643 log,8=3 

I See Prob. 6.41. Here, a= 2, b =8, x =2, and 2°=8. 
6.44 log, 64=3 

I Using the formula in Prob. 6.41, where a = 4, b = 64, x = 3, we have 4° = 64. 
6.45 logis 1=0 

@ a=14, b=1, x=0, and 14°=1. 
For Probs. 6.46 to 6.51, rewrite in an equivalent logarithmic form. 
646 T=49 

I Again, we use the formula a* = b log, b =x. Thus, 77 = 49 log, 49 = 2. 
6.47 4 =256 

I Here, a = 4, b = 256, x =c, and log, 256 =. 
648 u=v' 

fo ifw=v", thena=v, b=u, x =x, and log, u =x. 
6.49 9=27%" 

I Then log,,9 =. 


6.50 625°%=5 


Ef Do not be fooled or misled by decimals (or anything else!). The logarithm-exponential conversion 
still holds; logge, 5 = 0.25. 


6.51 
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729" =3 
| 10g729 3= 3. 


For Probs. 6.52 to 6.66, evaluate the given expression. 


6.52 


6.54 


6.55 


6.56 


6.61 


6.63 


6.64 


log, 8 
ff) We are looking for x such that log, 8 = x. Then 2‘ = 8, but x = 3, so log, 8 = 3. 


log 10° 

Remember that log a means log, a, and In a means log, a. We let log 10° = x which means 

10° = 10°. Then x = 3 and log 10° = 3. Also, remember that log, r = s means “‘s is the power to which 
q is raised to yield r.”" To what power must 10 be raised to give 10°? 

log, 125 

U if t=log, 125, then 5 = 125; t= 3. 


log, a” 


I To yield a’, raise a to the second power. log, a’ = 2. 


loge i 

I if 2* =, then 2* = 16, and —x =4, or x = —4. See Prob. 6.57. 

logs + 

I) Compare this to Prob. 6.56. If log, 4 =x, then 3* = 4, which means (3)~* = (4)°, and —x = 3, or 
x=-3. 

log; 1 


I Iflog,;1=y, then? =1, ory=0. 


logso00 1 
i if 4000' =1, x=0. 


Ine~? 


I ine~?=log, e~*. Then observe directly that In e~* = —2, or that log, e~* = x means e* = e~*, or 
x=-2. 

logs: 2 

I If log,. 2 =p, then 32” = 2, or (2° =2. Then Sp = 1, and p =}. 

log, 2~* 

I Observe directly that log, 2~* = —4, or that if log, 2~* =s, then 2° = 2~*, or s = —4, 

log, b* 

I Iflog, b“ =k, then b* =b", or k =u. Then log, b“ =u. Think about it! Doesn't this make sense? 
log, b*” 


I iflog, b“” =k then b* = b“”, or k = uv. Notice that k = uv also follows directly from the result 
in Prob, 6.63. 
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For Probs. 6.67 to 6.82, solve the equation. 


6.67 


6.70 


6.71 


6.72 


6.73 


6.74 


6.75 


6.76 


6.77 


6.78 


6.79 


log, V8 
I If log, V8 =x, then 2‘ = V8 = V2" = 2", and x =}. 


logs VS 
I if log, V5 =x, then 5* = ¥5=5", andx =}. 


log 100 = x 

I If log 100 = x, then 10° = 100 = 10° and x = 2.. 
logx =2 

I If logx =2, then 10° =x and x = 100. 

log, x = 1 

I If log, x =1, then 2' = x and x =2. 

log, 3 =x 

f) 3° =3 (Ask yourself, Which 3 in the equation is the base?) Then 3° = 3', and x = 1. 
logx =0 

I if logx =0, then 10° =x, or x =1. 

log, 81=4 

I log, 81=4. Then x* = 81, or x =3 (3*=81). 
log. 4 = -3 

I log, 4 = —3. Thenx™* = 4 =1/3' =3-*, or x =3. 
Ine*=5 

I If ine* =5, then log, e* = 5. Thus, e* = e*, or x =5. 


Ine“? =7 
I Then log, e*** =7. Thus, e’ = e**?, x +2=7, orx =5, 


log, 27x =4 
# Then x* = 27x, x* — 27x =0, x(x° — 27) =0, and x =0, x =3. But x = 0 is extraneous (0 is not a 
logarithmic base), so x = 3. 

loga 4 =y 

@ Then 4% =}, (7*)’ =}, 7” =4=7"', 2y =-1, ory =}. 

log, 1000 = 3 

I Then 6*? = 1000, but 1000 = 10°. Thus 1000 = 100%, b*? = 100°*, or b = 100. 


log, 4= 3 


i Then b** = 4. Raise each side to the power 3. Then (b*”)*? = 4? and b = 8. Compare this with 
Prob. 6.77, which can be done by using this technique as well. 


6.80 


6.81 


6.82 
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log, b=1 

I If log, b =1, then b' = b; b can be any positive real except 1. Thus, b #1, b > 0 since b is the 
logarithm base. 

log, 1=0 

I Then b° = 1. This is true for all b. However, b must be positive and not | since b is the logarithm 
base. 

log. x = 10 

I Here, the base is e*. Then (e”)'® = x, or x = e””. 


For Probs. 6.83 to 6.87, evaluate the given expression where f(x) = log x, g(x) = 10°, h(x) =Inx, k(x) =e", 


I(x) =x’. 
1 6.83 feg(x) 
t I feg(x)=f(g(x)) = log 10°. But log 10° = x. f og(x) =x. 
> 684 = gef(x) 
' H gef(x) =10°%* =x (x >0). 
6.85 hek(x) 
I hek(x)=Ine* =log, e* =x. Thus, hek(x) =x. 
r 
6.86 fei(10) 
HB i(x) = x2; thus, 1(10) = 10? = 100. Then f °/(10) = f(1(10)) = log 10? = 2. 
6.87 /[°h(3) 


I h(x) =Inx; thus, A(3) = In3. Then /¢h(3) = /(A(3)) = [in 3) = (In 3)’. 


For Probs. 6.88 to 6.97, sketch the given relation. 


y=log,x 


I See Fig. 6.21. When x = 1, y = log, 1 =0; when x = 2, y = log, 2= 1. Also as x takes on values 
between 0 and 1, y decreases as x approaches 0; log, } = —1, log, | = —2, log, { = —3, etc. The y axis 
is a vertical asymptote. 
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6.89 y=log,x 
# See Fig. 6.22 and Prob. 6.88. log, 1 = 0, log, 4= 1, log, 1 = —1. The y axis is a vertical asymptote. 


y 


Fig. 6.22 
6.9 y=log, x, y = log, x on the same axes. 
I See Fig. 6.23. 


Fig. 6.23 


6.91 y=log, x, y =2* on the same axes. 


I See Fig. 6.24. Since y = log, x and y = 2" are inverse functions, their graphs are mirror images 
about y =x. 


6.92 y= log; |x| 
I See Fig. 6.25. y = log, x is defined Vx € R*. However, |x| =0 Wx € R. Thus, while the domain of 


log, x is {x|x € R*}, the domain of log, |x| is R. Since log, |—x| = log, |x| = y, f(x) = log, |x| is 
symmetric about the y axis. 


6.93 y=logs(—x) 


I See Fig. 6.26. y = log, (—x) is defined only when —x > 0; —x > 0 implies that x <0. The domain 
of f(x) = logs (—x) is 2, 


6.94 y=log, x 
U See Fig. 6.27. Ifx =1, y = log, 1 = 0; if x =2, y = log, 2” = 2; ifx =4, y = log, 4 = log, 2*=4, 
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Fig. 6.24 


\x\ 


y= \oEs 
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{-, 6.95 
6.96 
6.97 
6.98 


etc. Also, as x decreases, y decreases. The y axis is an asymptote, and the graph is symmetric about 
the y axis. 


Fig. 6.27 


y = log, (x — 2) 
I See Fig. 6.28. Compare this to y = log, x. Here, the asymptote is the line x = 2. Also if x = 3, 
y = log, 1=0. If x = 6, y = log, 4=2. 


y = log, (x~ 2) 
(6, 2) 


y = log, 2x 
I See Fig. 6.29. Again, we look to y = log, x for help. Here, we double each x value. If x = 4, then 
y = log, 2x = log, 1 = 0; if x = 1, y = log, 2= 1. The asymptote remains the same. 


y=loginx 


I See Fig. 6.30. Be very careful here. The base b <1. Ifx = 1, y = log,. 1 =0; ifx =, 
y =log,o4=1; if x =2, y =log,,2=—1. The y axis is an asymptote since as x decreases, y 
increases. 


Rewrite the equation y = log |x| without using absolute value signs. 


x x20 
—x x<0 


! mi={ 
But x = 0 is not in the domain of this function. Thus, an equivalent definition is 


ne x>0 
y log (—x) x<0 
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(1/2,.0) 


Fig. 6.29 


Fig. 6.30 
6.99 Prove that g(x) = log, x is one-to-one. 
I To prove this, we use the definition of one-to-one. If log, x = log, y and log, x =p, then 
log, y =p, and a” =x, a” = y. Thus, x = y. g(x) is one-to-one. 
6.100 =Prove that the graphs of y = log, x and y = log,,, x are mirror images of each other about the x axis. 


I We need to show that, for all x, log, x = —log,,, x. Then the y values are the same, and the 
graphs will be mirror images. Let y = log, x; then a” = x, 1/a” = 1/x, a~* =1/x, l/a* =x, 
(1/a)"” =x, —y = log,,, x, and the proof is complete. 


6.101 Prove that log 3 is irrational. 


I This will be a proof by contradiction. Suppose that log 3 = a/b with b, ae ¥, b #0, (a, b) = 1. 
Then 10°” = 3, which implies that 10° = 3°. Then, since 5 | 10°, 5 | 3”. But 5 is not a factor of 3°. 


For Probs. 6.102 to 6.105, find the domain and range of the given function. 
6.102 y =log, (x +1) 

§ We know x + 1 #0; thus, the domain = {x € ® | x > —1}, and the range = &. 
6.103 y =log, (2x — 5) 

# We must have 2x — 5 > 0; thus, the domain = {x € ® | x > 3}, and the range = &. 


6.104 y =log, (x7 +1) 
I Since x? + 1>0 Vx € R, the domain = R, and the range = R. 


* 


~ ti ail 
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6.105 y= log, | 
I x >0 for log, x to be defined. But |log, x| = 0 Vx € R; thus, the domain = {x € R| x > 0), and the 
range = {ye R| y =O}. 

For Probs. 6.106 and 6,107, answer true or false, and explain your answer. 


6.106 Ifx>y, then log, x > log, y. 
I False; 5 > 4, but log, 5 < log, 4. In fact if 0<a<1, y = log, x is a decreasing function. 


6.107 If log, x = log, x, thena = b. 
Flog, 1 = 0, and log, 1 = 0; but 5 #6. The statement is false. 


6.3 PROPERTIES OF LOG FUNCTIONS 
For Probs. 6.108 to 6.116, write each expression as the algebraic sum of logarithms. The base is any positive 
real number except 1. 
6.108 log (251)(46)(18) 
I log xy = log x + log y; thus, log (251)(46)(18) = log 251 + log (46)(18) = log 251 + log 46 + log 18. 


6.109 log (34)*(2.7) 
I log xy =logx + log y, and log z* = 2 log z; thus, log (34)*(2.7) = log (34)? + log (2.7) = 
2 log 34 + log 2.7. 
6.110 log (24)'7(35)° 
I In general, log a* = x log a; thus, log (24)'2(35)° = log (24)" + log (35)? = } log 24 + 3 log 35. 


(83)(41) 


6.111 log 39 


ee 1) 


i log © = log x - log y; thus, log -—--—— = log (83)(41) — log 29 = (log 83 + log 41) — log 29. 


(49)(65) 
(71)(86) 


(49)(65) _ D ' " . 
T log (71)(86) ~ log (49)(65) — log (71)(86) = (log 49 + log 65) — (log 71 + log 86) 


log 49 + log 65 — log 71 — log 86. 


6.112 


(2.7)°(58)"* 
(75)(89)° 


(2.7)°(58)"* _ A in 
I log “Gaver = 8 (2.7)°(58)" — log (75)(89)? = (2 log 2.7 + 4 log 58) — 


(log 75 + 2 log 89) = 2 log 2.7 + 4 log 58 — log 75 — 2 log 89. 


6.114 log \V mee 


1 
I log \ Oe) = 10 2; =} log wen = \(log 87 + log 28 — log 15). 


6.113 log 
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6.115 loga"b™ 
I log a"b™ = log a" + log b™ =n loga + m log b. 
«6.116 log Va"~'p 
I log Va"'p =log gia = (1/n) log a"~‘p = (1/n)(log a"~* + log p) = 


(1/n)[(n — 1) loga + logp]=— —* toga + “BP. 


For Probs. 6.117 to 6.122, express each as a single logarithm. 


, 6.117 loga+logb +loge 
I loga + log b = log ab. Thus, log a + log b + log c = log ab + log c = log (ab)(c) = log abc. 


6.118 loga+logb+logce +logd 


4 I loga + log b = log ab; log c + log d = log cd. Thus, log a + log b + loge + logd = 
log ab + log cd = log abcd. 


6.119 loga—logb —loge + logd 


I loga—logb — loge =loga/b loge = log = = tog. Thus, 


ad 


log a — log b — loge + log d = log (*-a)- log: 


6.120 2logx —3logy +logz 


2 
I 2logx =logx*; 3logy = log y*. Thus, 2log x — 3log y + log z = log x* — log y* + logz = log (5-2) = 
y 


6.121 3logx —log(x —2) 


3 
I 3logx =logx’; thus 3 log x — log (x — 2) = log —. 


6.122 log 1 + log 5376 
I For any base, log 1 = 0. Thus, log 1 + log 5376 = log 5376. 
For Probs. 6.123 to 6.133, evaluate the given expression given that log 2 = 0.3010 and log 3 = 0.4771. 


6.123 log8 
Blog 8= log 2° = 3 log 2 = 3(0.3010) = 0.9030. 
6.124 log 32 
# 32=2°; thus, log 32 = log 2° = 5 log 2 = 5(0.3010) = 1.5050. 


6.125 log 60 
Flog 60 = log (6 - 10) = log 6 + log 10 = (log 3 + log 2) + log 10 = 0.4771 + 0.3010 + 1 = 1.7781. 


- 


6.126 log 600 
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6.127 


6.128 


6.129 


6.130 


6.132 


Blog 600 = log (100 - 6) = log 100 + log 6 = 2 + log 3 + log 2 = 2 + 0.4771 + 0.3010 = 2.7781. 
60 - - 000 

log Nicantamgecimmaad 
nm zeros 


I See Probs. 6.125 and 6.126 above. Then for each extra zero, we will add 1 to 
the result. log 6000 = 1 + log 600 = 3.7781, etc. log 60 - - - 000 = n.7781. 


n zeros 
log 54 
I log 54 = log (9 - 6) = log (3* - 3 - 2) = log (3° - 2) = 3 log 3 + log 2 = 3(0.4771) + 0.3010 = 1.7323. 
log 540 
I Since 540 = 54 - 10, log 540 = 1 + log 54 = 1.7323 + 1 = 2.7323. 
log V12 


Blog Vi2 = log (12)"? = } log 12 = 4 log (2? - 3) = } log 2? + 4 log 3 =2- } log 2 +} log 3 = 0.3010 + 
0.4771/2 = 0.53955. 


logio vis 


I 18=3* - 2; thus, log (18)'? = 4 log 18 = } log (3? - 2) = 4(2 log 3 + log 2) = $ log 3 + 4 log2= 
0.3181 + 0.1003 (rounding off) = 0.4184. 


log F 
I log  =log (2°/3") = log 2° — log 3° = 6 log 2 — 2 log 3 = 1.806 — 0.9542 = 0.8518. 


logi0 Wn 


Flog (72)'* = 4 log 72 = 4 log (3° - 2°) = } log 3° + 4 log2° = 
4 log 3 + 3 log 2 = 4$(0.4771) + 3(0.3010) = 0.23855 + 0.22575 = 0.4643. 


For Probs. 6.134 to 6.139, obtain the required logarithm. 


6.134 


6.135 


6.13%6 


6.137 


6.138 


6.139 


log, (16)(1024) 

I log, (16)(1024) = log, 16 + log, 1024 = 4 + 10= 14. (Note: 2"” = 1024.) 

logs (8)(16,384) 

Flog, (8)(16,384) = log, 8 + log, 16,384. But 2"* = 16,384. Thus, log, 8 + log, 16,384 = 3 + 14= 17. 
log, (256)(4096) 

I log, (256)(4096) = log, 256 + log, 4096 = 8 + 12 = 20. 

log, (1024)* 

Flog, (1024)° = 3 log, 1024 = 3 - 10 = 30. 

log, (16,384)~? 

Blog, (16,384) ~* = —2 log 16,384 = —2- 14= —28. 


log, V65,536 
BE 2'° = 65,536. Thus, log, (65,536)'* = | log, 65,536 = | - 16 =4. 
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For Probs. 6.140 to 6.146, write each expression in terms of a single logarithm with a coefficient of 1. 


6.140 


6.141 


6.142 


6.143 


6.144 


6.145 


2 log , x — log, y 
I 2log, x = log, x; thus, 2 log, x — log, y = log, x? — log, y = log, (x?/y). 


log, m — 4 log, n 
I log, m —} log, n = log, m — log, n** = log, (m/n”). 


3 log, x + 2 log, y — 4 log, z 
I 3log, x + 2 log, y — 4 log, z = log, x* + log, y? — log, z* = log, (x*y?/z’*). 


4 log, w —3 log, x — 5 log, y 


ua 
I 4 log, w —3 log, x —5 log, y = log, w"3 — log, x* — log, y° = log, = — log, y= 
Tk 9 ee tx) wi x 
lo = log, —-— - 
Bp y Be 135 
1(2 log, x + 3 log, y) 


I (2 log, x +3 log, y) = 2 log, x + 3 log, y = log, x*° + log, y** = log, x**°y**. See Prob. 6.145. 


1(3 log, x + 4 log, y) 

I 3log, x + 4 log, y = log, x* + log, y* = log, x*y*; thus, 4(3 log, x + 4 log, y) = (log, x*y*) = 
log, (x*y*)'”. Compare this to the method used in Prob. 6.144. 

A(log, x — log, y) 

Flog, x — log, y = log, (x/y); thus 4 log, (x/y) = log, (x/y)"”. 


For Probs. 6.147 to 6.149, prove the stated logarithm property. 


6.147 


6.148 


6.149 


log, xy = log, x + log, y 

I Assume that x = b', y = 5’; then log, xy = log, (b‘b’) = log, b‘**; but log, b* = z for all 6, z; thus, 
log, b'** =t +s =log, x + log, y. The proof is complete. 

log, (x/y) = log, x — log, y 

i Assume that x = b’, y = b’; then log, (x/y)= log, (b'/b*) = log, b'* =1 — s = log, x — log, y. 


log, x" =s log, x 
i Assume that x = 5‘. Then log, x’ = log, (b‘)’ = log, b* = ts = st =s log, x. 


For Probs. 6.150 to 6.156, rewrite the given expression in terms of common logarithms. 


6.151 


6.152 


log, 7 

I Using the property log, x = log, x/log, b, we want b = 6, x = 7, a = 10 (this is to be in terms of 
common logarithms). Then log, 7 = log 7/log 6 (log 7 = log), 7). 

logi, 15 

I log, 15 = log, x where b = 4, x = 15. Then log, x = log, 15 = log, x/log, b = log 15/log 4. 


e 


logi2 10 
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EF log, 10 = log, x where b = 4, x = 10. Then log, x = logy, 10 = log, x/log, b = log 10/log 4 = 
I/log 4 = —1/log 2. 

6.153 log, 30 
#  log,,, 30 = log, x where b = |, x = 30. Then log, x = log, , 30 = log, x/log, b = log 30/log 4 = 
log (10 - 3)/(—log 3) = (log 10 + log 3)/(—log 3) = (1 + log 3)/(—log 3). 

6.154 108100 10 
EB logja 10 = log 10/log 100 = 4. Alternately, logso) 10 = logyoo (100)'* = 4 logyg) 100 = 4-1 = 4. 


6.155 log» ¢ 
: E log e log e loge loge 
tate; 20 is. logis ¢ ee 
# Hiots, 6 ia wot the bee; 0. Kitn® =i Tag ay ee ed ee 
6.156 logne* 


loge __ 3 loge 
1+log2 1+1log2 


I See Prob. 6.155, logos e* = 3 logay e =3 


For Probs. 6.157 to 6.161, rewrite the given expression in terms of logarithms with a base of 13. 


6.157 log, 8 
I log, 8 = log, x where b = 4, x = 8. Here a = 13; then log, x = log, 8 = log, x/log, b = 
log,; 8/log,; 4. 

6.158 log). 15 


i logi2 15= log, x where b = 12, x = 15. Then logi2 15= log); 15/log;; 12. Which is larger, log. 15 
or log, 15? 


6.159 In 10 
FT in 10=log, 10 =log,,; 10/log,, e. 


6.160 Ine’ 
I ine’ =log, e* =log,, e*/log,, e. But Ine* = log, e* = 3. Thus, log,, e*/log,, e = 3. 


6.161 log,, 121 


F log,, 121 = log,, 121/log,, 11. But log,, 121 = log,, (11)? = 2. Thus, log,; 121/log,, 11 = 2. 
Compare this with Prob. 6.159. Do you notice a pattern? 


For Probs. 6.162 to 6.174, tell whether the given statement is true or false, and explain your answer. 


6.162 (log 15)°=1 


§ This is true; log 15 € R, and a® = 1 Va € R. Do not be tricked by the fact that the real number 
here is a logarithm. Ail real numbers can be written in logarithm form! 


6.163 If f(x) = log, x, then the range of fis R. 


# True. Look at their graphs, or recall that the logarithm is the exponent. In log, 6 = q, a and b are 
the numbers which are restricted, not qg! 


6.164 The domain of y = log, b is KR. 
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f False. For example, if x = 1, then | is the logarithmic base, which is impossible. 


6.165 log, 100= —log,,, i 
f Let x = 10; then log 100 = 2, but log;,;9 ii = 2. The statement is false. 


6.166 log, a =log,,, (1/a) 
I iflog, a=b, then x” =a, 1/x° = 1/a, (1/x)" = 1/a, and log,,, 1/a = b. The statement is true. 


6.167 f(x) =log, x is an always-decreasing function. 
I False. f(x) = log, x is decreasing for 0< b < 1. If b = 10, for example, log x, > log x, when 
X,>X>. 

6.168 log, ab = (log, a)(log, b) 


I Clearly, this is a false statement. For all k, a, b, log, ab = log, a + log, b. When k =e, a=e, 
b =e, for example, In (e - e) = In e? = 2, but Ine Ine =1-1=1;2#1. 


6.169 g(x) =In |x| has domain = &. 
I False; 0 ¢ domain of g. However, all other real numbers are in the domain. 
6.170 Let g(x) = log, x and h(x) = log, x; then g°h(ab) = log, (1 + log a). 


I h(ab) = log, ab = log, a + log, 6 = 1 + log, a. g(1 + log, a) = log, (1 + log, a). The statement is 
true. 


6.171 Using functions g and A in Prob. 6.170, g°h({ab) = log, 1 + log, (log, a). 


I False. For this to be true, we would be saying that “the log of a sum is the sum of the logs.” But 
this is false since, for example, log, 8 = log, 2° = 3, thus log, (4+ 4) = 3, not 2 + 2. 


6.172 log, (1/x) = —log, x 

Flog, (1/x) = log, (x~*) = —log, x. True. 
6.173 log, a=1/log, b 

I log, a = log, a/log, b for all log bases k. Let k = a; log, a = log, a/log, b = 1/log, b. True. 
6.174 The graph of A(x) = In e* is a straight line. 

Ef h(x) =Ine* =~; thus A(x) is the straight line with slope 1 passing through (0, 0). True. 
6.175 Find x so that 3 log, 4 — § log, 8 + 2 log, 2 = log, x. 

I Then log, x = log, 4°? — log, 87° + log, 27 = log, 8 — log, 4 + log, 4 = log, (9 - 4), or x =8. 
6.176 Find x so that 3 log, 2 + 4 log, 25 — log,, 20 = log, x. 

I log, x =log, 8 + log, 5 — log, 20 = log, (8 - 5/20) = log, x, or x = 2. 
6.177 Write log, y — log, c + kt = 0 in exponential form free of logarithms. 

f Then log, y — log, c = —kt, and b&%?~&°) = h-*, ploser/plowee = h-* vic = pe 

or y =ch-* 
6.178 Prove that log, xyz = log, x + log, y + log, z. 

I log, xy + log, z = (log, x + log, y) + log, z = log, x + log, y + log, z, and the proof is complete. 
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6.179 Let f(x) = 7". Find the domain and range of f~'(x). 
8 if f(x) =7*, then f~'(x) = log, x. Then the domain of f is R* , and the range (i.e., the f~' values) 
is R. 

6.180 Solve the equation A = Pe" for r. 
f sifA=Pe", then In A =In Pe" =In P + Ine” = In P + rt Ine = In P + rt (since Ine = 1). Thus, 
rt=iInA—In P, andr =(in A —In P)/t. 

6.181 Solve the equation In (log x) = 1 for x. 
I If in (log x) = 1, then e" “***) =e'. But e” = P for all P. Thus, e“°**) = log x. Then log x =e, 
10°" * = 10°, and x = 10°. 

6.182 Check the result in Prob. 6.181. 
§ x =10° where In (log x) 2 1. In (log 10°) = In (e log 10) = In (e - 1) = Ine = 1. The result checks. 


6.4 NATURAL AND COMMON LOGARITHMS 

Note: Many problems in this section involve the use of a calculator. If you do not know how to use your 

calculator for logarithm computations, check the instruction manual. 

For Probs. 6.183 to 6.187, express the given number in scientific notation. ~ 

6.183 137.65 
I Scientific notation is of the numerical form N x 10", 1=N = 10, M € &. Thus, for 137.65 we 
move the decimal point over two spaces, so 137.65 = 1.3765 x 10°. Here, M =2, N = 1.3765. 

6.184 = 14,632.60004000 
I Let M =4, N = 1.463260004000. Then N x 10” = 1.463260004000 x 10* = 14,632.60004000. (We 
have moved the decimal point over four spaces.) 

6.185 1.6843 
§ 1.6843 = 1.6843 x 10°. Notice that, in essence, the number given was in scientific notation. The 0 
exponent comes about since we moved the decimal over “0” spaces. 

6.186 0.00684 
I 0.00684 = 6.84 x 10°. We can easily see the —3 exponent by observing that we have moved the 
decimal point three spaces to the right. 

6.187 4.26-9 
B 4.26 x 9 = 345.06 = 3.4506 x 10°. 


For Probs. 6.188 and 6.189, rewrite the numbers by using ordinary notation. 


6.188 4.63-10~* 


I 4.63 x 10°* = 4.63 x 0.0001 = 0.000463. Another, and easier, way to do this is to observe that a 
0.0001 multiplier moves the decimal point four spaces to the left (M <0). 


6.189 4.5686 - 10° 
# Simply move the decimal three places to the right (M > 0). Then 4.5686 x 10° = 4568.6, 


For Probs. 6.190 to 6.193, find the characteristic of the logarithm (base 10) of the given number. 


6.190 


6.191 


6.192 


6.193 
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I To determine the characteristic of a number P, put P into scientific notation: P = N x 10", 
1=N<10, Me. Then M =the characteristic. Thus, 146 = 1.46 x 10°, and 2 = characteristic. 
14,673.1 

I 14,673.1 = 1.46731 x 10*. 4 = characteristic. 


0.003634 
I 0.003634 = 3.634 x 107°, and the characteristic = —3. 


4.638 
I 4.638 = 4.638 x 10°; and the characteristic is 0. 


For Probs. 6,194 to 6.199, use a logarithm table (base 10) to find the common logarithm of each number. 


6.194 


6.195 


6.196 


6.197 


6.198 


6.199 


log 5.73 

I First notice that the characteristic is 0, since 5.73 = 5.73 x 10°. Looking up 573 in the table, we 
find 7582. Thus, log 5.73 = 0.7582 where 0 is the characteristic and 7582 is the mantissa. 

log 57.3 

ff 57.3=5.73 x 10°. We find 7582 in the table for 573. Thus, log 57.3 = 1.7582. The 1 in 1.7582 is 
the characteristic found in scientific notation. 

0.00573 

ff We again use the 7582 found in the table for 573. Then, log 0.00573 = log (5.73 x 10~*) = 

log 5.73 + log 10~* = 0.7582 + (—3) = 0.7582 — 3. You can, if you like, rewrite 0.7582 — 3 as —2.2418, 
but 0.7582 — 3 is a perfectly acceptable form. 

0.0101 

# 0.0101 = 1.01 x 10~*. Look up 101 in your table, and find 0043. Thus, log (0.0101) = 

log (1.01 x 107*) = log 1.01 + log 107? = 0.0043 — 2 (= — 1.9957). 

5.13 x 10~* 

Flog (5.13 x 107*) = log 5.13 + log 10°* = 0.7101 — 4. 


51.3 10~’ 
Blog (51.3 x 107”) = log (5.13 x 10°) = 0.7101 — 6. 


For Probs. 6.200 to 6.202, rewrite the given log values in standard logarithmic form. 


6.200 


5.1983 — 8 


f Standard log form is log n = mantissa + characteristic where the mantissa is nonnegative and less 
than 1. Thus, 5.1983 — 8 has a “mantissa” of 5.1983: we subtract 5 from 5.1983, and add 5 to —8 to 
obtain (5.1983 — 5) + [(—8) + 5] = 0.1983 — 3. Do you see the power of this method? We now know 
that, in scientific notation, n is of the form a.be x 107°, 


—1.1776 


§ + —1.1776 is nofin standard log form. —1.1776 = (—1.1776 + 2) (adding 2 is the least you can add 
to —1.1776 to get it to be nonnegative) — 2. Then, (—1.1776 + 2) — 2 = 0.8224 — 2. 


196 J CHAPTER 6 


6.202 -—3.2076 
£ —3.2076 = (—3.2076 + 4) — 4= 0.7924 — 4. 


For Probs. 6.203 to 6.206, use a common logarithm table to find the antilogarithm of the given number. 


6.203 0.7993 
I Look for 0.7993 in your table. It is going to correspond to 630. Since 0.7993 has a 0 characteristic, 
antilog 0.7993 = 6.30 x 10° = 6.30. 
6.204 2.5729 
# We find in our table that 0.5729 corresponds to 374. Since the characteristic is 2, antilog 
2.5729 = 3.74 x 10° = 374. 
6.205 0.9460 —2 
I Then antilog (0.9460 — 2) = 8.83 x 107? = 0.0883. 


6.206 —4.0052 
# —4.0052 = (—4.0052 + 5) — 5 = 0.9948 — 5. Since 0.9948 corresponds-to 988 in the table, antilog 
(—4.0052) = antilog (0.9948 — 5) = 9.88 x 107°. 

For Probs. 6.207 to 6.210, use a calculator to find the indicated quantity, rounded to six decimal places. 


6.207 (a) log 82,734, (b) In 82,734 
I (a) read enter 82,734 and press the log key, you will get log 82,734. What could be easier? 


Press: [8] [7][3 [4 ]{log] . On screen: 4.917684. 
(b) We repeat the same procedure, but use the In key instead. Press: [8 ][2}[7}[3}[4][in]. On 
screen: 11.323386. 
6.208 (a) log 843,250, (b) In 843,250 
I (a) Press: (8 ][4 [3 )[2)[5)[0) flog) . On screen: 5.9259563. Rounding, we get 5.925956. 
(b) Press: (8 ][4][3][2)[5][o)[in}. On screen: 13.645019. 
6.209 log 0.0103 
fF Press: (- )[0)[1)[0)[3 [log]. On screen: —1.9871628. Rounding, we get —1.987163. Then 
—1,987163 = (—1.987163 + 2) — 2 = 0.012837 — 2. 


6.210 = In. 0.081043 


I Press: BIO OO EN On screen: —2.5127754. Rounding, we get —2.512775. Then 
(—2.512775 + 3) — 3 = 0.487225 — 3. 


For Probs. 6.211 to 6.216, use a calculator to find x to four significant digits. 


6.211 log x = 5.3027 


f Recall that f(x) = log x and g(x) = 10° are inverse functions. Thus, to go from log x to x, we find 
10'**. Press: 5.3027 ical On screen: 200,770.55. Then x = 200,770.55 ~ 200,800 to four significant 
digits. 

6.212 logx = 1.9168 
EB Press: 1.9168 [10" |. On screen: 82.565763. Then x = 82.565763 = 82.57 to four significant digits. 


6.213 


6.214 


6.215 


6.216 
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log x = —3.1773 

f Press; 3.1773 [£ |[10* |. On screen: 0.0006648. Then x = 0.0006648 (already is to four significant 
digits). 

log x = —2.0411 

I Press: 2.0411 [+ |[10*]. On screen: 0.009097. Then x = 0.009097 = 0.0091 to four significant 
digits. 

In x = 3.8655 

I Press: 3.8655 | e* |. On screen: 47.72713. Then x = 47.72713 = 47.73 to four significant digits. 


Inx = —0,3916 


I Press: 0.3916 On screen: 0.6759745. Then x = 0.6759745 = 0.6760 to four significant 
digits. 


For Probs. 6.217 to 6.220, find x to five significant digits, using a calculator. Your calculator may operate 
slightly differently from that exhibited here. 


6.217 


6.218 


6.219 


6.220 


x = log (5.3147 x 10'*) 


I log (5.3147 x 10'*) = log 5.3147 + log 10" = log 5.3147 + 12. Find log 5.3147 on the calculator. 
Press: 5.3147 (log]. On screen: 0.7254788. Then x = 12.7254788 = 12.725 to five significant digits. 
(Note: We did not enter 5.3147 x 10"* on the calculator. Why?) 


x = log (2.0991 x 10°’) 

I log (2.0991 x 10°”) = log 2.0991 + log 10'’ = 0.322033 + 17 (0.322033 is obtained from the 
calculator) = 17.322031 = 17.322. 

x = In (6.7917 x 107") 


12 
Hx =1n (6.7917 x 10°) = n 6.7917 + In 10-? = In 6.7917 + 28100 = 


+9 OZi0 € 
1.9157013 + 04342974 = —25.715. 


log x = 32.068523 


f Enter 32.068523 into your calculator, and press [10*]. Then x = 1.1709 x 10° is what you will see 
on the screen (actually, you will see 1.1709 — 32). Alternatively, if log x = 32.068523, x = 10 x 
antilog 0.068523 = 10° x 1.1709086. (To find the antilog 0.068523, enter 0.068523 into your 
calculator to obtain =1.1709 x 10°*.) 


For Probs. 6.221 to 6.223, use the change-of-base formula and a calculator to find the indicated quantity to 
four significant places. 


6.221 


logs 372 


I Recall that log, M = log, M/log, b. Then logs 372 = In 372/In 5. Press: 372 [In]+ 5[in]. On 
screen: 3.67765155. Rounding, we get 3.6776. 


log, 0.352 


E log, 0.0352 = 10.0352/In 8. Press: 0.0352 [in] + 8 [in]. On screen: —1.6094269. Rounding, we get 
—1.6094. 
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6.223 log, 0.1483 


flog, 0.1483 = In 0.1483/In 3. Using the key steps in Probs. 6.221 and 6.222, we get —1.737208 = 
— 1.7372. 


For Probs. 6.224 to 6.231, perform the indicated computations. Obtain answers to three significant digits. 
Use a common logarithm table. 


6.224 = (3.86)(59.1) 


flog 3.86 = 0.5866 and log 59.1 = 1.7716. Then since log (3.86)(59.1) = 2.3582, (3.86)(59.1) = 228. 
(We find 2.28 in the table, and we use the characteristic of 2 to get 228. We do not interpolate since 
we only want the result to three significant digits. 2.28 corresponds to 0.3579 in the table, which is 
closest to 0.3582.) 


6.225 (807)(0.276) 
f Let P =(807)(0.276). Then log P = log 807 + log 0.276 = 2.9069 + (—0.5591) = 2.3478. Thus, 
P = 223 (0.3483 is closest to 0.3478). We use 10° x 2.23 since the characteristic is 2. 


6.226 (6.23)(4.71)(32.8) 


I Let Q = the product. Then log Q = log 6.23 + log 4.71 + log 32.8 = 0.7945 + 0.6730 + 1.5159 = 
2.9834. Then since 0.9834 is closest to 0.9836 which corresponds to 9.63, log Q = 2.9834 and 
Q = 963. 


6.227 984 +237 
I Let S = 8. Then log S = log 948 — log 237 = 2.9768 — 2.3747 = 0.6021, and S = 4.00. (Actually, 
0.6021 is in the table!) 


(24.7)(3.28) 
47.6 


I Let T represent the solution. Then log T = log 24.7 + log 3.28 — log 47.6 = 1.3927 + 0.5159 — 
1.6776 = 0.231, which is closest to 0.2304, which corresponds to 1.70. T = 1.70. 


6.228 


6.229 (7.25) 
f if P=(7.25)’, then log P = 2 log 7.25 = 2 x 0.8603 = 1.7206. Then since 0.7206 corresponds to 
5.25 in the table (that is the closest), P = 52.5. 


6.230 W984 


I Let R = V9.84. Then R = (9.84)", and log R = log (9.84)'? = 4 log 9.84 = 4 x 0.9930 = 0.331. 
Thus, R = 2.14 (0.331 is closest to 0.3304 in the table). 


6.231 27.3 ¥0.629 


# Let T =the product. Then log T = } log 27.3 + 4 log 0.629 = § x 1.4362 + 4 x 0.7987 = 0.7181 + 
0.2662 = 0.9843. Thus, T = 9.64 (closest value from table). 


For Probs. 6.232 and 6.233, find N to four significant digits if log N is the number given. Use the common log 
table. 


6.232 log N = 0.5801 
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I We locate two numbers in the table r and s such that r < 0.5801 <s; they are 0.5798 and 0.5809: 
0.5798 3.80 

0.0011} 0.5801 

0.5809 


Then 0.0011/0.0008 = 0.01/(3.81 — x), (0.0008)(0.01) = [(0.0011)(3.81) — x], 8(0.01) = 11(3.81 — x), 
0.08 = 41.91 — LLx, 1Lx = 41.83, and x = 3.802727 = 3.803 (to four significant places). 


|o.0008 . Jasi-x ao 


6.233 log N =0.4063 
I From the table, 0.4048 < 0.4063 < 0.4065. 


0.4065 2.55 
0.0017} 0.4063 x 0.01 
0. |o.o01s pode — 2.54 


Then 0.0017/0.0015 = 0.01/(x — 2.54), 4] = 0.01/(x — 2.54), 17x = (15)(0.01) + (2.54)(17), 17x = 
43.33, and x = 2.548823 = 2.549. 


For Probs. 6.234 and 6.235, find log N by using interpolation. 


6.234 N=53.62 
flog 53.6 = 1.7292 and log 53.7 = 1.7300. Interpolating, we get 


53.7 1.7300 

0.1 $362 x 0.0008 
0. ea 3 
.02| 6 at ey” a 


Then 0.1/0.02 = 0.0008/(x — 1.7292), 10(x — 1.7292) = 0.0008(2), 10x — 17.292 = 0.0016, 10x = 
0.0016 + 17.292, and x = 1.72936 = 1.7294. (The accuracy matches the table’s accuracy.) 


6.235 N=141.6 
# log 141 = 2.1492 and log 142 = 2.1523. Interpolating, we get 


142 2.1523 
“4618 ¢ 0.0031 
0.4| 141 mee ee 


Then 1/0.6 = 0.0031/(x — 2.1492), x — 2.1492 = 0.00186, and x = 2.15106 = 2.1511. 


6.5 LOGARITHMIC AND EXPONENTIAL EQUATIONS 
For Probs. 6.236 to 6.242, solve the given equation for x in terms of y. 
6.236 y=10 


i ify =10", then x =logy. You can get that answer by remembering that log, x and a* are inverse 
functions, or by taking the log of both sides of the equation y = 10°. Then log y = log 10° and 


log y = x. 
6.237 y=10~ 

I ify =10™, then log y = log 10™ and log y = —x. x = —log y = log y_' = log (1/y). 
6.238 y=5(10-*) 


Blog y =log 5(#0-*) = log 5 + log 10-* = log 5 + (—2x). Then x = (log 5 — log y)/2 = 4 log (5/y) = 
log V5/y. 
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6.239 


6.240 


6.241 


6.242 


y =3(10*) 
Flog y = log 3(10™) = log 3 + log 10* = log 3 + 2x. Then 2x = log y — log 3 = log (y/3) and x = 
} log (y/3) = log (y/3)"”. 


_@+e™ 
eas 


8 Let uw =e". (This is a common trick.) Then e~* = 1/u, so 2y =u + 1/u =(u? + 1)/u and 
u? —2uy + 1=0, a quadratic in u. Then u = (2y + V4y" — 4)/2=y + Vy"—1, and e* =y + Vy" —1. 
Thus, x =In(y + Vy* — 1). 


e-—e"* 


Pie 


I Using the procedure in Prob. 6.240, let u = e*. Then 1/u =e~™* and 2y =u — 1/u =(u* — 1)/u. 
Then u* — 1 = 2yu, u?—2yu —1=0, u=y + Vy" +1, and we obtain x = In (y + Vy" + 1) by solving 
the quadratic. 

y=in(Vx°+1+4+x) 

I This is the solution from Prob. 6.241; thus x = (e” — e~”)/2. 


For Probs. 6.243 to 6.264, solve the given equation; when appropriate, give answers to three decimal places. 


6.243 


6.244 


6.245 


6.246 


6.248 


6.249 


6.250 


5* = 625 

I S*=5°, or x =3. (If 5* =5°, then the exponents must be equal; equivalently, if log, 5* = log, 5°, 
x=3.) 

¥=27 

i 3 =3°, log, 3* =log, 3°, or x =3. 

3°71 =27 

i 3°! =3, log, 3°~' =log, 3°, x* — 1 =3, x? =4, or x = +2. (Check both results!) 
5*-™ = 625 

Bos =5*, x? -3x =4, x? — 3x —4=0, (x — 4)(x + 1) =0, or x =4, —1. (Check these!) 
gr -4et+3 

5-4 =5° log, 5° -**? = log, 5°, x? — 4x +3 =0, (x — 1)(x — 3) =0, or x =1, 3. 

4° *™ = 256 

Boa = 44, x2 43x =4, x? + 5x —4=0, (x + 4)(x — 1) =0, or x = —4, 1. 

2 =41 

Flog 2* = log 41, x log 2 = log 41, or x = log 41/log 2 = 1.6128/0.3010 = 5.358. 


5**! = 3.02 


I log S**' = log 3.02, (x + 1) log 5 = log 3.02, x + 1 = log 3.02/log 5, or x = log 3.02/log 5-1 = 
0.4800/0.6990 — 1 = —0.310. 


195* = 2.68 
Blog 195* = log 2.68, x log 195 = log 2.68, or x = log 2.68/log 195 = 0.4281/2.2900 ~ 0.187. 


6.252 


6.253 


6.254 


6.255 


6.256 


6.257 


6.258 


6.259 


6.260 


6.261 
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logs (x — 1) + logs (x +3) =1 


Ws Then log, (x — 1)(x + 3) =1, St —Y@*9 =5!, (x — 1)(x +3) =5, x7 +2e —3=5, x7? + 2x —-8= 
0, (x + 4)(x — 2) =0, or x = —4, 2. It is crucial to check these answers since the domain of log x is so 
restricted. If x = —4, log; (—5) + log, (—1) is undefined and x = —4 is extraneous. If x = 2, 

logs 1 + log, 5=0+ 1 = 1. Thus, the solution is x = 2. 


logs (2x + 1) + logs (3x — 1) =2 


B Then log.(2x + 1)(3x — 1) =2, (2x + 1)(3x — 1) =5*, 6x7 +x —1=25, 6x* +x —26=0, (6x + 
13)(x — 2) =0, 6x = —13, orx = —¥, 2. But x = —¥} is extraneous, since 3x — 1< 0; thus x = 2 is the 
solution. 


log, 3 + log, (x + 6) =2 

Blog, 3(x + 6) =2, 3x + 18 = 36, 3x = 18, or x = 6. Since log, 3 + log, 12 = log, 36 = 2, the answer 
checks. 

log, (x + 2) + log, (x +4) =1 

Blog, (x +2)(x + 4) =1, (x + 2)(x +4) =3, x7 + 6x + 8=3, x7 + 6x 4+5=0, (x + 1)(e +5) =0, or 
x=-—1, —5. But x = —5 is extraneous. If x = —1, log, 1 + log; 3=0+1=1. Thus, x = —1. 

logs (2x + 4) — logs (x —1)=1 


2x +4 2x+4 
=a se Re 2x +4=5x —5, 3x = —9, or x = —3. Since x = —3, x —1<0; thus 


there are no solutions. 


I log; 


log, (3x + 1) — log,{x — 3) =3 


3x+1 
5 = 3, 3x + 1=8x — 24 (2° =8), 5x = 25, or x =S. Since log, 16 — log, 2=4 —1=3, the 


| log. —— 


answer checks. 
log; (x + 11) + log, (x + 3) =2 
Blog, (x + 11)(x + 3) =2, x? + 14x +33 =9, x? + 14x + 24=0, (x + 12)(x + 2) =0, or x = —2, -12. 
But x = —12 is extraneous. If x = —2, log, 9 — log, 1 = 2 —0=2. Thus, x = —2. 
logs (3x + 7) + log; (x — 5) =2 
I log, (3x + 7)(x — 5) =2, 3x7 — 8x — 35 = 25, 3x7 — 8x — 60=0, (3x + 10)(x — 6) = 0, or 
=— 6. x =6is the solution. 
log 1/(2x) = —log 6 
I log 1/(2x) = log 6~', 1/(2x) =6-' =}, 2x =6, or x =3. Since log } = log 6 ' = —log 6, the answer 
checks. 
log (3x + 4) = log (Sx — 6) 
§ Then 3x + 4= 5x — 6, 2x = 10, or x = 5. Check this solution. 


2In 5x =3Inx 


# if 2in Sx =3 Imx, then In (Sx)* = Inx*. Then (5x)* =x°, 25x77 =x°, x° — 25x* =0, x*(x — 25) =0, 
orx = 0, 25. But x = 0 is extraneous, since 5x = 0 and In 0 is undefined. 


6.263 logx=Ine 
I if logx =Ine, then 10°** = 10", or x = 10°". But Ine = 1, sox = 10. 


6.264 In 25x — In Sx = 2 In Sx — In 25x 


2 
' tn nn SD Kisame In5=Inx, orx=S, 


Sx 25x 25x’ 


CHAPTER 7 ; 
Trigonometric Functions 


7.1 ANGLE MEASUREMENT 
For Probs. 7.1 to 7.8, determine the quadrant containing the given angle. Do not sketch the angle to 
determine the quadrant. 
71 120° 
I Since 90° < 120° < 180°, 120° is in quadrant II. List a few other quadrant II angles before you go 
on to another problem. 
7.2 239.5° 
I Since 180° < 239.5° < 270°, 239.5° is in quadrant III. 


7.3 —70° 
I We note that —90°< —70° < 0°, and so —70° is in quadrant IV. We also might note that 
—70° + 360° = 290°. Thus, 70° is coterminal with 290°. Since 270° < 290° < 360°, 290 (or —70*°) is in 
quadrant IV. 

7.4 —420° 
I —420° + 360° = —60° and —60° + 360° = 300°. Thus, —420° and 300° are coterminal; 300° is in 
quadrant IV, and therefore so is — 420°. 

7.5 —46.52 
I 2m x 24= 48x, and 48a + (—46.52) = 1.52 = 32/2. This is a quadrantal angle. 


f Since —2/2< —2/10<0, —2/10 is in quadrant IV. Also, 2a + ( — 2/10) = 192/10, and 192/10 
is in quadrant IV. Since — 2/10 and 192/10 are coterminal, —2/10 is in quadrant IV. 

7.7 2/17 
f Since 0< 2/17 < 2/2, 2/17 is in quadrant I. 


7.8 —1654° 


ff 360° x 5 = 1800°, and 1800° + (—1654°) = 146°. Since 146° is in quadrant II and 146° and —1654° 
are coterminal, —1654° is in quadrant II. 


For Probs. 7.9 to 7.15, sketch the angle of each of the following measures. In your sketch, place the angle in 
standard position. 


79 225° 
I See Fig. 7.1. 180° + 45° = 225° 


7.10 420° 
I See Fig. 7.2. 420° = 360° + 60°. 
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7.41 


7.12 


7.13 


Terminal side 


Initial side Initial side 


Terminal side 


Fig. 7.1 Fig. 7.2 
621° 


I See Fig. 7.3. When we divide 621° by 360°, the quotient is 1. 360° x 1 = 360°, and 
621° — 360° = 261° = 180° + 81°. 


v 


Terminal side 


Initial side 


ar 


Fig. 7.3 Fig. 7.4 
—675° 
I See Fig. 7.4. —675° = —360° + (—315°) = —360° + (—270°) + (—45°). 


—x/3 
@ See Fig. 7.5. —1/2< —2/3<0. 


Fig. 7.5 
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7.14 23/6 
I See Fig. 7.6. 2327/6 = 2 + 112/6=2n + (22 — 2/6). 


y . 


Fig. 7.6 Fig. 7.7 


7.15  -197/4 
I See Fig. 7.7. —192/4 = —16/4 + (—32/4) = —40 + (—320/4) = —40 + (—27/2) + (—22/4). 


For Probs. 7.16 to 7.20, perform the indicated operation. 


7.16 65°13’ 
i +71°26' 


I 65° + 71° = 136°; 13’ + 26’ = 39’. So the answer is 136°39'. 


. 717 114°29'46” 
—81° 411" 


# 114° —81° = 33°; 29’ — 4’ = 25’; 46” — 11" = 35”. So the answer is 33°25'35”, 


» 7.18 127°10'14" 
—85° 5'53” 
—f 10'14"=9'74" (1' = 60"). Then 
127°9'74" 
—85°5'53” 
42°4'21" 
7.19 11'11" 
+58'59" 


| 11'11" 
5859" 


69°70" 


- 


Since 1' = 60", 69'70" = 70'10". Then since 1° = 60’, 70'10" = 1°10'10", 
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7.20 49° 57” 
+61°59'53" 
! 49° 0’ 57" 
+61°59' 53” 
110°59'110" = 110°60'S0" = 111°0'S0" 
For Probs. 7.21 to 7.24, express the given angle in degrees, minutes, and seconds. 


7.21. 40.25° 

BE 40.25° = 40° + 0.25° = 40° + 0.25 x 60’ (since 60' = 1°) = 40° + 15’ = 40°15' = 40°15'0". 
7.22 75.2 

B 75.2° = 75° + 0.2° = 75° + 0.2 x 60' = 75° + 12’ = 75°12'0". 


7.23 = 17.45° 
EB 17.45° = 17° + 0.45 X 60’ = 17° + 27' = 17°27'0". 


7.24 = 14.458° 


I 14.458° = 14° + 0.458 x 60’ = 14° + 27.48’ = 14° + 27' + 0.48 x 60" = 14° + 27’ + 28.8" = 
14°27'28.8". 


For Probs. 7.25 to 7.27, rewrite the given angle in decimal form. 
7.25 10°10' 
I 60’ = 1°; thus, 10’ = 1° x 8 = (4)? = 0.16°. Then 10°10’ = 10.16°. 
7.26 27°15'25" 
HB 27°15'25" = 27° + (43)° + [25/(60)"]° = 27° + 0.25° + 0.00694° = 27.25694°. 
7.27 = 45°45'45" 
HB 45°45'45" = 45° + (§)° + [45/(60)"]° = 45° + 0.75° + 0.0125° = 45.7625°. 
For Probs. 7.28 to 7.37, convert the given angle to degrees if it is in radians and to radians if it is in degrees. 


7.28 8 x/4 


I (a) 2m rad = 360°. Then 2/4 rad = 360° x (27/4)/(2) = 360° x } = 45°. (b) Alternatively, 7 = . 
180° and 2/4 = 180°/4 = 45°. 


7.29 62/9 
I (a) 62/9=180° x $=120°; or (6) 62/9 = 22/3 = 3(180°) = 120°. 
730 -2/6 


# —2/6= 180° x (—}) = —30°. 


731 —7x 
8 —7x = —7(180°) = —1260°. 


7.32 -—172/6 
8 —172/6 = —¥ (180°) = —S10°. 
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733 2 
I) xrad = 180°. Thus 1 rad = (180/2)° and 2 rad = 2(180/)° = (360/:1)”. 


7.34 45° 
180° = mrad. 45° = 2 x Ao=a xt=a/4rad. 


7.35 410° 
E410! =2 x HM = 2 x 2.27 =2.272 rad. 


7.3% —135° 
B -135°=2 x (-18) =2 x (-0.75) = —0.75a = —32/4 rad. 


7.37. 7°30’ 
Bo 7°30' =7° + (3B) =7.5° = 2 X 7.5/180 = 2 0.0416 = 0.0416 2 rad. 


For Probs. 7.38 and 7.39, find the radian measure of a central angle @ subtended by an arc s in a circle of 
radius R, where R and s are given in each of the following. 


7.38 R=4cm,s=24cm 


5 24cm 
G=u— (i ; ———— a t 
| R (in radians) 6 rad 


7.39 R=10cm,s=102 cm 


7.40 Find five angles coterminal with —155°. 
I See Fig. 7.8. (1) 360°+(—155°) = 205. (2) 2x 360° + (—155°) = 565°. 
(3) 3x 360° + (—155°) = 925°. (4) 15 x 360° + (—155°) = 5245”. 
(5) 5245° — (35 x 360°) = 5245° — 12,600° = —7355°. 


For Probs. 7.41 to 7.43, answer true or false, and justify your answer. 


7.41 If 6,= 0, in degree measure, then @, = 6, in radian measure. 


ff True. Radians and degrees are simply units of measure. 


7.42 Anangle measuring 42 rad is congruent to an angle measuring 27 rad. 


I False. Be verf careful here. These two angles are coterminal, but not congruent. The same is 
true, for example, for 120° and (360 + 120)°. 
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7.43 


For Probs. 7.44 to 7.46, a wheel is turning at the rate of 48 revolutions per minute (r/min). Express this 
angular speed in: 


7.44 


7.45 


7.46 


7.47 


7.49 


7.50 


7.51 


7.52 


7.53 


If x is the supplement of y, then x/2 is the complement of y. 
I False. Here x + y = 180°. Then (x + y)/2 = 90°, but x/2 + y #90°. 


r/s 


E 48r/min= 4 r/s =i r/s. 


rad/min 
f Since 1 r= 2a rad, 48 r/min = 48(27) rad/min = 301.6 rad/min. 


rad/s 
I 481r/min = 3 r/s = 3(22) rad/s = 5.03 rad/s or 48 r/min = 962 rad/min = 927/60 rad/s = 5.03 rad/s. 


The minute hand of a clock is 12 in long. How far does the tip of the hand move during 20 min? 
f During 20 min, the hand moves through an angle 6 = 120° = 27/3 rad, and the tip of the hand 
moves a distance s = r@ = 12(22/3) = 82 in= 25.1 in. 

A central angle of a circle of radius 30 in intercepts an arc of 6 in. Express the central angle @ in 
radians and in degrees. 

§ @6=s/r=$=1 rad = 11°27'33". 

A railroad curve is to be laid out on a circle. What radius should be used if the track is to change 
direction by 25° in a distance of 120 ft? 

ff) We are required to find the radius of a circle on which a central angle 6 = 25° = 52/36 rad 
intercepts an arc of 120 ft. Then 


pe ee Ret 
au 


Assuming the earth to be a sphere of radius 3960 mi, find the distance of a point in latitude 36°N 
from the equator. 


I Since 36° = 2/5 rad, s = r@ = 3960( 2/5) = 2488 mi. 


Two cities 270 mi apart lie on the same meridian. Find their difference in latitude. 
§ @=s/r =270/3960 = 4 rad or 3°54.4'. 


A wheel 4 ft in diameter is rotating at 80 r/min. Find the distance (in feet) traveled by a point on the 
rim in 1 s, that is, the linear speed of the point (in feet per second), 


2m 82 
i 80 in = 80 =) = 
r/min ( mr rad/s 3 rad/s 
Then in | s the wheel turns through an angle 6 = 82/3 rad, and a point on the wheel will travel a 
distance s = r@ = 2(827/3) ft = 16.8 ft. The linear velocity is 16.8 ft/s. 
Find the diameter of a pulley which is driven at 360 r/min by a belt moving at 40 ft/s. 


r 360 r/min = 360( = ) rad/s = 122 rad/s 


7.54 


7.55 


7.56 


7.57 


7.58 


7.59 
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Then in I s the pulley turns through an angle 6 = 127 rad, and a point on the rim travels a distance 
s=40ft. 


s 40) 20 
d=2r=2(=)=2(—) == ft=2.128 


A point on the rim of a turbine wheel of 10-ft diameter moves with a linear speed of 45 ft/s. Find the 
rate at which the wheel turns (angular speed) in radians per second and in revolutions per second. 


f In 1sa point on the rim travels a distance s = 45 ft. Then in | s the wheel turns through an angle 
@=s/r = 45/5 =9 rad, and its angular speed is 9 rad/s. 
Since 1 r = 22 rad or 1 rad = 1/(2) r, 9 rad/s = 9[1/(2)] r/s = 1.43 r/s. 
Express each of the following angles in mils: (a) 18°, (b) 16°20’, (ce) 0.22 rad, (d) 1.6 rad. 
I Since 1° = 4 mils and 1 rad = 1000 mils; 


(a) 18°= 18(“) mils = 320 mils. 


(b) 16°20’ = = ea) mils = 290 mils. 


(c) 0.22 rad = 0.22(1000) mils = 220 mils. 
(d) 1.6 rad = 1.6(1000) mils = 1600 mils. 


Express each of the following angles in degrees and in radians: (a) 40 mils, (6) 100 mils. 
I (a) 40 mils = 40(;3))° = 2°15", and 40 mils = 40(0.001) rad = 0.04 rad. 

(b) 100 mils = 100(;)° = 5°37.5’, and 100 mils = 100(0.001) rad = 0.1 rad. 

At 5000-yd range, a battery subtends an angle of 15 mils. Find the width of the battery. 
8 R=im =5, m=15, and W = Rm =5(15) =75 yd. 


A ship 360 ft long is found to subtend an angle of 40 mils at an observation post onshore. Find the 
distance from shore to ship. 


I W = 360 ft = 120 yd, m = 40, and R = W/m = 120/40 = 3. The required distance is 3000 yd. 


A shell is observed to burst 200 yd to the left of the target. What angular correction should be made 
in aiming the gun if the range is (a) 5000 yd and (6) 7500 yd? 


I (a) The correction is m = W/R = 200/5 = 40 mils, to the right. 
(b) The correction is m = W/R = 200/7.5 = 27 mils, to the right. 


For Probs. 7.60 to 7.63, in which quadrant will 6 terminate? 


7.60 


7.61 


7.62 


sin @ and cos @ are both negative. 

I Since sin 6 = y/r and cos @ = x/r, both x and y are negative. (Recall that r is always positive.) 
Thus, @ is a third-quadrant angle. 

sin 6 and tan @ are both positive. 


I Since sin @ is positive, y is positive; since tan 6 = y/x is positive, x is also positive. Thus, @ is a 
first-quadrant angle. 


sin @ is positive, and secant @ is negative. 
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7.63 


I Since sin @ is positive, y is positive; since sec @ is negative, x is negative. Thus, @ is a 
second-quadrant angle. 
sec @ is negative, and tan 6 is negative. 


I Since sec @ is negative, x is negative; since tan @ is negative, y is positive. Thus, 6 is a 
second-quadrant angle. 


For Probs. 7.64 to 7.67, in which quadrants may @ terminate? 


7.64 


7.65 


7.67 


7.68 


7.69 


7.70 


sin @ is positive. 
I Since sin @ is positive, y is positive. Then x may be positive or negative, and @ is a first- or 
second-quadrant angle. 


cos @ is negative. 


I Since cos @ is negative, x is negative. Then y may be positive or negative, and 6 is a second- or 
third-quadrant angle. 


tan @ is negative. 

I Since tan @ is negative, either y is positive and x is negative or y is negative and x is positive. 
Thus, @ may be a second- or fourth-quadrant angle. 

sec @ is positive. 


I Since sec @ is positive, x is positive. Thus, 6 may be a first- or fourth-quadrant angle. 


Find the values of cos @ and tan 6, given sin 6 = § and @ in quadrant I. 


I Let P be a point on the terminal line of @. Since sin 0 = y/r = §, we take y = 8 and r = 17. Since 
@ is in quadrant I, x is positive; thus 


¥ =VPF-y=ViF-8#= 15 
To draw the figure, locate the point P(15, 8), join it to the origin, and indicate angle @. Then 


x15 es gig. |: 
seal and tan @ =" is 


The choice of y = 8, r = 17 is one of convenience. Note that § = 4§ and we might have taken y = 16, 
r= 34. Then x = 30, cos @= % = #5, and tand = =A. 
Determine the values of cos 6 and tan 6 if sin @ = m/n, a negative fraction. 


I Since sin @ is negative, @ is in quadrant III or IV. 
(a) In quadrant III: Take y =m, r=n, x = —Vn" — m’; then 


x -Vn?—m y —m 
cos 9 = - = ———_ tan @=-= 
r n =a sy x Ve —m 
(6) In quadrant IV: Take y =m, r=n, x = +Vn"— m’; then 
mtn and tan 0 => = e 
r n x n>—m 


Evaluate sin 0° + 2 cos (P + 3 sin 90° + 4 cos 90° + 5 sec 0° + 6 esc WO”. 
F 0+ 2(1) + 3(1) + 4(0) + 5(1) + 6(1) = 16. 
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7.71 Evaluate sin 180° + 2 cos 180° + 3 sin 270° + 4 cos 270° — 5 sec 180° — 6 csc 270°. 
# 0+2(-1) + 3(-1) + 4(0) — 5(-1) — 6(-1) = 6. 


7.2 TRIGONOMETRIC FUNCTIONS 


For Probs. 7.72 to 7.96, find the value of the trigonometric function at the given angle. Do not use a 
calculator. 


7.72 sin 90° 


I See Fig. 7.9. Here the point (0, 1) is chosen on the terminal ray of the angle. From the equation 
sin 6 = b/R for any angle @ where b is the ordinate of (a, b) on the terminal ray, we have 
sin 90° = 1/1 = 1. [Clearly, R = 1, the distance from (0, 0) to (0, 1).] 


Fig. 7.9 


Fig. 7.10 
7.73 sin 45° 


I See Fig. 7.10. for convenience, choose (1, 1) on the terminal ray. Then sin 9 = b/R = 1/V2= 
v2/2 [v2. = distance from (0, 0) to (1, 1)}. 

7.74 cos 60° 
I See Fig. 7.11. cos @ = a/R =}. We choose (1, V3) on the 60° ray for convenience. 


7.75 sin 30° 
I See Fig. 7.12. Then sin 30° = b/R = 4. 


Fig. 7.11 Fig. 7.12 
7.76  cot30° 
# See Fig. 7.13. cot @ = a/b for any angle @. Then cot @ = V3/1 = V3 when 0 = 30°, so 
cot 30° = V3. 


esc 45° 
I) See Fig. 7.14. For any angle 0, csc @ = 1/sin @ = R/b. Thus, csc 45° = 2/1 = V2. 


w « 
YY, 2 


i ii: ee me li ae 


eee 


r 


212 J CHAPTER 7 


Fig. 7.13 Fig. 7.14 


7.78 tan 90° 


I See Fig. 7.15. We choose (0, 1) on the terminal ray. We know tan @ = b/a (a #0) for any @, but 
here a = 0. Thus, tan 90° is not defined. 


Fig. 7.15 Fig. 7.16 


7.79 = sin 120° 


I (a) We illustrate the 120° angle in Fig. 7.16. The reference angle is found by dropping a 
perpendicular line to the x axis. Here @ = 180° — 120° = 60°. Choose a convenient P on the terminal 
ray of 120°; (—1, V3) is convenient. Then R = 2, b = V3, and sin 120° = b/R = V3/2. 

(6) Notice that (1) the reference angle for 120° is 60° (see Fig. 7.17), (2) sin 6 > 0 in quadrant II, 
and (3) sin 60° = V3/2. Thus, sin 120° = +sin 60° = V3/2. 


M 


or 


Fig. 7.17 


7.80 


7.81 


7.82 


7.83 


7.84 


7.85 
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sin 135° 

I See Fig. 7.18. (a) sin 8 = b/R = 1/V2 = V2/2. 

(b) sin 135° = +sin 45° in quadrant II, where 45° is the reference angle. Then sin 6 > 0 = V2/2. 
cos 135° 


I See Fig. 7.19. (a) cos 135° = a/R = —1/V¥2 = —y2/2. 
(6) cos 135° = —cos 45° (cos 6 < 0 in quadrant II and 45° = reference angle) = ~y2/2. 


Fig. 7.18 Fig. 7.19 


tan 120° 

f tan 120° = —tan 60° (quadrant II) = —V3. Note: If you forget that tan 60° = V3, then recall that 
sin 60° = 3/2, cos 60° = 3, and tan 60° = (3/2) -2= V3. 

cot 120° 


I See Fig. 7.20. (a) cot 120° = —cot 60° = —1/tan 60° = —1/V3 = —V3/3. 
(6) Use the reference angle: cot 120° = a/b = —1/V3 = -V3/3. 


Fig. 7.20 Fig. 7.21 


sin (32/4) 
I See Fig. 7.21. sin (37/4) = sin (2/4) = V2/2. [Recall: sin (7/4) = b/R = 1/V2 = V2/2. 


cos (52/6) 


@ See Fig. 7.22. (a) cos (52/6) = —cos (2/6) (cos @ <0 in quadrant II and 2/6 = reference 
angle) = —V3/2. 
(b) cos (52/6) =a/R = —V3/2. 


ese 210°, 


f See Fig. 7.23. (g) csc 210° = —esc 30° = —1/sin 30° = —1/4 = —2. 
(6) csc210°=R/b =2/-1=-2. 


ant 
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7.87 sec (42/3) 
I See Fig. 7.24. (a) sec (41/3) = —sec (27/3) = —1/cos (2/3) = —1/4 = —2. 
(6) sec (42/3) = R/a = 2/—1 = -2. 

7.88 cot 300° 


I See Fig. 7.25. (a) cot 300° = —cot 60° = —cos 60°/sin 60° = —4/(V3/2) = —4(2/V3) = 
-1/V3 = -V3/3. 
(b) cot 300° = a/b = 1/-V3 = -V3/3. 


7.89 tan 330° 
I See Fig. 7.26. (a) tan 330° = —tan 30° = —sin 30°/cos 30° = —4/(V3/2) = —4(2/V3) = —V3/3. 
(b) tan 330° = b/a = —1/V3 = -V3/3. 

7.90  cos315° 
I See Fig. 7.27. cos 315° = cos 45° = ¥2/2 (cos @ > 0 in quadrant IV). 
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Fig. 7.28 
7.91 cos 270° 
I See Fig. 7.28. cos 270° = a/R =0/1=0. 
7.92 sin 480° 
I sin 480° = sin (360° + 120°) = sin 120° = sin 60° = 3/2. 
7.93 cos 870° 
i I cos 870° = cos (720° + 150°) = cos 150° = —cos 30° = — 3/2. 
7.94 cos (—870°) 
I cos (—870°) = cos 870° [cos (— @) = cos 8] = cos (720° + 150°) = cos 150° = —cos 30° = — 3/2. 
7.95 — sin(—960°) 


I See Fig. 7.29. sin (—960°) = —sin 960° [sin (— 6) = —sin 6] = —sin (720° + 240°) = 
—(—sin 60°) = sin 60° = 3/2. 


Fig. 7.29 
7.96 cot (—1035°) 
E cot (—1035°) = —cot 1035° = —cot (720° + 315°) = —cot 315° = —cot 45° = —1. 


_ For Probs. 7.97 to 7.105, evaluate the given expression. 


7.97 sin? 0° + cos? 0° 
f sin 0° =0, and cos 0° = 1. Then sin* 0° + cos? 0° = 0? + ? = 1, 
7.98 sin’ (2/2) + cos? (x/2) 
fl sin (2/2) =1, and cos (2/2) = 0. Then sin? (7/2) + cos? (7/2) = 12 +0? = 1. 
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7.99 sin? 315° + cos® 315° 
BE sin 315° = —sin 45° = — 2/2, and cos 315° = cos 45° = 72/2. Then sin? 315° + cos? 315° = 
(—V2/2)? + (V2/2)? =4+4=1. 

7.100 1+ tan* (2/2) 
I tan (7/2) is undefined (tan 0 = b/a, and a = 0). Thus, 1 + tan? (27/2) is undefined. 


7.101 = cos (27/4) cos (21/2) — sin (1/4) sin (21/2) 
I cos (1/4) = V2/2, cos (2/2) =0, sin (2/4) = V2/2, and sin (2/2) = 1, Thus, cos (21/4) cos (27/2) — 
sin (27/4) sin (2/2) = V2/2 -0 — V2/2 - 1 = —V2/2. 

7.102 sin0'+sin(2/2)+sinz 
I sin0=0, sin (2/2) =1, and sin 2 = 0. Then sin 0 + sin (27/2) + sin m=0+1+0=1. 


7.103  2sin (2/2) cos (2/2) 
# sin (2/2) =1, and cos (2/2) = 0. Then 2 sin (2/2) cos (7/2) =2-1-0=0. 


7.104 cos (2/4) + cos (2/2) + cos a 
I cos (2/4) = ¥2/2, cos (2/2) = 0, and cos x = —1. Thus, cos (2/4) + cos (7/2) + cos 1 = 
V2/2+0-—1=2/2-1. 
7.105 sine’ wherex=Inz 
f sine" *=sinz=0. 
For Probs. 7.106 to 7.111, find the value of the other five trigonometric functions for the indicated 6. Do not 
find @. 
7.106 sin@=?, cos8<0 


I sin @=3=b/R. Then from a* + b? = R? we have a? + 9=25, or a= +4. But cos 0<0, 
so a = —4. Then cos 6 = a/R = —32; tan 6 = b/a = —}; cot 6 = —4; csc 0 = 1/sin @ = §; 
and sec 6 = 1/cos 6 = —}. 


7.107 tan@=—ij, sin@d<0 


I tan @=—{=b/a. Then b =4, a= —3 or b = —4, a =3. But sin 0 = b/R and sin 6 <0. Thus, 
b <0. Then b = —4, a=3, and R* =a’ + b? = 25, or R =5 (R >0 always). Then cot 6 = —3}; 
sin @= b/R = —3; csc @ = 1/sin @ = —}; cos 0 = a/R = —3; and sec 6 = —3. 


7.108 cos @=-—V5/3, cot@>0 


I if cos @=—V5/3, then R =3, a= —V5. From a? + b? = R?, b? = R?—a2=9-—5=4. Then 
b = +2. But cot @>0, so a/b >0, and a <0. Thus, b <0, and b = —2. Then sec @ = —3/V5; 
tan 6 = b/a = —2/—V5 = 2/¥5; cot @ = V5/2; sin @ = b/R = —3; and esc @ = —3. 


7.109 cos @=-V5/3, tan@>0 
I Note that tan @ = b/a and cot @ = a/b. Then tan 6 > 0 whenever cot @ > 0. Thus, this problem is 
equivalent to Prob. 7.108, and the answers are identical. 

7.110 tan @=—V2, sin@<0 


I tan @ = b/a = —V2 = —V2/1 so b = —V2, a=1 or b = V2, a = —1. But sin @<0, sob <0 and 
b = —V2, a=1. Then R = Vi? + (— V2) = V3. Thus, cot @ = —1/V2; sin 0 = b/R = —V2/V3 = 
~V2/3; csc 0 = —V3/2; cos 6 = 1/3; and sec 6 = V3. 
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7.111 tan @=—vV2, cos@>0 


I tan @=-V2, sob =—V2, a=10rb = V2, a=—1. But cos 0>0, soa >0 and 
b = —V2, a=1. The results are identical to Prob. 7.110. Do you see why? 


For Probs. 7.112 to 7.115, answer true or false, and justify your answer. 


7.112 Ifx is an angle measured in radians, then cos (360 + x) = cos x. 


I False. In radian measure, x and 360 + x are not coterminal. However, cos (2 + x) = cos x. 


| 7.113 Ifsinx =cosx, then x must be 45°. 
I False. x = 45° is one solution. Others are 45° + 360°, 45° + 2(360°), etc. 


7.114 sin[sin(2/2)]>0 
I sin (2/2) =1. Since 0< 1< 2/2, the angle a measuring 1 rad is in quadrant I and sin a > 0. True. 
7.115  cos[sin (32/2)]>0 
I sin (32/2) = —1, but —2/2 < —1 <0; thus the angle 6 measuring —1 rad is in quadrant IV and 
cos 8B > 0. True. 
7.3 INVERSE TRIGONOMETRIC FUNCTIONS 


For Probs. 7.116 to 7.146, find the value of the given expression. Do not use a calculator or a table of values. 


7.116 Sin™'} 


I if y =Sin“‘}, then sin y = (by definition of the Sin™' x function). Then y = 17/6 (30°). 
Remember: If y = Sin™' x, then —2/2=y = 2/2. If y = Cos ' x, then0=y =a. If y=Tan ‘x, then 
—n/2<y<2/2. 


7.117 Sin-' (3/2) 
i ify =Sin™ (V3/2), then sin y = V3/2 (—2/2<y = 2/2). Thus, y = 60° (27/3). 
7.118 Arccos $ 


I “Arc” notation is just another means of expressing inverse trigonometric functions. Arccos } = 
Cos~' 4. Then if Arccos } = y, cosy = 4 (OSy = 2). Thus, y = 60°. 


7.119 Cos™' (1/2) 
I If y =Cos™ (1/V2), then cos y = 1/V2 (= ¥2/2) (0=y = 2); y = 45°. 


7.120 Sin~'1+Sin“'0 


i ify =Sin™ 1, then sin y = 1 (—2/2=y =2/2), and y = 2/2. Sin" 0=y, so sin y =0, and y =0. 
Thus, Sin~' 1 + Sin-' 0 = 2/2 +0= 2/2. 


7.121 Sin~' 1+ Sin~' (-1) 


I Sin™' 1 = 2/2 (see Prob. 7.120). If y = Sin™' (—1), then sin y = —1 (—a/2=y = 2/2) 
and y = —2/2. (Note: y = 32/2 is incorrect. Look at the range!) Thus, 
Sin~' 1 + Sin~' (—1) = 2/2 + (—2/2) =0. 


7.122 Arctan V3 


f ify =Arctan V3, then tan y = V3 (—2/2< y < 2/2) and y = 60°. (Did you forget that 
tan 60° = V3? If so, recall that sin 60° = V3/2, cos 60° = }, and tan 60° = sin 60°/cos 60°.) 
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7.123 


7.124 


7.125 


7.126 


7.127 


7.128 


7.129 


7.130 


7.1301 


7.132 


Tan™' (—1/V3) 
§ ify =Tan~' (—1/V3), then tan y = —1/V3 (—2/2<y < 2/2). Thus, y = —30°. (Note that 150° is 
wrong!) 

Arccot V3 

f ify =Arccot V3, then cot y = V3 (0<y <2) and tan y = 1/V3. Thus, y = 30°. 


Aresec (— V2) 


I See Fig. 7.30. If y = Arcsec (— V2), then sec y = —V2 (0<y =a, but y # 2/2). Then 
cos y = —1/V2, so y = 135°. 


Arcese (—2) 
I See Fig. 7.31. If y = Arcesc (—2), then csc y = —2 (—a/2 Sy S 27/2, but y #0). Then, 
sin y = —4, and y = —30°. 

Tan~' (—1) + Cot! (—1) 

f Tan~'(—1)=y, so tan y = —1 (—2/2< y < 2/2) and y = —2/4. Cot™' (—1) = y, so 
cot y = —1 (0<y <2) and y = 32/4. Then Tan™' (—1) + Cot™' (—1) = —2/4+ 32/4 = 27/2. 
sin (Arcsin 4) 

I This really says, “The sine of the angle whose sine is }."’ Thus, sin (Arcsin 4) = 4. 


cos (Cos~' 0.72134) 
@ See Prob. 7.128. This is simply 0.72134. In fact, what is cos (Cos™'/), where —1 =/ <1? It must 
be / itself. 

Arcsin [sin (21/3)] 
B sin (7/3) = V3/2. Arcsin [sin (2r/3)] = Arcsin (V3/2) = the angle whose sin is V3/2 (between 
—z/2 and 2/2) = 2/3. 

cos [Arccos (V3/2)] 

ff See Prob. 7.128. cos [Arceos (V3/2)] = V3/2. 


tan (Arccos 0.5) 
§ Arccos 0.5 = y means cos y = }, or y = 60°. Then tan (Arceos 0.5) = tan 60° = 
cos6o” 4 : 


7.133 


7.134 


7.135 


7.1% 


7.137 


7.138 


7.139 


7.140 


7.141 


7.142 


7143 
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Arccos [cos (2/2)] 

# cos (2/2) =0. Arccos 0 = y means cos y = 0 (0S y = 2), and y = 2/2. Thus, 

Arccos [cos (t/2)] = 2/2. Look at Prob. 7.130. Do you see a pattern? 

sin [Arccos (—V2/2)] 

# Arccos (—V2/2) = y = means cos y = —V2/2 (0<y <2), and y = 135°. Thus, 

sin [Arccos (—V2/2)] = sin 135° = V3). 

cos [Arctan (—1)] 

Hf Arctan (—1) = —2/4 (—a/2<y < 2/2). Then cos [Arctan (—1)] = cos (—2/4) = V2/2. 


Arccos [sin (327/4)] 


I See Fig. 7.32. sin (37/4) = sin (27/4) = V2/2. Then Arccos (2/2) = 2/4 
[since cos (2/4) = V2/2)]. 


Fig. 7.32 
sin [Arccos (—V3/2)] 
I Arccos (— 3/2) = y, so cos y = —V3/2 (0=y = 2), and y = 150°. Then sin 150° = sin 30° = 0.5, 


cos (2 Tan™' 1) 
@ Tan~'1=2/4. Then 2 Tan“ 1 = 2/2 and cos (2/2) = 0. Thus, cos (2 Tan™' 1) = 0. 


Sec [Arccos (—V3/2)] 


v3 1 1 -2 -2¥3 
4 Arocos (~*=) = 150° (since 0-=y =x), Then sec 150° = —— == ea 
esc [Arcsin (V2/2)] 
Ps: ae a 1 l 2 2Vv2 
So Pr a Ty gk’ ae Wm 
sec [Arcos (V3/2)] 
V3_x x 1 t 2 Ae 
i Arooos >= ¢. Then sec & = 76) Vala v3 “0 
tan [Arcsin (V3/2)] 
f Arcsin’? = 60". Then tan 60° = 22%" _ V3/2_ yg. 
2 cos60P 


cot [Arccos (-V3/2)) 
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7.144 


7.145 


7.146 


For Probs. 7.147 to 7.153, prove the given statement. 


7.147 


7.148 


7.149 


7.150 


7.151 


7.152 


7.153 


§ Arccos (—V2/2) = y, so cos y = —V2/2 (0s y = 2). Thus, y = 135°, and then 
cot 135° = SS ~V82_ 
sin 135° 2/2 i 


ese [Arctan (-v3)] 


# Arctan (— V3) = y means that tan y = -V3 (—2/2<y < 2/2), so y = —60°. Then esc (—60") = 
l 1 1 =2 


sin (—60°) ~ =sinoo’ —V3/2 V3" 


Tan~' [tan (Cos~* 4)] 


# Cos~'!4=2/3 (0=y <2). Then tan (2/3) = V3. Finally, Tan™' V3 = 2/3. Another 
method would be to note that Tan“' (tan @) = 6 (—2/2< @< 2/2). Then 
Tan‘ [tan (Cos~' 4)] = Cos~' 4 = 27/3. 


Arccos (Arcsin 0) 
I Arcsin 0=0. Then Arccos (Aresin 0) = Arceos 0 = 2/2 (OS y = 2). 


Arcsin (—x) = —Arcsin x 

f Let y = Arcsin (—x). Then sin y = —x, and sin (—y) = —(—x) =x. Then —y = Arcsinx, and 
y = —Aresin x. Thus, — Arcsin x = y = Arcsin (—x). 

Arccos (—x) = a — Arcecos x 


I Let y =a — Arccos x. Then Arccos x = 2 — y, and x = cos (4 — y) = cos 4 cos y + sin 2 sin y 
{using the cos of a sum formula (see Chap. 8)] = —cos y. Thus, y = Arccos (—x), and Arccos (—x) = 
y = 2 — Arccos x. 


Arctan (—x) = —Arctan x 


f Let y = Arctan (—x); then tan y = —x, and x = —tan y = tan (—y). Thus, —y = Arctan x, 
y = —Arctan x, and Arctan (—x) = y = —Arctan x, 


WS 
Y | where |x} <1, ly|<1 


Arctan x + Arctan y = Arctan = 


# Leta =Arctan x, b = Arctan y. Then x = tana and y = tan b. Thus, 
— 

1 —xy 1—tanatanb 

see Chap. 8) =a + b = Arctan x + Arctan y, and the two sides of the identity are equal. 


= Arctan [tan (a + 5)] (for the tangent of a sum 


Sec (Arccos x) = 1/x 


I Let y = Arceos x. Then cos y = x, and sec y = 1/x; but y = Arccos x, so sec (Arccos x) = I/x. 


esc (Arcsin x) = 1/x 


@ Let y = Aresin x. Then sin y = x, and cse y = 1/x. Thus ese (Arcsin x) = 1/x. 


2 Arctan x = Arctan 5, I1<1 


1—x 


TRIGONOMETRIC FUNCTIONS J 221 


x+x 2x 
= Arctan ——— ; see Prob. 7.150 and let x = y. 


fs 2 Arctan x = Arctan 
1—x-x 1—x 


For Probs. 7.154 to 7.156 verify the given statement. 


7.1584 Arctan}+ Arctan $= 2/4 


us 4+ 
1 Arctan x + Arctan y = Arctan = {57 50 Arctand + Arctan } = Arctan; _ 
é = sas - 
Arctan 5 = Arctan 1 = 1/4. 
7.155 2 Arctan} + Arctan $= 2/4 
i ; 3 3 i 3+4 eS x 
| 2 Arctan 3 = Arctan > 7 = Arctan j. Then Arctan 4 + Arctan > = Arctan > z= Arctan = 7. 
ie 4 oo 


7.156 Arctan4+ Arctan } + Arctan $= 2/4 


b+4 
fs Arctan 4 + Arctan 4 = Arctan ~ = Arctan 3. Then Arctan 3 + Arctan 4} = 
~ 10 
o+4 Box 
Are, 7 Ae 
72 72 


7.157 Write sin (Cos™' x) as an algebraic expression in x free of all trigonometric functions. 


1 Let 6=Cos"' x. Then, 0= @ = 7 and if 0’ is 6’s reference angle, Fig. 7.33 describes 6. Then 
AB = V1 — x and sin 9 = V1 — x*/1 = V1 — x°. Thus, sin (Cos~' x) = sin 6 = V/1 — x*. Note that 


whether @ is a quadrant I or II angle does not alter this. 


Fig. 7.33 


74 GRAPHING THE TRIGONOMETRIC FUNCTIONS 
For Probs. 7.158 to 7.167, find the period of the function. 


7.158 y=cscx 
I We note that esc (x + 27) = csc x Wx in the domain; also, no number p smaller than 27 satisfies 
the equation csc (x + p) = csc x for all x. Thus, period = 27. 

7.159 y=cotx 


I cot (x +) =cot x for all x in the domain. No number p smaller than 2 satisfies cot (x + p) = 
cot x Wx. Period = x. 


7.160 f(x)=secx 


B sec (x + 22) =sec x Vx € domain; thus, 27 = period since no smaller p satisfies sec (x + p) = 
sec x Vx. 
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7.161 


7.162 


7.163 


7.164 


7.165 


7.166 


7.167 


f(x) = —secx 


B if sec (v + 22) = sec x Wx, then —sec (x + 22) = —sec x. Period = 22. 


f(x) =4sinx 

I The period is not affected by the number 4. It is only affected by that which we take the sine of. 
Here period = 22. 

y =7sin 3x 

I The period of y = q sin rx is 27/|r|. Here, r =3. The period = 22/3. 


y = —6 cos (2x/7) 
I The period of y = q cos rx is 27/|r|. Here, r = 4; thus, the period = 22/3 = 2” - } = 7. 


y =4sin (2x + 2) 

fy =4sin (2x + x) which is of the form y = A sin (Bx + C) where A =4, B =2. Then the 
period = 22/B =22/2= 2. 

f(x) =3 tan (2x + mz) 

I Here, f(x) = A tan (Bx + C) where B = 3. Then the period = 2/B = 2/3. 


f(x) = |sin x| 


I See Fig. 7.34. The period is 2 (not 22) since |sin x| = 0 for all x; thus, between 2 and 22, we get 
a repeat of the graph from 0 to z. 


For Probs. 7.168 to 7.170, determine the phase shift. 


7.168 


7.169 


7.170 


y =sin (x + 2) 

i ify =Asin(Bx + C), B>0, then the phase shift = |C/B| to the right if C/B <0; C/B to the left 
if C/B >0,. Here A=1, B=1, C=a, and C/B = 2/1 > 0; thus, the phase shift = 7 units to the left. 
f(x) =2 cos (2x + 2/3) 

I Here B = 2, and C = 2/3. Then C/B =(2/3)/2 = 2/6 >0. Phase shift = C/B = 2/6 units to the 
left. 

f(x) = 4 sin (2x — 2/7) 

fs Here B =2, and C = —2/7. Then C/B = —2/14<0. Phase shift = |C/B| = 2/14 to the right. 


For Probs. 7.171 to 7.173, use the trigonometric graphs to solve the given equation. 


TRIGONOMETRIC FUNCTIONS J 223 


7471 sinx =0 
I See Fig. 7.35. Clearly, sinx = 0 when x = +nz for all whole numbers n. 


Fig. 7.35 


7.172 tanx=0 
I Sce Fig. 7.36. Clearly, tan x = 0 when x =n Wn € Z. 


7.173 cscx=0 


I See Fig. 7.37. Clearly, csc x is never zero. Notice why! csc x = 1/sin x and 1 #0. 
For Probs. 7.174 to 7.176, answer true or false and justify your answer. 


7.174 The secant function is even. 


I Does f(—x) = f(x) Vx? sec (—x) = 1/cos (—x) = 1/cos x = sec x. Thus, f(—x) = f(x) 
and sec x is even. True. 


7.175 The cosecant function is odd. 


8 csc (—x) = —_——- = —— = - esc x. Thus, csc (—x) = —cse.x, and esc x is odd. True. 


- 


7.176 The tangent curve is symmetric about the x axis. 


For Probs. 7.177 to 7.180, let f be a function with period 2. Find the period of each function. 


7.177 


7.178 


7.179 


7.180 


For Probs. 7.181 to 7.186, sketch, on the same axes, one complete period of each function. 


7.181 


7.182 


Fig. 7.37 


I Recall that if y = f(x) and replacing y by —y does not alter the function, then f exhibits x-axis 
symmetry. Let y = tan x. Then —y = —tan x # tan x Vx. The tangent curve is not x-axis symmetric. 


g(x) =f(x—1) 
BE og(x+1l)=f(x+1-—1)=f(x) # f(x —- 1). g(x +2) =f(x +2-—1) =f (4 +1) =f (x — 1) since f has 
period 2. Thus, period of g = 2. 

g(x)=f(x)+1 


HB og(x+l)=f(x +1) +1 Ff (x) +1. g(x +2) =f(x +2) 4+1=f(x) +1 (period of 
f =2)=g(2). Period of g = 2. 


g(x) =f (2x) 
EB og(x +1) =f[2(x + 1)] =f (2x + 2) =f (2x) = 2(2). Period of g = 1. 


g(x) =f(0.4x) 
ET g(x +5) =f[0.4(x + 5)] =f (0.4x + 2) = f(0.4x) = g(x). No smaller number works. Period of 


g=5. rv 


y =sinx, y =sin 2x 
I See Fig. 7.38. Period of sin 2x = 22/2 = 2. Both functions have an amplitude = 1. 


y =sinx, y=2sinx 
@ See Fig. 7.39. Both functions have a period = 27; 2 sin x has amplitude = 2. 


y =cosx, y =cos 2x 
I See Fig. 7.40. Both functions have amplitude = 1; period of cos 2x = 24/2 = x. 


x 
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Fig. 7.38 


y=2sina 


Fig. 7.39 


Fig. 7.40 
7.184 y=cosx, y=2cosx 

I See Fig. 7.41. Amplitude of 2 cos x = 2. 
7.185 y=sinx, y =sin 3x. 


I See Fig. 7.42. Period of sin 3x = 22/3. Sketching hint: Sketch three copies of sin x for sin 3x, and 
then label the points on the x axis. Finally, sketch sin x. 


7.186 y=sinx, y =sin 4x. 


I See Fig. 7.43. Period of sin (x/2) = 27/4 = 42. Sketching hint: Sketch sin x for sin (x/2), and then 
label the x axis from 0 to 42. 


For Probs. 7.187 to 7.198, sketch the graph of the given equation. 
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Fig. 7.41 


Fig. 7.42 


Fig. 7.43 
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7.187 y=-—sinx 
I See Fig. 7.44. —sin (2/2) = —1; —sin (32/2) = —(—1) = 1. 


7.188 f(x)=—2sinx 
I See Fig. 7.45 and Prob. 7.187. Multiply each y value by 2. 


7.189 = —3sin 2x 


I See Fig. 7.46. Amplitude = 3 ( = |—3}); period = 22/2 = a. Sketching hint: Sketch a copy of sin x, 
but observe the period. Label the x axis appropriately. Observe the amplitude, and label the y axis. 
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Fig. 7.47 


7.190 y=sin(x + 2/2) 


I See Fig. 7.47. Amplitude = 1; C = 1/2, B =1. Phase shift = C/B = (2/2)/1 = 2/2 units to the left 
(C/B >0). Sketching hint: Sketch the sine curve, and then put in the axes. Notice the sine curve 
between the two slash marks on the graph. 


7.191 y=sin(x + 2/3) 
I See Fig. 7.48. The phase shift is C/B = (2/3)/1 = 2/3 units to the left (C/B > 0). 


phase shift = 2/3 to the left 


7.192 y=-—sin(x — 2/4) 


I See Fig. 7.49. Amplitude = |—1| = 1. Phase shift = |C/B| = |(—2/4)/1| = 2/4 units to the right 
(C/B <0). 


Phase shift = 2/4 to the right 


Fig. 7.49 


TRIGONOMETRIC FUNCTIONS J 229 


7.193 y=2cos(x + 2/3) 
I See Fig. 7.50. Amplitude = 2. Phase shift = C/B = 2/3 to the left. 


Fig. 7.51 


7.194 y=2cos (2x + 2/2). 
I See Fig. 7.51. Amplitude = 2. Phase shift = (27/2)/2 = 2/4 to the left. Period = 22/2 = z. 


7.195 y=4cos(x — 2/4) (-m=x=3z) 


I See Fig. 7.52. Amplitude = 4. Period = 22 ( = 22/1). Phase shift = |—2/4| = 2/4 units to the 
right. 
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Fig. 7.53 
7.196 y=3tan2x(-asx52) 
I See Fig. 7.53. Period = 2/2. 


7.197 y=Arcsinx 


I See Fig. 7.54. This is the inverse of y = sin x (—2/2 =x = 2/2). Thus, if y = Arcsin x, then 
sin y =x where —2/2Sy S 2/2, x €[—1, 1]. 


vertical 


Fig. 7.55 
7.198 y= Arccosx 
ff See Fig. 7.55 and Prob. 7.197. 


CHAPTER 8 
[/ Trigonometric Equations and Inequalities 


8.1 ELEMENTARY IDENTITIES 


For Probs. 8.1 to 8.53, prove that the given equation is an identity. Refer to Fig. 8.1 when necessary. 


Fundamental Relations 

sin @csc 0= 1 sin @ 
tan 6 = 

cos @sec @=1 cos 6 


tan @cot@=1 cos @ 
cot 


sin @ 
sin? 6 + cos* @=1 
1+ cot? 6 =csc* 6 


1 + tan? @=sec* 6 Fig. 8.1 


8.1 sin x(csc x — sin x) = cos’ x 


f Ask yourself, Which side of the equation is more complicated? Begin working there. 
Continue to simplify that side of the equation until it looks exactly like the other 

side of the equation. sin x(csc x — sin x) = sin x csc x — sin? x = 1 — sin? x 

(since sin x = 1/esc x) = cos’ x (since sin* x + cos? x = 1), and the identity is established. 


secx cscx 2 
2, Ss 
sinx cosx sinxcosx 
secx cscx Il/cosx 1/sinx . 1 
7 —— =———_ + ——___ since secx = ——, csc x = —— 
sinx cosx  sinx cos x cos x sin x 
1 1 2 
sinx cosx sinxcosx sinxcosx 
8.3 cos x(sec x — cos x) = sin? x 
I cos x(sec x — cos x) = cos x sec x — cos’ x = 1 — cos? x = sin’ x (since sec x cos x = 1, 1—cos*x = 
= 
sin’ x). 
8.4 csc x(cse x — sin x) = cot” x 


~ oa . * ~ 2 
I csc x(ese x — sin x) = esc x — csc x sin x = cot’ x (since ese x sin x = 1, csc” x — 1 =cot’ x). 


8.5 (sin x + cos x) sin x = 1 — cos x(cos x — sin x) 
I (sin x + cos x) sin x = sin’ x + cos x sinx 
=1-—cos?x+cosxsinx (since sin’ x + cos’ x = 1) 


= 1 — (cos? x — cos x sinx) = 1 — cos x(cos x — sin x) 


sin x + cos x cos? x 


8.6 x+ 


tan x - sin x 


231 
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8.7 


8.8 


8.10 


8.11 


8.12 


sinx +cosx sinx cosx 


tanx tanx tanx 
sin x cos x inx 
= + —— since tan x = —— 
sinx/cosx sinx/cosx x 
sinx cosx cosx cosx cos’ x 
= —_———_ + ——— = cose + 
sin x sin x 


(sin x + cos x)? = 1+2sinx cos x 


I (sinx + cos x)’ = sin* x + 2 sin x cos x + cos’ x = (sin? x + cos’ x) +2 sin x cos x = 1+ 2sinx cos x. 


(sin x — cos x)? = 1 — 2 sin x cosx 


I (sin x — cos x)? = sin? x — 2 sin x cos x + cos’ x = 1 — 2 sin. x cos x. 


(sin. x — cos x)? + (sin x + cos x)’ =2 
I (sin x — cos x)? + (sin x + cos x)’ = sin* x + cos* x — 2 sin x cos x + sin’ x + cos* x + 2 sin x cosx = 
1—2sinx cosx +1+2sinx cosx =2+0=2., 
sin* x = 1 — (cos* x + sin* x cos” x) 
f osin* x =sin’ x sin?’x =sin?x(1—cos’x) — (since sin* x + cos’ x = 1) 
= sin? x — sin* x cos” x 


= 1 —cos? x — sin’ x cos? x = 1 — (cos* x + sin’ x cos” x) 


sin? x cos*x  tan*x+1 


l—sin?x 1—cos?x tan’x 


sin’ x cos’ x _ sin x 4 208 x 
l—sin'x  1—cos*x ak: Bly sin’? x 


2 .__ SiN tant x +1 
= tan’ x + cot* x ( since ——= tan x } = tan?’ x +—,;—-=—_,— 
cos x tan” x tan’ x 
, : 2 sin? x 
(sin x + tan x)? + 1 — sec? x = sin? x + ——— 
cos x 


ff (sinx + tan x)? + 1 —sec* x =sin’ x + 2 sin x tanx + tan’ x + 1 —sec?x 
= sin? x +2 sin x tanx + (sec? x —1)+1—sec’x 
(since tan® x = sec? x — 1) 


<a ‘ ae _  - Sinx 
= sin’ x + 2 sin x tanx = sin° x + 2 sin x —— 
cos x 


2 Se 
=sin* x + 
cos x 
es le bei 
sinx+1 sinx—1 
1 4 1 _ (sin x — 1) — (sinx +1) _ -2 
sinx+1 sinx—1 (sin x + 1)(sin x — 1) ~ sin?'x —1 
+2 


eo" = 
l—sin’x cos*x 
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8.14 (1—sinx)(1+sinx)+sin’x=1 
f (1—sinx)(1 +sin x) + sin* x = (1 — sin? x) + sin? x = cos? x + sin? x = 1 or, 
more simply, (1 — sin? x) + sin?x =1+0=1. 
515 sin x cosx _ sin’x + cos’ x 
’ 1—sin?x 1—cos*x sin’ x cos*x 


sin x ee cos x sinx  cosx 


~ . 2 2 
Spe : (since sin* x + cos* x = 1 
l—sin?x 1—cos*?x cos*x sin?x ) 


sin’ x + cos*x 


2 ra | 
cos? x sin? x 
| 8.16 1 1 —2 sin x cos x 
‘ sinx+cotx sinx—cotx sin‘ x —cos’x 


sin x — cot x — (sin x + cot x) 


we OES (—2 cos x)/sin x 
sin?x—cot?x (sin? x)/1— (cos? x)/sin? x 
_ —2sin x cos x 


=— 5 (here we multiplied by sin* x/sin® x) 
sin’ x — cos’ x 


1 —cos* x 
8.17 Se ee 
sin’ x cos x 
1—cos* x sin? x 1 
= CCT 
sin?-xcosx sin’xcosx cosx 
. 4 2 
; sin* x cos* x 
8.18  (sinx + cotx)? = ——.~——_ + 2 cos x 


sin? x 
: evs 2 : 
I (sinx + cotx)* =sin’ x + cot? x +2 sin x cot x 


2 


om cos’ x _  cosx on cos x 
= sin* x +—>— + 2sinx — since cot x = —— 
sin” x sinx sin x 
» . 
a cos* x sin* x + cos? x 
= st 24 + 2 cos x = —__, + 2008 F 
sin’ x sin’ x 


8.19 1—cosx sin x 


: a NS 
sinx 1 —cos x 
l—cosxsinx _(1—cosx)’+sin’x 1—2cosx +cos’x +sin?x 
sin x a sinx(1—cosx) sin x(1 — cos x) 
2—2cosx 


2(1 — cos x) 


(since sin* x + cos* x = 1) =——____—— 
sin x(1 — cos x) 


sin x(1 — cos x) 

2 i 

=—  =2cscx (since sin x = ——) 
sin x csc x 


l+secx tanx_ 1+secx 
8.20 —— 2. 


tan x secx secx tanx 


———E—EE—EEEE—————_ —- » rs a 2 ' *¢@ 
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L+secx tanx _(secx)(1 +secx)—tan?x secx + sec’ x —tan’x 


tanx  secx sec x tanx sec x tanx 
secx +1 F 

=————__ (since sec’ x — tan’ x = 1) 
sec x tan x 

cosx sinx 

821 —+—=secxcscx 
sin. x 
g 8 sinx cos’x+sin?x_ 1 ~~} at 


sinx cos x sin x cos x sinxcosx sinxcosx 


=cscx sec x (since sin x csc x = 1 and cos x sec x = 1) 


8.22 sec? x tan’ x — tan? x = tan* x 
B osec’ x tan® x — tan* x = tan’ x(sec” x — 1) 
=tan’xtan’x (since tan’ x = sec’ x — 1) = tan* x 


8.23 2sin?x —cos?x + 1 =3sin? x 


I 2sin? x — cos’ x + 1 =2sin’ x + (1 — cos? x) =2 sin? x + sin* x =3 sin’ x. 


8.24 sect x —tan* x =sec’x + tan’ x 
I sect x — tan‘ x =(sec’x +tan*x)(sec*x—tan?x) (difference of two perfect squares) 
=(sec’x+tan?x)(1) (since sec? x — tan?.x = 1) 
= sec’ x + tan? x 
1+cotx 


8.25 —=tanx +csc’x—cot’x 
cot.x 


I This is the same as Prob. 8.26. Here we begin with the right-hand side. Sometimes both sides 
look fairly complicated, and it is hard to decide where to begin. 


1 cotx 1l+cotx 
tan x + csc? x — cot? x = =tanx + 1] =— + —— = ——————— 
cotx cotx cotx 
1+cotx 
cotx 


8.26 =tanx + csc’ x —cot’x 


cot x is cotx cotx 


=tanx+(csc*x—cot?x) (since csc’ x — cot? x = 1) 


Bo Tee Bee 
8.27 (sin x ~ cot x)(sin x + cot x) = 1— 2 200m’ x + 1) 
sin® x 
I (sin x — cot x)(sin x + cot x) = sin’? x — cot* x = 1 — cos? x — cot” x = 1 — (cos? x + cot” x) 


2 


‘ (= a2) cos* x sin? x + cos? x 
sin’ x 


cos* x(sin® x + 1) 
sin’ x 
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8.28 (sinx+cosx)*=1+4sinx cosx + 4(sin x cos x)’ 
I (sinx + cos x)* = (sin x + cos x)*(sin x + cos x)? 
= (sin? x + 2 sin x cos x + cos? x)(sin? x + 2 sin x cos x + cos* x) 


=(1+2sin x cos x)(1+2sin x cos x) = 1+ 4sin x cos x + 4(sinx cosx) 


l-—cosx  sin’x 


8.29 eared 
csc x 1+ cosx 


l—cosx 1-—cosx 
= —_——_ = i i- 
csc x 1/sin x a 


=) va (sin® x)(1 — cos x) 


= (sin x)(1— cos x)( 5 = 


sin’? x 
__ (sin® x)(1 — cos x) 
1 —cos*x 

(sin* x)(1 — cos x) sin? x 
2 ——— ss Prob. 8.30 
i cma ica ) 
l—cosx  sin’x 

csc x 1+cosx 


8.30 


sin’x sinxsin’x (sin x)(1—cos’ x) 


i Chr 


l+cosx 1+cosx 1+cosx 


: Se m _ 
_ (sinx)G cos x)(1 St maton cos x 
1+cosx csc x 


Which method do you think is preferable, that of Prob. 8.29 or of Prob. 8.30? Why? 


2 —sin? @ 

8.31 ee we | ke nad 
sin 6 cos @ 
cos’ 6 —sin* 6 _ cos? 6 x sin* 6 


sin@cos@  sin@cos@ sin@cos@ 


qs Gced sindsind  .o—-tne 
~ sin@cos@ sin @cos6— 


Note the first line of the equations. There were many algebraic techniques that seemed applicable 
here. The minus sign on both sides convinced us to use this technique. Do not be afraid to abort an 
attempt that appears futile! 


‘3. ——+—_= 


cos@ sin@ cos@ sin @ 
a —+ 


= = 20+sin? @=1 
sec@ csc@ I/cos@ 1/sin@ vt = 


a 3] 
an5 SEE See 
sec@ sin@ 


csc@ cos@ Il/sin@ cos@ cos@ cosé@ 
+ a 4+ —_ = — + — = cot 8 + cot 6 =2 cot 0 
sec@ sin@ Ii/cos@ sin@ sin@ sin@ 
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8.34 (1—cos @)(1 + sec 6)=sec 8—cos@ 


# (1 —cos @)(1 + sec @) = 1 — cos 6 + sec 6 — sec @ cos 0 = 1 — cos 0 + sec 6 — 1 = sec @ — cos 8. 


8.35 = sec’? 8+ csc’ 8 = sec’ O esc* O 
me 1 _ sin’ @ + cos’ @ 
cos @ sin? @ ~~ sin’ @cos* @ 


ae Se en 


f se’ @+csc @= 


Note that at the beginning we went from sec @ and csc @ to sin @ and cos @, and back, then at the end 
we went to sec @ and csc 6. This is a common technique: We tend to feel more comfortable with the 
sine and cosine functions. 


8.36 = tan’ 6 — sin? 9 = tan’ @ sin’ 6 


sin’ 6 _ sin’ 6 —sin® 6 cos’ @ 


29- eae 2 = 5 — sj 24 2 
fT tan sin’ 0 RE cos’ @ 
op RE oe) 0 ee Se ee 
cos @ cos’ 6 1 


8.37. csc8-—cot Ocos G=sin @ 
@ (See the discussion for Prob. 8.35.) 
1 cos@ l—cos?@ sin’ @ 


é—co?d 6=—- 
= a sin 6 no” sin @ sin 6 


8.38 sec’ 8+cot @=csc’ A+tar @ 
sec’ 6+ cot? 6 2csc 8+ tan’ @ 
i cos’ 6 1 sin’ 6 

2 + le 4 +2 + J 2 
cos*@ sin*@~ sin’ @ cos’ @ 


sin? @ + cos* 6 _ cos* 6 + sin* 4 
cos’ @sin* @ ~ sin® A cos* @ 
This seems to be futile. Try this instead: 
sec” 0+ cot” 6 2 csc? 6 + tan? 6 
(tan’ 6 + 1) + cot? 62 (1 +cor @) + tan’ @ 
tan’ @+1+ cor’ @=tan*? 6+1+ cot é@ 


i é 
8.39 aie dsc @ 
csc@ sec@ 
# See Prob. 8.40. We can work on both sides of the equation as long as we do not make use of the : 
equals sign. 
in @ ‘ 
nS + eS sin Oca 0 
csc @ sec@ 


sin @ ‘ cos @ 
I/sin@ I/cos@ 


sin’ 0+ cos? 621 
l=] 


2 sin csc @ 
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8.40 S88 te in bic 8 
esc@ sec@ 


sin@ cos@ sin@ cos @ 


—— += + = sin* 6 + cos* @ 
6 wt Te Tae 
=1=sin 6csc @ (since sin @ = ——) 
csc 8 
ca SE oe -ace 
, sin 6 cos @ 
cot 6 —tan 6 _ cord  _—itan@ _ (cos @)/sin@ (sin @)/cos 6 
sin@cos@ sin@cos@ sin@cos@ sin @cosé@ sin 8 cos @ 
eee ee 
sin’? @cos@ sin@cos*@ sin? @ cos’ @ 
4 
, = csc’ @—sec’ 0 (since ese @ = — and sec @ =.) 
sin @ cos @ 
29-— - 29 
8.42 SO RS’ = tan? @ 
sin’ @ 
| 
. eo oe oe 8 _ (sin* 6)/cos* 6 1 (si ; 29 = Sin 8) 
sin* 6 sin? @ sin’ @ sin’ 6 oo nee 
1 
=—> —1=tan?@ = (since sec’ @— 1=tan’ @) 
cos’ 6 
sin 8 cos @ tan 6 
8.430 SF 
cos? @—sin?@ 1-—tan’@ 
\ tanéd sin 6@/cos @ _cos 8 
1—tan?@ 1 —sin® @/cos*@ cos 6 
= sin @ cos 6 sin # cos 6 
cos @ — sin? @/cos @ cos @ cos" 6—sin* @ 
Set 64 mc 
1+ cos 0 
sn@ cos@  sin@ cos @(1+cos@)+sin’ @ 
8 cot 6+ ——. = ——. + ——. = 
l+cos@ sin@ 1+cosé@ sin 6(1 + cos @) 
_ cos @ + cos? 6+ sin’ Q_ cos 8+ 1 1 a 8 
sin 6(1 + cos 6) sin @(1 + cos @) _ sin 0 
8.45 ee aan 5 an 
cot x + cscx 


sinx+tanx sinx+sinx/cosx (sinxcosx +sinx)/cosx 


—_—— CS 


cotx+escx cosx/sinx + 1/sinx (cos x + 1)/sinx 
(sin x cosx +sinx)sinx sin’ x cosx + sin’ x 
~ 608 x(cos.x + 1) "cos? x + cos x 
_ sin’ x(cos x + 1) _ sin? x ‘ sin x 


= sin 
~ cos x(cos x + 1) cos x cos x 


=sinx tanx 


8.46 


8.47 


8.49 


8.50 


8.51 


8.52 


8.53 
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= @—tan@ 
sec 0+ tan 6 — 


I We begin by multiplying by the conjugate. 
1 1 sec @—tan @ _ sec #—tan 6 


sec 6 + tan @ ~ sec @ + tan 0 sec@—tan@ (sec 6+ tan @)(sec 6 —tan @) 


=< 7 = ——— 9 0 = tan 6 
sec’ 6 —tan’? 6 1 ee — 

tan’ x csc’ x cot? x sin’? x = 1 
si” 1 ces*x : 

Titan’ x ese’ x cot® x sin® Pn es sin” x =-=1 
gos x six six 

2 

sec’ @ 2 

ea a 

sec @—1 i 

' sec’ 6 ec 8 I/cos*@ ee 


se @—1 tan’@ sin? O/cos'6 sin'O 
sin’ @ —cos* @_ 
sin* 6 — cos* @ 

sin‘ @—cos*@ _ (sin’ @— cos* wal 6 + cos? @) _ 


7 @+cos* @= 
sin? @—cos* @ sin? — cos* 6 - 7 : 


cos@—sin@ coté@—1 
cos@+sin@ coté+1 
I) Think! What will change cos @ into cot 6? 


cos @—sin 6 _ cos @— sin @ V/sin 6 _ cor é—1 
cos #+sin 6 ~ cos 0+ sin 0 1/sin 0 cot@+1 


sin x 1+cosx 
en rts rene 


ES 


l1—cosx 1l—cosx 1+cosx 1 —cos* x 
Pn) Rsk 2 1+cosx 


sin? x sinx 


In tan x = Insin x —Incosx 


inx sin 
f intanx= in“ (since tanx = ane) = In sin x — In cos x (property of logs) 


(x sin 6 — y cos @)? + (x cos @+y sin OY =x? + y* 

I (xsin 6 —y cos 0) + (x cos 6 + y sin 6) 
= x* sin’? @ — 2xy sin 6 cos @ + y? cos* @ + x? cos” @ + 2xy sin 6 cos @ + y* sin? 6 
=x’ sin’ 0 +x? cos’ 6 + y? sin? 6 + y* cos* 6 
= x*(sin’ 6 + cos’ @) + y*(sin® 6 + cos® @) 


2 


=x*-L+y?+ Lox? +y? 


ontd 


8.54 


8.55 


8.56 


8.57 


8.58 
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Prove the quotient relations: 
@= _ cos 8 


‘os 6 si sin @ 
f For any angle @, sin @=y/r, cos @=x/r, tan @=y/x, and cot @=x/y, where P(x, y) is any point 


6 
on the terminal side of @ at a distance r from the origin. Then Or at IO Le ——~ and cot @= 
x/r cos@ 
ttt 988 (Atsocoto=—t = 8 ) 
y y/r siné@ tan@ sin@ 


Prove the Seema relations: (a) sin? 6 + cos? 6 = 1, (b) 1+ tan? 6 =sec’ 6, 
(c) 1+ cot® @ = csc? 8. 


I For P(x, y) defined as in Prob. 8.54, we have 
(1) x*+y?=r 


(a) Dividing (1) by rm we get (x/r)? + (y/r)’ = 1 and sin’ 6 + cos” a= =}. 
(b) Dividing (1) by x? gives 1 + (y/x)? =(r/x) and 1 + tan? 6 = sec” @. Also dividing sin? 6 + 
sin 0 


- 1 
cos’ @ 1 y cos* we get aad l= ros | te 6+1= sec’ 6. 


(c) Dividing (1) by y*, we get (x/y)’ + 1 = (r/y)* and cot? @ + 1 = csc* 8. Also dividing sin? 6 + 
2p— <3 - cos °)' = (—-— 2 2p . 
cos’ @ = 1 by sin @ gives 1+ (© nO ==) or 1+ cot’ 6 =csc* @. 


Express each of the other functions of @ in terms of sin 0. 
I cos’ 6 =1—sin* 6 and cos 6 = +V/1 — sin* 6 


eye sin 6 _ sin @ Pao 1 _ £V1-—sin’ 6 
cos 0 +V1 — sin’ 0 ~ tané sin @ 
1 1 1 
6=——= ¢=—— 
aes cos@ +V1—sin° @ so sin 6 


Note that cos @ = + V1 — sin’ @. Writing cos # = V1 — sin” @ limits angle @ to those quadrants (first 
and fourth) in which the cosine is positive. 


Express each of the other functions of @ in terms of tan 6. 


1 
I sec? 8=1+ tan’ 6 and sec 9 = +V1 + tan @, cos @= oe ra et bask syn 
sec 8 +V1+tan- 6’ cos @ 
may 1 +V1 + tan? 6 


and sin 6 = tan @ cos 6 =tan @ — = 
i +Vi + sy ~ ¥Vi + tan* ~ sin @ tan 6 


Using the fundamental relations, find the values of the functions of 6, given sin @ = 2. 


I From cos? 6 = 1— sin? 6, cos 9@=+4V1 —sin® B= +V1—(P =4V8 = 43. 


Now sin @ and cos @ are both positive when @ is a first-quadrant angle while sin @ = + and 


cos @ = — when @ is a second-quadrant angle. Thus, 
first quadrant second quadrant 
sin 8 = 4 cot @=4 sin a=? cot@=—4 
cos #= 3 sec 0 = j cos@=-$ secO=-} 
tnd=-j csc@= 
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8.59 Using the fundamental relations, find the values of the functions of 6, given tan 6 = —#. 


I Since tan 6 = —, @ is either a second- or fourth-quadrant angle. 
second quadrant fourth quadrant 
tan 6 = —j tan@=—§ 
cot @= 1/tan @ = —# cot @= —# 
sec 0= —V1 + tan? 0=-48 sec d= 
=I/sec@=-¥# cos = 8 
=Vi+cor6=¥ pone as 
sin 0=1/esc = § sin 6=-—A 


8.60 Perform the indicated operations. 


I (a) (sin 6 —cos 6)(sin @ + cos @) = sin? 6 — cos* 6 
(b) (sin A +cos A)’ =sin? A +2sin A cos A + cos’ A 
(c) (sin x + cos y)(sin y — cos x) = sin x sin y — sin x cos x + sin y cos y — cos x cos y 
(d) (tan? A —cot A)’ =tan* A —2 tan? A cot A +cot’A 


cos@ sin @+cos@ 


+—— = 
ii sin 6 sin 6 
/ _ sin 6 2 cos? 6 — sin @ cos 6 +2 
cos@ cos?6- cos? @ 
8.61 Factor. 


I (a) sin’ 6 —sin 6 cos 6 =sin @(sin 6 — cos @) 
(b) sin* 6 + sin® @ cos” @ =sin® @(1 + cos’ @) 
(c) sin’ 6 +sin 6 sec 6 — 6 sec? @ = (sin 6 + 3 sec @)(sin @ — 2 sec 0) 
(d) sin’ @ cos’ 6 — sin* @ cos’ 6 + sin @ cos? @ = sin @ cos® @(sin* 6 — sin @ cos 6 + 1) 
(e) sin* 6 —cos* @ = (sin? @ + cos? 6)(sin® 6 — cos? @) 
= (sin @ + cos’ 6)(sin @ — cos 6)(sin @ + cos @) 


8.62 Simplify each of the following. 


I (a) sec 8 ~ sec 0 sin? 8 = sec 8(1 ~ sin® 8) = sec @ cos? 8 = —— cos? @ = cos 8 


1 cos@ sin@cos@ 
(b) sin Osec cot d= =n 0: — ao ane 


(c)_ sin® 0(1 + cot® @) =sin? 6 csc* 8 = =} 


1 
sin’ 6 


(d)_ sin® @ sec* 6 — sec* @ = (sin* @ — 1) sec* @ = —cos* 6 sec* 6 = 


(e) (sin 6 + cos 6) + (sin 6 — cos 0) = sin® @ + 2 sin @ cos 6 + cos* 6 
+ sin? 6 —2sin 6 cos @ + cos* @ 
= 2(sin? 6 + cos* 6) = 2 
sin’ @ a cos’ 
oo or ae 


=sin? 0+cos @=1 


(Yf) tan’ @ cos’ 6 + cot’ 4 sin? ‘=; sin’ @ 
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cos@ sin@ cos@_ sin @(1+sin @)+cos’ @ 


l1+sin@ cos@ 1+sin@~ cos 6(1 + sin @) 


_sin@+sin°@+cos’@ _—sin@ +1 
cos #(1 + sin @) cos 6(1 + sin @) 


1 
= = é 
cos @ oe 
Verify the identities in Probs. 8.63 to 8.70. 


2 
8.63 sec? @—csc? = 


- 1 1 sin? @—cos’ 6 
cos’@ sin? @ sin? @cos* 4 


8.64 sect @—sec? @=tan’ @+tan’ 6 


I tan* 6+ tan® @ =tan? 6(tan* @ + 1) =tan® @ sec* 6 = (sec* @ — 1) sec? 86 =sec* @—sec’ @ 
or sec* 6 — sec” 6 = sec” @(sec* @ — 1) = sec” 6 tan? 6 = (1 + tan’ @) tan* 6 = tan? @ + tan* 6 


sin x 1+ cosx 


8.65 22cscx= - 
1+cosx sin x 
1 sin x , Ltcosx _sin* x + (1+ cos x)’ 
1+cosx sin x sin x(1 + cos x) 


_sint'x+1+2cosx+cos*x 2+2cosx 
sin x(1 + cos x) sin x(1 + cos x) 


2(1 + cos x) 2 


= —————_ = — =2csex 
sinx(1+cosx) sinx 
8.66 1—sinx _ pat 
cos x 1+sinx 
cosx _ cos” x =a s 
l+sinx cosx(1l+sinx) cosx(1+sinx) 
_(i-sinx)(1+sinx)  1—sinx 
cos x(1 + sin x) COs x 
8.67 secA—cscA _tanA—1 
secA+cscA tanA+l1 
1 1 sinA 
secA—cscA_cosA sinA cosA _tanA—1 
secA+cscA 1 1 sinA _ tanA+1 
cosA sinA cosA 
8.68 tanx —sinx _ see x 


sin’ x 1+cosx 
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tanx—sinx sinx/cosx—sinx sinx—sinxcosx sinx(1—cosx) 

T-Sh CUS 
sin’ x sin’ x cos x sin’ x cos x sin’ x 
1 —cosx 1—cosx 


cosxsin’x cosx(1—cos* x) 


1 sec x 
cosx(l1+cosx) i+cosx 


csc A — sec A 


sin A 


cos A 
A —sinA 
1 cosAcotA—sinAtanA “~~ “aA. cos A _ cos’ A — sin’ A 
escA—secA 


cos A —sinA 


_ (cos A — sin A)(cos* A + cos A sin A + sin* A) 
cosA —sinA 

=cos* A +cosA sinA +sin*?A 

=1+cosAsinA 


8.70 sin@—cos@+1_ sin@ +1 
4 sin@+cos@-1 cos 


cos @(sin 6 + cos 6 — 1) cos @(sin 8 + cos @ — 1) 


_ —cos’ 6 +sin @ cos #+cos 6 _ cos A(sin 6 — cos @ + 1) 

cos @(sin @ + cos 6 — 1) cos @(sin 6 + cos 6 — 1) 
_ sin @—cos 6+1 
~ sin 8+ cos @—1 


8.2 ADDITION AND SUBTRACTION IDENTITIES 


(Refer to Fig. 8.2 when necessary for problems in this section.) 


Addition and Subtraction Identities 


sin (@ + a) =sin @ cos a + cos @ sin a 


cos (@ + w)=cos 6 cos a+sin @ sin a 


tan @+tana 
tan (Ot 8) = a Oana 


Fig. 8.2 


For Probs. 8.71 to 8.80, find the value of the given expression. Do not use tables or a calculator 
8.71 = sin 15° 


I Here we use the identities sin (x + y) = sin.x cos y + cos x sin y and 
sin (x — y) = sin x cos y — cos x sin y. 15° = 45° — 30°. Thus, sin 15° = sin (45° — 30°) = 
i ‘gue ae 2 V3 v2 1 V6 vV2_V6-v2 
sin 45° cos 30° — cos 45° sin 30° = — - — —- — -- = — —- — = ——_ 
2. ft ded. 4 4 


8.72 


SS 


8.73 


8.74 


8.75 


8.76 


8.77 


8.79 
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cos 15° 


# Compare this to Prob. 8.71. Here we use the identities cos (x + y) = cos x cos y — sinx sin y and 
cos (x — y) =cosx cos y + sin x sin y. Thus, cos 15° = cos (60° — 45°) = cos 60° cos 45° + 


sin 60° sin 45° = me As NEES, 


tan 75° 


tan x + tan 
BcnSiacton set AM 5 
1 # tan x tan y 


tan 45°+tan30°) 1 +1/V3 — (V34+1)/V3_ V3 41 


T= tan 45° tan 30° 1—1(1/V3)  (V3— 1)/V3_ V3— 1° 1 YOU FOrBot What tan HPs, use 
sin 30°/cos 30°. 


I Here we use the identity tan (x + y) = tan 75° = tan (45° + 30°) = 


cot 75° 

ao trht = 1 _V3-1 
I cot75 = tan 78 WSF DAVE=1) (see Prob. 8.73) =" --— 
esc (2/12) 
Be ox/12=2x/3 — 2/4 (=4n/12 — 3x/12). Thus, 


ose = = ese (= -*) = _____ 

12 3 4 sin (2/3 — 2/4)" 
a om oa xn. 

or (2-2 K. £ St 

u sin =)= = sin = cos 7 cos = sin = 


_V3 v2_1 V2_Vv6-v2 


The te Se ee 

Th a 4 
Us, C75 = TE Va * 
tan 
"72 

72x (2 x tan (7/3) + tan (2/4) V3+1 V34+1 
f tan—=tan +2) _ 

12 a 14 1—tan(2/3)tan(a/4) 1-V3-1 1-Y3. 
sin 22° cos 38° + cos 22° sin 38° 


Ef sin 22° cos 38° + cos 22° sin 38° = sin (22° + 38°) = sin 60° = V3/2. 


cos 14° cos 76° — sin 14° sin 76° 

I cos 14° cos 76° — sin 14° sin 76° = cos (14° + 76°) = cos 90° = 0. 
tan 80° + tan 40° 

1 — tan 80° tan 40° 


tan 80° + tan 40° 


1 —tan 80° tan 40° = tan (80° + 40°) = tan 120° = —tan 60° (quadrant Il) = = ¥ 


cos 260° cos 70° — sin 260° sin 70° 
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Ecos 260° cos 70° — sin 260° sin 70° = cos (260° + 70°) = cos 330° =cos 30° = (since x > in 
quadrant IV) = 3. 


For Probs. 8.81 to 8.99, prove that the given equation is an identity. 


tan 46 — tan 30 a 
1+ tan 4@ tan 36 


tan 40 — tan 3@ 
1+ tan 48 tan 30 


8.81 tan @ 


is the formula for tan (x — y) and therefore is equal to tan (46 — 3@) = tan @. 


tan (45°—x) (1—tanx)’ 
tan(45°+x) (1+tanx)* 
tan45°—tanx _1—tanx 
l+tan4S5°tanxy 14+tanx 


i tan (45°-—x)= 


tan (45° +x) = tan45°+tanx — 1+tanx 
l1—tan45°tanx Il—tanx 


Thus, 1—tanx 


tan (45°—x) 1+tanx (1—tanx) 


tan(45°+x) I+tanx (1+tanx) 
1 —tanx 
8.83 sec(a/2—x)=csex 
1 l 
Hl see (w/2—x) = 5 (/2—=x) 00s (x/2) cosa + sin (a /2) sinx 
[from the identity for cos (x — y)} 
1 1 . ; 
as ———=——=cscx (since sinx cscx=1) 
Ocosx+sinx sinx 
8.84 «cot (a/2—x)=tanx 
a re. 
tan(x/2—x) tan (x/2)—tanx 
1 + tan (2/2) tanx 


I cot(x/2-x)= . But tan (27/2) is undefined. Abort this 


sin x cos x 
tt t. ish f tly.) T ing t =—— and cots = ——i d: 
attempt. (This happens frequently.) Try using tan x — cotx sa instea 


_ cos (1/2 —x) een Men 
cot (x/2—x)= iatala— x)" But cos (27/2 — x) = sin x and sin (27/2 — x) = cos x. Thus, 
cot icf epee as 


sin (27/2 — x) ~ COsx 


8.85 sin(m—x)=sinx 


I ssin (2 — x) =sin 2 cos x — cos msinx = 0 cos x — (—1)sinx = 0 + sin x = sin x. 


8.86 = sin(a@—x)_ 
sin (7 +x) 
§ sin (2 — x) = sin x (see Prob. 8.85). Then sin (2 + x) = sin 2 cos x + cos 2 sinx = 


=§j (sin A #0) 


0 + (—sin x) = —sin x. Thus, —————_ = ——— == —1 (sin x #0). 


8.91 


8.92 


—e 


8.93 


«8.94 


8.95 
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cos 2x = cos* x — sin’ x 


I cos 2x = cos (x +x) = cos x cos x — sin x sin x = cos* x — sin’ x. 


cos 2x = 2 cos? x — 1=1—2sin*x 
I (a) cos2x =cos* x — sin? x (see Prob. 8.87) = cos? x — (1 — cos? x) = 2 cos? x — 1. 


(b) cos 2x = cos’ x — sin’ x = (1 — sin? x) — sin? x = 1 —2 sin? x. Thus, 
cos 2x = 1 —2 sin? x =2cos*x — 1. 


tan x + tanx 2tanx 
§ tan 2x = tan (x + x) = —____ = —_. 
l—tanxtanx 1—tan’x 


sin 2x = 2 sin x cos x 


fs sin 2x =sin (x + x) =sinx cosx + cosx sinx =2 sin x cos x. 


sin 3x = sin 2x cos x + cos 2x sin x 


#oo3x =2x +x. Then sin 3x =sin (2x + x) =sin 2x cos x + cos 2x sin x. 


sin 3x = 2 sin x cos* x + cos’ x sin x — sin’ x 
I sin3x =sin2x cosx+cos2xsinx (see Prob. 8.91) 
= (2 sin x cos x) cos x + (cos* x — sin® x) sin x 
=2sin x cos* x + cos’ x sinx — sin’ x 
2 sin (2/6 + x) = V3 sin x + cos x 
ri 2sin (3 +2) =2(sin cosx + cos sinx) =2(c0sx +” sin x) 


= cos x +¥B asin = Visinx +0082 


V2 cos (2/4 —x) =sinx + cos x 


i V2 cos (4 —x) = Vi(cos cosx + sin= sin x) = vi( Y? cos x + V2 sin x) 
=%cosx + sinx =cosx +sinx 


cot x coty — 1 


cot(x +y)= 
&+y) cot x + cot y 


=e t 
§ ej tt i tans ty 


tan(x+y) tan x + tany tanx +tany 
1 —tanx tany 


1 1 ] 


_1 cotxcoty cotxcoty cot x cot y—1 


Ca 


l l cotx cot y cotx +coty 
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sin(@+h)—sin @_ nh 1—cosh 
6 ——— — (sin 8) ———— 
8 h = (cos 0) h (sin @) h 
I sin(@+h)—sin@_ sin 6 cosh + cos @ sinh — sin @ 
h h 
_ sin 8 cosh cos @sinh sin @ 
Tet h h 
_sin@cosh sin@ cos @sinh 
‘a h h 
_ sin @(cosh—1) cos @sinh 
h h 
_ —sin @(1—cosh) , cos @sinh 
h h 
8.97 dsm 
cos x COS ¥ 


sin (x —y)_ sin x COS y — COS x SiN y _ sinx cosy cosx sin y 


cos xX COS y cos x COS y OSX COS cost COS y 
sinx siny 
=—— — —— = tanx — tany 
cosx cosy 
cos (x + 
ce ie way ee 
sin x COS y 


cos (x + ¥) _ cos x COS y — SiN.x sin y _ COS.X SORT Sint sin y 


sin x cos y sin x COS y Sin x Cosy _SiR-T COS y 
cosx siny 
=—— —- —— = cot x — tany 
sinx cosy 
cot? x —1 
8.99 cot 2x =~ — 
2cotx 
mu I 
I cot2x= RE G7 PE EA (see Prob. 8.89) 


tan 2x (2 tan x)/(1 —tan® x) 


1—(li/cotx) cox cot?x—1 


2/cot x covx  2cotx 


8.100 Evaluate sin [Cos '(—4) + Sin” '(—2)] 
| See Fig. 8.3. sin (x +y)=sinx cos y + cos x sin y. Let x = Cos~'(—#) and y = Sin~(—3). 


; Fig. 8.3 
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We get 
sin Cos~'(—$) cos Sin~'(—2) + cos Cos” '(—#) sin Sin~'(—3) = (+2) - (+3) + (—3)(—9) 
a Ny cs pe 
+2 (quad. I) +4 (quad. IV) quad. I quad. IV 


| = +k + 5] = 4 
8.101 Evaluate sin (x + y + 2/2) 


Box+y+a/2=(x«+y)+2/2. Then sin [(x + y) + 2/2] =sin (x + y) cos (2/2) + 
cos (x + y) sin (27/2) = sin (x + y) -0+ cos (x + y)- 1 =cos (x + y). 


8.102 Simplify: sin (x + y) = cos (x +y)-4 


I This is of the form sin A cos B + cos A sin B, where A =x + y and B = 2/6. But 
sin A cos B + cos A sin B = sin(A + B). Thus, the solution is sin (x + y + 27/6). 


8.3 DOUBLE- AND HALF-ANGLE IDENTITIES 
For Probs. 8.103 to 8.108, prove that the given formula is true for all x. Use Fig. 8.4 when necessary. 


Double- and Half -Angle Identities 


sin 2x = 2 sin x cos x 


cos 2x = cos? x — sin? x = 1—2sin? x =2 cos? x —1 


Fig. 8.4 


8.103 sin2x =2sinxcosx 


I sin (x + y)=sinx cos y + cosx sin y. Thus, letting x = y in the above equation gives 
sin (x + x) =sin x cos x + cos x sin x = 2 sin x cos x, and the proof is complete. 


2 

8.104 = tan 2x =———__ 
cotx — tanx 

tan x + tan y 

G tan(x + y) =————__.. us, 
(x+y) 1 —tanx tan y 
2t 2/cot x covx 2cotx I/cot 2 
ipa = tan ee ee ee 


and the proof is complete. 
8.105 cos 2x = cos” x — sin’ x = 1 — 2 sin? x =2 cos* x — 1 
' # Letting x = y, cos (x + y) = cos x cos y — sin x sin y = cos x cos x — sin x sinx = 


cos’ x — sin’ x = (1 —sin* x) — sin? x = 1 — 2 sin’ x. From cos* x — sin* x we also have 
=cos* x — (1 — cos’ x) = 2 cos* x — 1, and the proof is complete. 
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x 1+ cosx 
8.106 —-=+ 
"es 2 
@ cos 2t =2 cos? ¢ — 1. Let t= x/2. Then cos x = 2 cos*(x/2) — 1, 2 cos*(x/2) = cos x + 1, 
cos(x/2) = + Sos , and the proof is complete. 
x 1—cosx 
8.107 in-= 
m5 > 5 
2 1— 
8 cos 2¢=1-—2sin’e. Let r=5. Then cos x = 1 —2sin’ 5+ sin?S = aaa 
sin 5 tal - . and the proof is complete. 
8.108 ee 


2 1+cosx sin x 


at x sinx/2_ +V(1—cosx)/2 tk 1—cosx 
aati cos x/2 ~ $V + cosx)/2_ 1+cosx 


l1—cosx 1+cosx RE 
= +\/ Pay PEE (multiplying by 1) 
ae | 1—cos* x i | sin? x 
si (1+cosx)? (1+cosx)** 


= ee = a since |cos x| = 1 for all x, Actually, tan (x/2) and sin x always 


Thus, tan’ 


1— 
agree in sign (check this!), so tan== ane = a 


_ sin x(1 — cos x) _ sinx{l—cosx) l—cosx 


sin x 1 —cosx 


x 
Thus, tan-= 


,andt ; te. 
2 1+cosx sin. x and the proof 1s complete 


For Probs. 8.109 to 8.116, find the exact value of the given expression without using a table or calculator. 


8.109 = sin 22.5° 


f sin 22.5° = sin (45°/2). Since sins = + +1 : =e 4 Met ot . We reject 


the minus answer since this is a quadrant I angle. Thus, the answer is = tem: ? 


8.110 = sin 75° 


l= fi-(-V f+ V3/2 
! 75°21 then sin 75° = 1= 00s 507 [thai PSE 3/2 2_  2+V3_ 
: 2 2 4 


V2+ V3 
—— 
8.111 cos 15° 


30° ae 1+V3/2_ V2+V3 
wie 


o 
e = 3 a = 
I cos 15°=co : 7 > 


that these two results are the same surprise you? It shouldn't! 


. Look at Prob. 8.110; does the fact 
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8.112 cos 165° 
; nie 1+cos 330° (Be careful! We have a minus sign here 
2 because cos x <0 in quadrant II.) 
ayy Ss 3/2 2__ V2+v3 
2 2 2 
8.113 tan 165° 
1—cosx —cos 330° 1-3/2 2 2-yV3 
Feats | Then tan 165° = 1008330" _ 1-V3/2 2_2-V3_q_ 
2 ~—s sinx ocala sin 330° —4 | v3—2 
8.114 tan 22.5° 
x sinx sin 45° V2/2 2 v2 
I tan-= . Then tan 22.5° = ——_——_— = ae 
ita 1+cos45° 1+ V2/2 2 2+V2° 


8.115 sin 165° 


1- = ~ 
I sin 165°= sin = +\/-——— = = oe pins = 0 tat goaddrane II) = 
fi VIR 2_ VINE 


8.116 cos375° 


Done 479° = can = zie ae (Here we have a positive answer since 375° is in quadrant I, 
and thus cos x > 0.) 


_ = 720") _ ple 1+ Vase. ee, 


For Probs. 8.117 to 8.131, establish that the given statement is an identity. 


1 
8.117 csc29 = SO SC8 
ia 
. I csc20= ae (since sin 20 = i ii Gites Gime a ee 
A sin2@ 2sin @cos 0 2 sin@ cosé 
Acsc @ 
ee (since sin @ csc 8 = 1 and cos 6 sec @ = 1). 
si 
" 
— -8.118 Oa 
2cos* #@-1 
| Ce a (since cos 26 = 2 cos” @ — 1) 
cos2@ 2cos*@—-1 ; 
ee wasn 
2cot é 
2tan @ 1 1 1—tan* 6 
= —— Sh —. Thus, cot 20 =—— = —______.__ =-__"_". 
1 mes tan’ 6 TE Re eee (2tan @)/(1—tan® 6) 2tan 8 
1— 1/cor? 6 cot’ 6 | _ cor @—1 


ba ———— 6 Coot 
me ee. ) 


2cot@ — 


7 fs 
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sec’ @ 
8.120 sec 20 = 39 om 
1 1 sec’ 6 sec 6 
| See Prob. 8.118. sec20 =~ 45 = Wat Oi ate (multiplying by 1) =>—""35 6" 
sin 2x 
8.121 Sacekae et 


sin 2x 2sinxcosx — 2sinxcosx  sinx 


itcedr 1+Ocelx-D) tees coax 

1 —tan* 2x 

ald aae To TE 
1 1 1 — tan” 
@ tan 4x = tan 2(2x), so cot 4x = ——_—_- = ——____—___ == tan’ 2x 


8.123 cos2x +2sin’x =1 
B 2sin? x = 2(1 — cos’ x) = 2 — 2 cos* x. Thus, cos 2x + 2 sin? x = (2 cos* x — 1) + 
(2-2 cos? x) =—-1+2=1. 

8.124 4sin® 6 cos’ @ = 1 — cos* 24 
# sin 26 =2sin @ cos @. Thus, (2 sin 6 cos 0)’ = (sin 26)’, or 4 sin? @ cos* 6 = 
sin? 2 6 = 1 —cos* 26. 

8.125 tan (@ — 45°) + tan (6 + 45°) =2 tan 20 


tan@—tan45° =‘ tan 6 + tan 45° 
1+tan @tan45° 1—tan @ tan 45° 


_tan@—1 tan@+1 
~1+tan@ 1—tan@ 
_ (tan @— 1)(1 — tan @) + (tan 6 + 1) 


I tan (6 — 45°) + tan (6 + 45°) = 


1—tan’?@ 
_ tan 6 —1-—tan* 6 + tan 6 + tan’ @ + 2tan 6 +1 
1—tan’ 6 
4tané@ 2tan 6 
"i-us't “i-uste 
ee Gates te 
2 sinx 
x 1 1 sin x 1+cosx 
cot = = ——— = —_________=_—__. 
2 tan(x/2) (1—cosx)/sinx 1l—cosx 1+cosx 
_ in-x(I + cos. x) _ sin x(1 + cosx) _ 1 + cosx 
1 —cos*x sin’ x ~~ sinx 
6 2 
A “it one 
+ tf] ~ 
! PO Nab andl OPO : : : 


2 2 2 cos*(0/2) (14+cos@)/2 14c0s0' 
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rape 29_1- —cos@ 1—1/sec@ sec@ (since re )- 
mo 2 2 sec 8 ee eee) Leet” 


6 2 
8.129 a ae re 
Pir a eS 
2 sin?(@/2) (1—cos@)/2 1—cosé’ 
, @ 1+cos@ 
‘ +i” 3 agi years 
| 1 ee (4/2) _ (1+ cos 6)/2_1+cos@ 
2 sin?(6/2) (1—cos@)/2 1—cos@ 
8.131 mois 
2 sin x sec x 


I Here we simplify both sides. 


x 1—cosx 
1 t — $j = i =]— ‘ 
(1) an 5 sinx Snx St* l1—cosx (LHS) 
(2) tanx—sinx _ sinx/cosx —sinx 
' sin x sec x sin x/cos x 


cos x 
Itiplying by —— , we h 
Then multiplying aa we have 


sinx—sinxcosx_ (sin x)(1—cos x) 
sin x i sin x 
Since LHS = RHS, the identity is established. 


=1-—cosx (RHS) 


For Probs. 8.132 to 8.137, find the exact value without using a table or calculator. 
8.132 sin (2 Cos“* 3) 


I See Fig. 8.5. sin 2x = 2 sin x cos x. Then sin (2 Cos™' 2) = 2 sin (Cos™' 3) cos (Cos~' 2) = 
2-4-2= 4% (since sin Cos ' 3 = 2). 


; Fig. 8.5 
8.133 cos (2 Cos~' 3) 


I Let x = Cos™' 3.4Then cos 2x = 2 cos? x — 1. Therefore, cos (2 Cos~' 2) = 
2.cos? (Cos 3) - 1 =2(3)?-1=2-%-1=8-1=-&. 
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8.16 


8.135 


8.136 


8.137 


8.4 
8.138 


8.139 


PRODUCT AND SUM IDENTITIES 


tan [2 Cos~' (—4)] 


2tanx 174 2 tan Cos" (—#) 
Totanty’ Phen tan [2 Cos ( w=; 


I See Fig. 8.6. tan 2x = 1— tan? [Cos(—)) 
Since tan Cos” ' (3) = } and tan Cos~' (—) = —j (tan x <0 in quadrant 1), 

2 tan Cos~' (—3) 2(-2) = 
1—tan*[Cos“'(—%)] 1-(-3? 1-% 


sin (x/2) if cosx = 4, 0 <x <90° 


! sin = VS (quadrant I= \'>- i ee. 


tan 2x if cotx = —¥, —a/2<x<0 


6 anaes Ztans ._ Aijcotx) A-s)  -# __10 144 ~—=120 
l—tan?x 1-—(i/cotx 1-(-§) 1-# 122 119 119° 


cos (x/2) if sinx = —4, m<x<32/2 


Sa 
! See Fig. 8.7. cos = — | O08 - usdrant Ill) =—4)2 2 Vo a fi+2V2/3 _ 
- [3 +2v2 
es 


ve Fig. 8.7 


State the four basic product identities. 
f 2sinAcos B =sin(A + B)+sin(A—B) 2 cos A sin B = sin(A + B) —sin(A — B) 
2cos A cos B = cos (A + B) + cos (A — B) 2 sin A sin B = —cos (A + B) +cos(A — B) 


State the four basic sum identities. 


+ - A+B. A- 

! SMe ey Feo 8 sin A — sin B = 2 cos 5 sin - 
- + - 

cos A + c08 B= 2008+ cos #—S cos B— cos A= 2sin “5 sin 48 


Be careful with the cos B — cos A identity, Look carefully at A and B. 


— Se 
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8.140 Derive the identity 2 sin A cos B = sin (A + B) + sin (A — B). 


8.141 


@ sin(A + B) =sin A cos B + cos A sin B and sin (A — B) = sin A cos B — cos A sin B. Adding these, 
we get sin (A + B) +sin (A — B) =2sin A cos B. (You should try to establish the other three; use 
this derivation as a model!) 


At AY 
2 za 


f Let X¥ =A+Band Y =A —B. Then, solving for A and B gives X + Y = 2A, and X — Y =2B,so 
A=*=* and B =~ Thus, 2sin >= rest 3 


the identity in Prob. 8.140. 


Derive the identity sin X + sin Y = 2 sin 


cos = sin X + sin Y by substituting directly into 


For Probs. 8.142 to 8.146, write each expression as a sum or difference. 


8.142 


8.143 


8.144 


8.145 


8.146 


8.147 


2 sin 45° cos 73° 


# 2sin A cos B =sin(A + B) +sin(A — B). Then letting A = 45° and B = 73°, we get sin (45° + 
73°) + sin (45° — 73°) = sin 118° + sin (—28°) = sin 118° — sin 28°. See Prob. 8.143. 


2 cos 73° sin 45° | 


I This is the same as Prob. 8.142, but here we find the answer in a different way. 

2 cos A sin B =sin (A + B) —sin (A — B). Then letting A = 73° and B = 45°, we have sin 118° — 
sin 28°. Notice that either formula could be used here. Obviously, the answers are the same either 
way. 


2 cos 28° cos 16° 


I 2cos A cos B = cos (A + B) + cos (A — B). Then letting A = 28° and B = 16° gives 
cos (28° + 16°) + cos (28° — 16°) = cos 44° + cos 12°. 


2 cos 15° cos 17° 


I 2cos 15° cos 17° = cos (A + B) + cos (A — B). Letting A = 15° and B = 17°, we get 
cos (15° + 17°) + cos (15° — 17°) = cos 32° + cos (—2°) = cos 32° + cos 2° (cos x > O in 
quadrant IV). 


sin 5p sin 6p 


—cos (A + B) + cos (A — B) 
a a ba. 


Letting A =5p and B= 6p, we ger SREP LAP Tony tp ee 


I 2sin A sin B = —cos(A + B) + cos(A — B), and sin A sin B = 


—cos lip , cos (=p) 
2 ? ie 


Express each of the following as a sum or difference: (a) sin 40° cos 30°, (6) cos 110° sin 55°, 
(c) cos 50° cos 35°, (d) sin 55° sin 40°. 


BE (a) sin 40° cos 30° = }{sin (40° + 30°) + sin (40° — 30°)] = 4(sin 70° + sin 10°). 
(b) cos 110° sin 55° = 4[sin (110° + 55°) — sin (110° — 55°)] = 4(sin 165° — sin 55°). 
(c) cos 50° cos 35° = 4[cos (50° + 35°) + cos (50° — 35°)] = 4 (cos 85° + cos 15°). 
(d) sin 55° sin 40° = —}[cos (55° + 40°) — cos (55° — 40°)] = —}(cos 95° — cos 15°). 


For Probs. 8.148 to 8.152, rewrite each expression as a product. 
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8.148 = sin 20° + sin 15° 


+B 
! sin A + sin B = 2sin cos Letting A = 20° and B = 15°, we get 
+ 15° — 15° 
sin 20° + sin 15° = 2sin -—- : cos = 2 sin 17.5° cos 2.5°. 
8.149 sin 51°— sin 61° 
A+ - 
I sin A —sin B =2 cos = sin“ Letting A= 51° and B = 61°, we find 
§1°+61° _ 51°-—61° 
sin $1°—sin 61° = 2 cos sin —"" = 2 c08 56° sin (—5*) = -2¢08 56° sin 5° 
(sin x < 0 in quadrant IV). 
x x 
8.150 a Se 
1 cos — cos t= 2 sin Ot AHN? R/O AIN2 _ SRM ANZ 8 in sin 
12 6 2 2 2 2 ; mA 


8.151 cos Sx + cos 7x 


I cos 5x + cos 7x = 2 cos 


Sx+7x  Sx-—7x 12x —2x 
a ig ne 5) = 2.008 cos (—*) = 2.005 6x cos (—x) = 
2 cos Gx COs x. 
8.152 sin 620° — sin 720° 
8 sin 620° — sin 720° = 2 cos ——_——— sin ————_ = 2 cos ——— sin 


2 2 2 
2 cos 670° sin (—50°) = —2 cos 310° sin 50°. 


620° + 720° 620°— 720° 1340° (2. 


8.153 Express each of the following as a product: 
(a) sin 50° + sin 40°, (6) sin 70° — sin 20°, (c) cos 55° + cos 25°, (d) cos 35° — cos 75°. 


I (a) sin 50° + sin 40° = 2 sin 4(50° + 40°) cos 4(50° — 40°) = 2 sin 45° cos 5°. 
(6) sin 70° — sin 20° = 2 cos $(70° + 20°) sin 4(70° — 20°) = 2 cos 45° sin 25°. 
(c) cos 55° + cos 25° = 2 cos (55° + 25°) cos 4(55° — 25°) = 2 cos 40° cos 15°. 
(d) cos 35° — cos 75° = —2 sin $(35° + 75°) sin 4(35° — 75°) = —2 sin 55° sin (—20°) = 2 sin 55° sin 20°. 


For Probs. 8.154 to 8.164, use a product or sum identity to evaluate the given expression. 
8.154 2sin 75° cos 15° 


§  2sin 75° cos 15° = sin (75° + 15°) + sin (75° — 15°) = sin 90° + sin 60° = 1 + — 


V3_2+Vv3 
2 Nias 
8.155 cos 75° cos 15° 


8 cos 75° cos 19° = 


8.156 = sin 15° sin 45° 
8 sin 15° sin 45° = —cos (15° + 45°) + cos (15° — 45°) Z —cos 60° + cos (—30°) 
2 7 2 


_ —4$4+V3/2_ -1+ V3 
ar eer Sa 


8.157 


8.159 


8.160 


8.161 


8.162 


8.163 


8.164 


8.165 
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sin 45° sin 15° (See Prob. 8.156.) 


45° + 15° 45°—15°) — = = 
i sin 45° sin 1st = 8 en ee Sse se 


You should not be surprised that these answers are the same. What law governs this situation? 


cos 524° cos 74° 
52 74°) + jo _ 71° : 
# cos 524° cos 74° = 22! 3° + 74°) + cos (52° — 73°) _ cos 60° + cos 45° _ 4+ V2/2_ V2 +1 
2 2 2 4 
sin 75° + sin 15° 
75° + 15° ° — 15° 
I sin 75° + sin 15° = 2 sin a = = 2 sin 45° cos 30° = 2 V2_V3_2V6_ V6 
2 2 2 2 4 2 
cos 75° — cos 15° 
15° + 75° 15° — 75° 
i cos 75°— cos 15°= 2sin = sin > = 2 sin 45* sin (~30°) = (2V3/2)--4=-¥? 
Note that cos 75° — cos 15° = —(sin 75° — sin 15°). 
sin 75° — sin 15° 
75°+15° . 75°-15° 
! sin 75° — sin 15° = 2.cos => sin 2 ; = 2 cos 45° sin 30° = (22/2) - } = 2/2. 
Note that cos 75° — cos 15° = —(sin 75° — sin 15°). 
cos 300° + cos 120° 
! cee Ml tee Ua So oe ce ere toe le ae Note: You can 


2 2 
check this answer by noting that cos 300° = cos 60° = 4, cos 120° = —cos 60° = —4, and cos 300° + 
cos 120° = 0. 


cos 75° sin 45° 
I cos 75° sin 45°= 2" (75° + 45°) — sin (75° — 45°) _ sin 120° — sin 30° 
2 re 2 
_ Sin 60° — sin 30° _ V3/2- }_V3-1 
2 2 4 
cos 75° cos 45° 


cos (75° + 45°) + cos (75° — 45°) _ cos 120° + cos 30° 
2 2 
—cos 60° + cos 30° _ —4+V3/2_ V3-1 
2 2 a 


I cos 75° cos 45° = 


Note that the answer here is the same as in Prob. 8.163. 


sin 4A + sin 2A 
i ase 


1 sindA+sin2A_ 2sin}(4A +2A)cos}(4A—2A)_ sin3A 


=tan 3A. 


cos4A +cos2A 2cos4(4A +2A)cos4(4A—2A) cos3A 
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8.167 


8.169 


8.170 


_sinA—sinB tan }(A —B) 

Prove: uA+sinB tani(A+B) 
sinA—sinB_2cos }(A + B) sin }(A —B) 
sinA+sinB 2sin4(A + B) cos 4(A — B) 


tan 4(A — B) 


AORMA +B) te AA ge 


Prove: cos’ x sin’ x = 4(2 cos x — cos 3x — cos Sx) 

I cos* x sin* x = (sin x cos x)* cos x = } sin? 2x cos x = }(sin 2x)(sin 2x cos x) 
= }(sin 2x)[4(sin 3x + sin x)] = 4(sin 3x sin 2x + sin 2x sin x) 
= k{—4(cos Sx — cos x) + [—4(cos 3x — cos x)}} 


= %4(2 cos x — cos 3x — cos 5x) 


Prove: 1 + cos 2x + cos 4x + cos 6x = 2 cos 3x (cos 3x + cos x) 


I 1+ (cos 2x + cos 4x) + cos 6x = 1 + 2 cos 3x cos x + cos 6x 
= (1 + cos 6x) + 2 cos 3x cos x 
= 2 cos* 3x + 2 cos 3x cos x 


= 2 cos 3x (cos 3x + cos x) 


Transform 4 cos x + 3 sin x to the form c cos (x — a). 


I Since c cos (x — a) = c(cos x cosa + sin x sina), set c cosa = 4 and c sina =3. Then cosa = 4/c 
and sin a = 3/c. Since sin® a + cos* a = 1, c=5 and —S. Using c = 5, cosa =, sina =3, and 

a = 36°52’. Thus, 4 cos x + 3 sin x = 5 cos (x — 36°52"). Using c = —5, we get a = 216°52’ and 
4cos x + 3 sin x = —5 cos (x — 216°52'). 


Find the maximum and minimum values of 4 cos x + 3 sin x on the interval 0 = x S22. 


f From Prob. 8.169, 4 cos x + 3 sin x = 5 cos (x — 36°52’). 

Now, on the prescribed interval, cos 6 attains its maximum value 1 when @ = 0 and its minimum 
value —1 when 6 =0 and 6 = x. Thus, the maximum value of 4 cos x + 3 sin x is 5 which occurs 
when x — 36°52' = 0 or when x = 36°52’, while the minimum value is —5 which occurs when 
x — 36°52’ = a or when x = 216°52’. 


For Probs. 8.171 to 8.181, establish that the given equation is an identity. 


8.171 


8.172 


cos 3x + COS x _ 


- “ = cot 2x 
sin 3x + sinx 


I Using the sum formulas, we have A = 3x and B = x, 


cos 3x + cos x _ 2 2 _ cos2x oy 
sin 3x +sinx _ ax +x icone Gack 
2sin ; <a 


sin x + sin 3x 


caae eum tg tt 
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sinx + sin3x _ 2 2 __ cos(—x)_cosx_ 
cos x — cos 3x , a¥+x 3x—-x  cosx cosx 
2sin 5 cos 5 


cos 5x — cos 7x _ 


; i = tan 4x 
’ — sin 7x — sin Sx 
_ Ix+Sx . Ix —5x 
} 2sin Si ; : ‘ 
cos 5x — cos 7x _ 2 2 _ 2sin6xsinx  sin6x _ hi 
sin 7x — sin Sx Ix+5x . 7x—Sx 2cos6xsinx cos6x : 
2cos ——— sin ———— 
2 2 
sin 5x — sin 3x 
174 —————_=t 
: cos 5x + cos 3x me 
sin5Sx—sin3x 2cos4xsinx sinx 
i = mm _ = —_ F ttanx. 
cos5x+cos3x 2cos4xcosx cosx 
sin B +sinA A-B 
175 = —— = cot —— 
. cos B —cosA 2 
Deh tH 2g BA 
‘ sinB+sinA _ 2 2 
B—cosA _ A-B 
aaa 2sin => sin 5 
pace fae |-()] 
=i 2 2 
AO ae ——— 
2 2 
A-B 
cos 
2 ‘ A-B 
one yee [since cos (—x) = cos x] = cot 
sin 5 
sin A + sin B A+B 
176 —————_ = ee 
=< cos A + cos B 2 
A+B A= A+B 
watmps ° 2 ae es 
=o + 2 
cos A + cos B 3 A+B A aoa B 
2 2 2 
8.177 sin Sx — sn x te Ie 
cos 5x — cos 9x 
Sx+O% . Sx—9 
I 
sin Sx — sin 9x _ sae 2 2 _A cos 7x sin (—2x) 
cos 5x —cos 9x _ _ Ox+5x. 9x—S5x  2sin 7x sin 2x 
=== sin, —— 
2 2 
— 7 sina 
— = [since sin (—x) = —sin x] = —cot 7x. 


gin 7x sine 
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8.179 


8.180 


(cos x — cos 5x)(cos x + cos 5x) = sin 4x sin 6x 


+x. St—x Sx+x  Sx-x 

3 sin 5 and cos x + cos 5x = 2 cos 5 cos os 

Thus, (cos 5x — cos Sx)(cos x + cos 5x) = 4 sin 3x sin 2x cos 3x cos 2x = 4 sin 3x cos 3x sin 2x cos 2x = 
(2 sin 3x cos 3x)(2 sin 2x cos 2x). Letting A = 3x, we get 

2 sin 3x cos 3x = 2 sin A cos A = sin 2A = sin 6x. Letting B = 2x gives 2 sin 2x cos 2x = 

2sin B cos B = sin 2B = sin 4x. Therefore, (cos x — cos 5x)(cos x + cos Sx) = sin 4x sin 4x. 


I cosx —cos Sx =2sin 


ous 20—sin 20 on o=ten 0-2 

sin 8 cos @ 

cos 20 —sin2@_ cos’ @ — sin’ @ — 2 sin 6 cos 6 
sin @ cos @ sin 8 cos @ 


cos? @ & sin? 6 _2sin 8 cos @ | ote _ 
sin@cos@ sin@cos@ sin@cos@ — 


Note that we did not use one of the four sum formulas here. Why? 


4 
a @ 
PE EOE T 2 esc 24 csc 
A et a ee al ee 2 =2 csc 20 csc 0 
cosO—cos30 | 30+0. 30-6 2smn20sn0 sn20an0 “°° ~~ 
2 sin 5 in—— 


Assume that A + B + C = 2, and prove that sin (A + B) =sin C is an identity. 


f sin(A + B) =sin (a — C) (since A + B = 2 — C) =sin 1 cos C — cos 2 sin C [from the sin (A + B) 
formula] = 0 + sin C =sin C. 


8.5 MISCELLANEOUS IDENTITIES 


For Probs. 8.182 to 8.201, verify the given identity. Problems in this section combine the techniques of the 
first four sections of this chapter as well as earlier chapters. 


8.182 


8.183 


8.184 


8.185 


tan (a +x) =tanx 


t +t 0+ tan 
f tan se ip) cee oe the (Note: You may also obtain this result by using 
1 — tan m7 tanx 1-0 


the technique of Prob. 8.187.) 


sec (4 +x)=—secx 


tan (a —x)=—tanx 


tana—tanx O-—tanx 

8 tan(a -x) = —______ = ———__ == -tanx. 
1+tanatanx 1+0 

cot(@ —x) = —cotx 


1 
tan(a —x) ~ —tanx 


§ cot(r#—x)= (see Prob. 8.184) = —cot x. 
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8.186 sec(7—x)=-—secx 


I sec(x— a ee oer a eee 
cos(t#—x) cosmcosx+sinazsinx -—cosx+0 cos x 


8.187 tan (F+u) =—cotu 


: 1 tan (7+ j-aente _ Sin (2/2) cos u +cos(a/2)sinu _cosu+0_ — cosu_ ; 
cos(x/2+u) cos(a/2)cosu—sin(a/2)sinu O—sinu sinu is 


8.188 csc(m—u)=cscu 


~ sin (a — u) sin zcosu—cosasinu 0— (—sinu) sinu 


8.189 tan (27 — x) =tan(—x) 


tan2a7—tanx O-—tanx 
| t 2x — Ci ™ = — U 
sh 1 + tan 27 tanx 1+0 a OE 


8.190 cot (22 —u) =cot(—u) 


1 1 
I cot (2a —u) ~ tan (24 —n) es PY (see Prob. 8.189) = cot (—u). 


8.191 = 
cscx—1]1 cotx 
cotx _—cotx cscx+1_ (cotx)(cscx—1)_ (cotx)(csex +1) _cscex+1 
escx—1 csex—1 cscx+1 csc x—-1 cov x cotx 
tan x tan x 
8.192. ——__ - ————- = 2 cotx 
secx—1 secx+1 
tan x tanx (tanx)(secx+1)—(tanx)(secx—1) 2tanx 2 
—_—_—_—_—_e_:? eee = = 200 
secx—1 secx+1 sec’ x —1 tan?x tanx 


8.193 In |cos x| + In |sec x] = 


1 
FT in|cosx|= = tn |——| + In |sec x| = 
sec x 


In =In1=0. 


l 
——— S002 
sec x 


8.194 tan @sin26@=2sin’ 6 


in @ 
I tan @ sin 20 = (tan 8)(2 sin 0 cos 8) = ———= 2 sin 6 cos @ = 2 sin* 8. 


8.195 cot 6sin26=1+cos26 


| cot @ sin 20 = <° (2 sin 6 cos @) = 2.05? @ = 1 + (2 cos* 6 — 1) = 1 + c0s 26. 
SI 


1+ cos26 4 
8.196 ap ot 9 


8.197 


8.198 


8.200 


8.201 


8.202 


8.203 


8.204 


cot @. 


sin x = 2 sin 4x cos 4x 


§ sin 26 =2sin 6 cos 0, Let 6 = 4x, Then sin (2 - 4x) = 2 sin 4x cos 4x, or sin x = 2 sin Lx cos bx. 


cos (x — 32/2) =—sinx 
¥ scos (x — 32/2) = cos x cos (37/2) + sin x sin (32/2) = 0 + (sin x)(—1) = —sin x, 
(1 — cos x)(csc x + cotx) =sinx 


I (1 —cos x)(cse x + cot x) = csc x — cos x csc x + cot x — cos x cot x 


1 cos x cos x 
= csc x — cosx - —— + —— — cos x > —— 
sinx sinx sin x 
cos*x 1  cos*x 
sinx sinx sinx 
l—cos*x sin*x . 
= = —— = Sinx 
sin x sinx 
1—cotx\? : 
(<>) =1-sin2e 
csc x 


1—2cotx+cot?x csc* x —2cotx 


1—cotx\? 
! ( ~<a) s (since ca?’ ¢ = 1-4 Got x) 


esc? x csc’ x 
2cotx 2cosx , : : 
=] -—,— = 1 -——_ : sin? x = 1 —2 cosx sin x = 1 — sin 2x. 
csc” x sin x 


sin (x + 92/2) =cosx 


I osin (x + 92/2) = sin x cos (92/2) + cos x sin (92/2) = sin x cos (2/2) + cos x sin (2/2) = 0+ 


COS X = COS X. 


A and B are acute; find A + B, given that tan A = } and tan B = 2. 


tanA+tanB +2 _(5+12)/20_ %_, 
l—tanAtanB 1-4-2 a tes 


i-% 8 
If tan (A + B)=1 and A and B are acute, then A + B = 45°. 


I tan(A+B)= 


If tan (x + y) = 33 and tan x = 3, show that tan y = 0.3. 
_ tanx+tany = 3+tany 
7 tome 2) or i-Gaxtay 1—3Gny 


tan y = 0.3. 


Prove that tan 50° — tan 40° = 2 tan 10°. 


tan 50° — tan 40° 


tan (50° — 40°) = ——_—_____—_. 
o tan ( } 1 + tan 50° tan 40° 


. Then 3 + tan y = 33 — 99 tan y, 100 tan y = 30, and 


Then tan 50° — tan 40° = (1 + tan 50° tan 40°) tan 10° = 2 tan 10°. 
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8.6 TRIGONOMETRIC EQUATIONS 
For Probs. 8.205 to 8.215, determine whether the given number is a solution of the given equation. 


8.205 32/4, 1+tanx=0 
I Letting x = 32/4, we get 1 + tan (37/4) = 1 + [—tan (2/4)] = 1—1=0. Yes, it is a solution. 


8.206 2/2,1+tanx=0 


Ff tan (2/2) is undefined. No, it is not a solution. 


8.207 2/3, 2sinx = V3 
I Letting x = 2/3 gives 2 sin (2/3) =2- V3/2 = V3. Yes, it is a solution. 


8.208 2/6, 2secx =tanx +cotx 
Ae > ee DI x 4 1+(V3 4 
| 2 see 1/6 = re = apn Va? and tang + Cte = Rt V3=— a 
Yes, it is a solution. 
8.209 2/3, 2sin2x=1 
fe 2sin (2: 2/3) =2 sin (27/3) =2 sin (2/3) = 2V3/2= V3 #1. No, it is not a solution. 


8.210 2/4, 2tan?x +tanx —3=0 


Bo 2tan* (2/4) + tan (2/4) -3=2-1°+1-—3=3-—3=0. Yes, it is a solution. 


8.211 2, sinx =cosx 


i ssin t=0, and cos a = —1, but 0#—1. No, it is not a solution. 


8.212 2/3, cscx + cotx = V3 


3 
ri —+ (-— = —__ + ———_ = = =e = 
Zt =a) mah) Vb ' GA iia eG eG 7 
Yes, it is a solution. 
8.213. 1172/6, 2sinx —cscx = 1 
# 2sin (1127/6) — csc (1127/6) = —2 sin (2/6) — [—1/sin (2 /6)] = —2-4+1/4=—1+2=1. Yes, it is 
a solution. 
8.214 52/4, tanx +3cotx =4 
f tan (52/4) +3 cot (Sm/4) = tan (27/4) + 3 cot (1/4) =1+3= 4. Yes, it is a solution. 


8.215 22/3, cosx —V3sinx =1 


Ecos (22/3) — V3 sin (22/3) = —cos (2/3) — V3 sin (2/3) = —4 — V3 - V3/2= —4 -3 = -$#1. No, 
it is not a solution. 


For Probs. 8.216 to 8.240, solve the given equation, finding all solutions which lie in the interval [0, 277). 


8.216 1+cosx=0 


I if 1+cosx =0, then cosx = —1, or x = 2. There are no other angles in [0, 277) whose 
cosines are —1. * 
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8.217 


8.218 


8.219 


8.221 


8.225 


8.226 


8.227 


l—sinx =0 


§ if 1 —sinx =0, then sinx = 1, or x = 2/2. There are no others in [0, 227); for example, 
sin (32/2) = —1. 


1+ V2sin@=0 


# if 1+ V2sin 6 =0, then V2sin 6 = —1, or sin 6 = —1/V¥2 (= —V2/2). Then @ = the angle in 
quadrants III and IV with a 2/4 reference angle (sin 6 <0), so 6 = 52/4 or 6 =72/4. 


1— V2cos 6 =0 

I if 1—V2cos 6 =0, then —V2 cos 6 = —1, V2 cos @ = 1, or cos @ = 1/2 = 2/2. We know 
cos @ > 0 in quadrants I and IV. Since cos 6 = 2/2, the reference angle is 7/4, so @ = x/4 or 
0=72/4. 

4cos*?x —3=0 


I 4cos’ x = 3, cos’ x = j, and cos x = +V3/4 = V3/2. If cos x = — 3/2, then x has a 2/6 reference 
angle. And x must be a quadrant I or IV angle since cos x > 0. x = 2/6 or x = 1127/6. If 

cos x = V3/2, x is in quadrant I or I. x = 52/6 or 7/6. Check: 4.cos* (72/6) 2 3, 4(—V3/2)° 23, 

3 =3. The other three solutions check as well. 


2sin?x —1=0 

fo 2sin? x =1, sin? x =4, or sinx = V3 = +1V2 = +V2/2. Then sin x = V2/2 or sin x = — 2/2. If 
sinx = V2/2, x has a 2/4 reference angle and is in quadrant I or II. If sin x = ~—V2/2, x has the same 
reference angle but is in quadrant III or IV. Thus, x = 27/4, 32/4, 72/4, 2/4. Check: 

2 sin? (32/4) 2 1, 2(V2/2)? 2.1, 1=1. The others check as well. 

sin? 6=sin 0 

I sin’ 6 —sin 6 =0, (sin @)(sin 6 — 1) = 0, and sin 6 = 0 or sin 6 = 1. If sin 6 = 0, then 6 =0 or 

6 = 2. If sin @ = 1, then 6 = 2/2 (not 32/2). Thus, 6 =0, 2/2, 2. Check: sin® (2/2) — sin (27/2) = 

1 — 1=0. Check the others. 

cos? 6 =cos @ 

I cos’ @—cos @=0, (cos @)(cos 8 — 1) =0, and cos 6 = 0 or cos 6 = 1. If cos @ =0, then @ = 2/2 or 
6 = 32/2. If cos 6 = 0, then 6 =0. Thus, 6 =0, 2/2, 32/2. 

2 sin x cos x — cosx 

I 2sinx cos x — cos x = 0, and cos x (2 sin x — 1) = 0, Then cos x = 0, and x = 2/2 or 32/2; or 
2sin x = 1, sinx = 4, and x = 2/6 or 52/6. Thus, x = 2/6, 2/2, 32/2, 52/6. Check these in the 
original equation. 

2sin x cos x =sinx 

ff 2sinx cosx —sinx =0, sin x (2 cos — 1) =0, and sin x = 0 or 2cos x — 1 =0. If sinx =0, then 

x =0. If cosx =4, x = 2/3 or 52/3. Check these answers. 

1 + cos (x/2)=0 

8 cos (x/2) = —1. Then x/2 = 2, so x = 2. Check: 1 + cos (24/2) 20, 1 + cosa 20, 1+(-—1)=0. 


1 — sin (x/2)=0 


O osin (x/2) =1, x/2= 2/2, andx = 2. 


8.228 


8.229 


8.230 


8.231 


$.232 


8.233 


8.234 


8.235 


8.236 


8.237 


8.238 


8.239 


8.240 
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1 — sin (x/8)=0 


f sin (x/8) =1, x/8 = 2/2, 2x = 82, and x = 42. There are no solutions in the interval [0, 2). 


sin 2x =1 
8 sin2x =1, 2x = 2/2, orx=2/4. 


sin x cos x = 0 

I sinx cosx =0, so sinx = 0 or cos x = 0. If sin x =0, then x = 0 or a. If cos x = 0, then x = 2/2 or 
32/2. See Prob. 8.231. 

8sinx cosx =0 


ff 2sinx cos x =sin 2x. Then multiplying by 4, we get 8 sin x cos x = 4 sin 2x. Thus, 4 sin 2x =0, 
sin 2x = 0, and 2x = 0, x, 22, or 3a. If 2x =0, x =0. If 2k =a, x = w/2. If 2x =22, x= 2. If 

2x =3a, x = 32/2. See Prob. 8.230. 

tan (x/2) = V3 

I if tan (x/2) = V3, then x/2 = 2/3 or 42/3. If x/2 = 2/3, 3x = 20 and x = 22/3. If x/2= 42/3, 
3x = 82 and x = 82/3. But this is extraneous since it is not in the interval [0, 277). Hence, the 
solution is x = 22/3. 

1+sinx =1—sinx 


fs Then 2sin x =0, sinx = 0, and x = 0 or x. 


tanx +1=0 

# tanx =—1. Then x = quadrant II and IV angles with a 1/4 reference angle. Thus, x = 32/4 or 
72/4. 

cos? x +cosx =0 


I cosx (cos x + 1) =0. If cos x = 0, then x = 2/2 or 32/2. If cos x = —1, then x = 2. 


sin x tan x = sinx 

I sinx tan x — sin x = 0; sin x (tan x — 1) = 0. If sinx =0, then x = 0 or z. If tanx = 1, thenx =a2/4 
or 52/4. 

(2 sinx + 1)(cosx + 1)=0 


ff if 2sinx + 1=0, then 2sinx = —1 or sinx = —}. In this case x = 7277/6 or 1127/6. If cosx +1=0, 
then cos x = —1, and in this case x = 2. Then 2 sin x = —1, and sin x = —4. Thus, x = 72/6 or 1127/6 
orcosx+1=0, cosx=—l,x=2. 


sinx + cos x =0 


ff ifsinx +cosx =0, then sin x = —cos x, sin x/cos x = —1 (cos x #0), and tan x = —1. Thus, 
x =3a/4 or 72/4. (Note that 32/4 #0, and thus division by cos x was okay; check the results.) 


1 —tan?x =0 


I 1 —tan’ x =O is the difference of two squares, so we have (1 — tan x)(1 + tan x) =0, If tanx =1, 
then x = 2/4 or 52/4. If tanx = —1, then x = 32/4 or 72/4. 


2cos’?x =1+sinx 


a a Se” 
: = st 
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I 2cos’? x — 1 =sin.x, or cos 2x = sin x. (a) x has a 27/6 reference angle [cos(2/3) = 4 = sin(2/6)]. 
But if the signs of cos 2x and sin x must agree, then x = 27/6, 52/6. 

(b) Otherwise, x is 3217/2, since sin (3.2/2) = —1 and cos (62/2) = —1. The solutions are therefore 
/6, 52/6, 32/2. 


For Probs. 8.241 to 8.262, solve for all x such that 0 = x < 27, 


8.241 


8.242 


8.243 


8.244 


8.245 


8.247 


8.248 


8.249 


2sinx —1=0 
I Here sinx = 4 and x = 2/6, 52/6. 
sin x cos x =0 
I From sinx =0, x =0, 2; from cos x = 0, x = 2/2, 32/2. The required solutions are x = 0, 2/2, 
x, 32/2. 
(tanx — 1)(4sin? x —3)=0 
# From tanx —1=0, tanx =1 and x = 2/4, 52/4; from 4 sin’ x — 3 =0, sin x = 3/2 and 
x = 2/3, 22/3, 42/3, 52/3. The required solutions are x = 1/4, 2/3, 22/3, 52/4, 42/3, 52/3. 
sin? x + sinx -2=0 
f Factoring, we get (sin x + 2)(sin x — 1) = 0. From sin x + 2=0, sin x = —2 and there is no 
solution; from sin x — 1 = 0, sinx = 1 and x = 2/2. The required solution is x = 2/2. 
3 cos* x = sin® x 
First solution: Replacing sin? x by 1 — cos? x, we have 3 cos’ x = 1 — cos* x or 4.cos’ x = 1. Then 
cos x = +4, and the required solutions are x = 2/3, 22/3, 42/3, 52/3. 

Second solution: Dividing the equation by cos” x, we have 3 = tan? x. Then tan x = + V3, and the 
solutions above are obtained. 
2sinx —cscex=1 


I Multiplying the equation by sin x gives 2 sin’? x — 1 = sin x, and rearranging, we have 2 sin? x — 
sinx — 1 =(2sinx + 1)(sinx — 1) =0. From 2sinx + 1=0, sinx = —4 and x = 72/6, 1127/6; from 
sinx = 1, x = 2/2. 

Check. For x = 2/2, 2 sin x — csc x = 2(1) — 1 = 1; for x = 72/6 and 1127/6, 
2 sin x — esc x = 2(—4) — (—2) = 1. The solutions are x = 2/2, 72/6, 1127/6. 


2secx =tanx +cotx 


§ Transforming to sines and cosines and clearing fractions, we have 


or 2sinx=sin?x+cos’x=1 


Then sin x = 4 and x = 2/6, 52/6. 


tanx +3cotx=4 


f Multiplying by tan x and rearranging, we get tan’ x — 4 tan x + 3 = (tan x — 1)(tanx — 3) =0. 
From tan x — 1 =0, tanx = | and x = 2/4, 52/4; from tan x — 3=0, tanx = 3 and x = 71°34’, 
251°34’. 

Check: For x = 2/4 and 52/4, tanx + 3 cotx = 1 + 3(1) =4; for x = 71°34’ and 251°34’, tan x + 
3 cot x = 3 + 3(1/3) =4. The solutions are 45°, 71°34’, 225°, 251°34'. 


esex + cotx = V3 


I First solution: Writing the equation in the form csc x = V3 — cot x and squaring, we have 
ese? x = 3 —2V3 cotx + cot? x. 
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Replacing csc’ x by 1 + cot? x and combining, this becomes 2/3 cot x — 2 =0. Then cot x = 1/V3 
and x = 2/3, 42/3. 
Check: For x = 2/3, csc x + cot x = 2/V3 + 1/V3 = V3; for x = 42/3, 
esc x + cot x = —2/V3 + 1/V3 # V3. The required solution is x = 2/3. 
Second solution: Upon making the indicated replacement, the equation becomes 
bie + — = V3, and clearing fractions, we get 1 + cos x = V3 sin x. Squaring both 
sinx sinx 
members, we have 1 + 2 cos x + cos” x = 3 sin’ x = 3(1 — cos* x) or 


4cos* x +2cos x —2=2(2 cos x —1)(cosx + 1)=0 


From 2 cos x — 1=0, cos x = 4 and x = 2/3, 52/3; from cos x + 1=0, cosx = —1 andx = 2. 
Now x = 27/3 is the solution. The values x = a and 52/3 are to be excluded since csc 2 is not 
: defined while csc (S2/3) and cot (5/3) are both negative. 


8.250 cosx—\V3sinx=1 
I First solution: Putting the equation in the form cos x — 1 = V3 sin x and squaring, 
we have cos’ x — 2 cos x + 1 =3sin® x = 3(1 — cos’ x); then by combining and factoring, 
4 cos? x —2 cos x — 2 =2(2 cos x + 1)(cos x — 1) =0, From 2 cosx + 1=0, cosx = —4 
and x = 22/3, 42/3; from cos x —1=0, cosx = 1 and x = 0. 
Check: For x = 0, cos x — V3 sinx = 1 — V3(0) = 1; for x = 22/3, cosx — V3 sinx = 
—4 — ¥3(V3/2) #1; for x = 42/3, cos x — V3 sinx = —} — ¥3(—V3/2) = 1. The required solutions 
are x =0, 42/3. 
Second solution: The left member of the given equation may be put in the form 
>) sin 6 cos x + cos 6 sinx =sin(@+ x) 


in which @ is a known angle, by dividing the given equation by r > 0, 


-V3 
*cosx + (—*) sikx= = and setting inb= een Os: Since 
Tr r r r r 


sin? 6 + cos? @ = 1, (1/r)* + (—V3/r) = 1 and r = 2. Now sin 0 = $ and cos @ = —V3/2 so that 
the given equation may be written as sin (@ + x) = 4 with 6 =52/6. Then 
6+x =52/6+x =arcsin 4 = 1/6, 52/6, 1320/6, 1727/6, .. . and x = —27/3, 0, 42/3, 27,.... 
As before, the required solutions are x = 0, 42/3. 

Note that r is the positive square root of the sum of the squares of the coefficients of cos x and 
sin x when the equation is written in the form a cos x + b sin x = 1, that is, 


r=Vaere 
The equation will have no solution if a/ Va? + b? is greater than 1 or less than —1. 
8.251 2cosx=1—sinx 
I First solution: As in Prob. 8.250, we obtain 
4cos*x =1—2sinx +sin*x 
4(1 — sin? x) =1—2sinx + sin’ x 


5 sin? x —2sinx —3=(Ssinx + 3)(sinx —1)=0 


From 5 sinx +3 =0, sinx = —? = —0.6000 and x = 216°52', 323°8'; from sin x — 1=0, sin x = 1 and 
x=2/2. 

Check: For x = 2/2, 2(0) = 1 — 1; for x = 216°52’, 2(—4) #1 — (—2); for x = 323°8', 
2(4) = 1 — (—3). The required solutions are x = 90°, 323°8'. 

Second solution: Writing the equation as 2 cos x + sin x = | and dividing by 


r=VP+ r=V5, we have 


~ 2 ee 1 
(1) Ag es + gms wg 
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8.254 


8.255 


8.257 


8.258 


8.259 


Let sin @ = 2/V5 and cos @ = 1/5; then (1) becomes 
sin 0.008 x +008 8 sin x = sin (0 + x) =e 


with 6 = 63°26’. Now @ + x = 63°26' + x = arcsin (i/v5) = arcsin 0.4472 = 26°34’, 153°26', 
386°34',. . . and x = 90°, 323°8' as before. 


sin 3x = —$V2 


I Since we require x such that 0 = x < 22, 3x must be such that 9 = 3x <6. Then 3x = 52/4, 72/4, 
1320/4, 1520/4, 2120/4, 2320/4 and x = 52/12, 72/12, 132/12, 52/4, 72/4, 2327/4. Each of these 
values is a solution. 


cos 4x =4 


I Since we require x such that 0< x < 22, 4x must be such that 0 = $x < 2. Then 4x = 2/3 and 
x =22/3. 


sin 2x +cosx =0 


f Substituting for sin 2x, we have 2 sin x cos x + cos x = cos x (2 sinx + 1) =0. From cos x = 0, 
x = 2/2, 32/2; from sinx = —4, x = 72/6, 1127/6. The required solutions are x = 2/2, 72/6, 
32/2, 1127/6. 


2 cos” dx = cos? x 


I Substituting 1 + cos x for 2 cos? 4x, the equation becomes cos” x — cos x — 1 = 0; then cos.x = 
(1 + V5)/2 = 1.6180, —0.6180. Since cos x cannot exceed 1, we consider cos x = —0.6180 and obtain 
the solutions x = 128°10’, 231°50". 

Note: To solve V2 cos 4x =cos x and V2 cos iy = —cos x, we square and obtain the equation of 
this problem. The solution of the first of these equations is 231°50’, and the solution of the second is 
128°10'. 


cos 2x +cosx +1=0 


I Substituting 2 cos? x — 1 for cos 2x, we have 2 cos? x + cos x = cos x (2 cos x + 1) =0. From 
cosx =0, x = 2/2, 32/2; from cos x = —4, x = 22/3, 42/3. The required solutions are x = 
2/2, 22/3, 32/2, 42/3. 


tan 2x + 2sinx =0 


; sin2x 2sinx cosx 2 sin x cos x é : cos x 
' Using tan 2x =< = SEAS | we have ~~ —=* + 2sin x = 2 sin x( = +1) = 
; cos x + cos 2x 
2sin x( ano )=0. 


From sin x = 0, x = 0, 2; from cos x + cos 2x = cos x + 2 cos* x — 1 = (2 cos x — 1)(cos x + 1) =0, 
x = 2/3, 52/3, and 2. The required solutions are x = 0, 2/3, 2, 52/3. 


sin 2x = cos 2x 
# First solution: Let 2x = @; then we are to solve sin 6 = cos 6 for 0< 6 <4. Then 6 = 
m/4, 52/4, 9207/4, 1327/4, and x = 8/2 = 2/8, 52/8, 92/8, 1327/8 are the solutions. 

Second solution: Dividing by cos 2x ,we see the equation becomes tan 2x = 1 for which 2x = 2/4, 
52/4, 92/4, 132°/4, as in the first solution. 
sin 2x = cos 4x 
I Since cos 4x = cos 2(2x) = 1 — 2 sin’ 2x, the equation becomes 

2 sin? 2x + sin 2x — 1 = (2 sin 2x — 1)(sin 2x + 1) =0 


8.260 


8.263 


8.265 
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From 2 sin 2x — 1=0 or sin 2x = 4, 2x = 2/6, 52/6, 1327/6, 1727/6 and 
x =2/12, 52/12, 132/12, 172/12; from sin 2x + 1=0 or sin 2x = —1, 2x = 32/2, 72/2 
and x = 32/4, 7/4. All these values are solutions. 


sin 3x = cos 2x 
I To avoid the substitution for sin 3x, we use one of the procedures below. 
First solution: Since cos 2x = sin (427 — 2x) and cos 2x = sin (4m + 2x): 


(a) sin 3x =sin (42 — 2x), so 3x = 2/2 — 2x, Sa/2 —2x, 9n/2—2x,.... 
(b) sin 3x =sin (4m + 2x), so 3x = 2/2 + 2x, Sa/2 + 2x, 907 /2+2x,.... 


From (a), 5x = 2/2, 52/2, 92/2, 13/2, 17/2 (since 5x < 102); and from 
(b), x = 2/2. The required solutions are x = 2/10, 2/2, 92/10, 132/10, 1727/10. 
Second solution: Since sin 3x = cos (41 — 3x) and cos 2x = cos (—2x): 


(a) cos 2x =cos (42 — 3x), so Sx = 2/2, 5/2, 92/2, 1320/2, 1727/2, 
(b) cos (—2x) =cos (42 — 3x), so x = 2/2, as before. 
tan 4x = cot 6r 


f Since cot 6x = tan (47 — 6x), we consider the equation tan 4x = tan (4a — 6x). Then 4x = 2/2 — 
6x, 32/2 — Gx, Sa/2 — Gx, ... , the function tan @ being of period 2. Thus, 10x = 2/2, 32/2, 52/2, 
7a/2, 92/2, ... , 39a/2, and the required solutions are x = 2/20, 32/20, 2/4, 72/20, .. . , 392/20. 


sin 5x — sin 3x — sinx =0 
I Replacing sin 5x — sin 3x by 2 cos 4x sin x, we see that the given equation becomes 
2 cos 4x sin x — sin x = sin x (2 cos 4x — 1)=0 


From sin x = 0, x = 0, 2; from 2 cos 4x — 1=0 or cos 4x = 4, 4x = 2/3, 52/3, 72/3, 1127/3, 1327/3, 
17x/3, 1927/3, 2322/3 and x = 2/12, Sa/12, 7a/12, 11/12, 132/12, 172/12, 192/12, 232/12. Each 
of the values obtained is a solution. 

(1) rsin@=2 

: >0, 0 < 

Solve the system gag r>0,0sS0<2x 
# Squaring the two equations and adding, we get r’ sin* @ + r* cos’ @ =r? = 13 and r = V/13 = 3.606. 
When r > 0, sin 6 and cos @ are both greater than 0 and @ is acute. Dividing (1) by (2) gives 
tan 6 = § = 0.6667 and 6 = 33°41’. 


(1) rsin@=3 
: >0,0=6@= 
Solve the system om r=4(1+sin 8) r 2x 
1 4(1+sin@ 
I Dividing (2) by (1) gives = SESE) oy 4 sin? @ +4 sin @-3=0 and 


(2 sin 8 + 3)(2 sin 8—1)=0 


From 2 sin 6 —1=0, sin 6 =4, 6 = 2/6 and 52/6; using (1), we see that r(4) = 3 and r = 6. Note 
that 2 sin 6 + 3 =0 is excluded since when r > 0, sin @ > 0 by (1). The required solutions are 
6=2/6, r=6and 6 =52/6, r=6. 


(1) sinx +siny =1.2 
: Osx, y<2 
Solve the system be een Keo e is x,y<2n 
f Since each sum on the left is greater than 1, each of the four functions is positive and both x and y 
are acute. Using the appropriate formulas of Chapters 7 and 8, we obtain 


(1') 2 sin 4(x + y) cos A(x — y) = 1.2 


(2') 2 cos 4(x + y) cos 4(x — y) = 1.5 
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Dividing (1) by (2') gives 
sin M(x +y) 


1.2 
see tk rr ae M(x + y) = 75 = 0.8000 


and 4(x + y) = 38°40’ since 4(x + y) is also acute. Substituting for sin 4(x + y) = 0.6248 in (1'), we 
have cos 4(x — y) = 0.6/0.6248 = 0.9603 and 4(x — y) = 16°12’. Then x = 4(x + y) + 4(x — y) = 54°52’, 
and y = 4(x + y) — 4(x — y) = 22°28", 


Solve: Arceos 2x = Arcsin x 
I If x is positive, a = Arceos 2x and £8 = Arcsin x terminate in quadrant J; if x is negative. 
@ terminates in quadrant II and # terminates in quadrant IV. Thus, x must be positive. 


For x positive, sin 8 =x and cos 6 = V1 — x*. Taking the cosine of both members of the given 
equation, we have 


cos (Arccos 2x)=cos(Arcsinx)=cosB or 2%x=Vil-—x 


Squaring we get 4x? = 1 — x”, Sx? = 1, and x = V5/5 = 0.4472. 
Check: Arccos 2x = Arecos 0.8944 = 26°30" = Arcsin 0.4472, approximating the angle 
to the nearest 10’. 


Solve: Arccos (2x* — 1) = 2 Arccos 4 


I Let a@ = Arccos (2x? — 1) and 6 = Arccos }; then cos a = 2x — 1 and cos 6 = 4. Taking the cosine 
of both members of the given equation, we get 
cos a = 2x*— 1 = cos 2B =2 cos* B — 1 =2(4 —1=-} 


Then 2x* = 4 and x = +}. 
Check: For x = +4, Arccos (—4) = 2 Arccos } or 120° = 2(60°). 


Solve: Arccos 2x — Arccos x = 27/3 


I If x is positive, 0 < Arccos 2x < Arccos x; if x is negative, Arccos 2x > Arceos x > 0. Thus, x must 
be negative. 
Let a = Arccos 2x and B = Arccos x; then cos a = 2x, sin a = V/1 — 4x’, cos B =x, and 
sin B = V1 — x since both a@ and f terminate in quadrant II. Taking the cosine of 
both members of the given equation, we get cos (a — 8) = cos a cos B + sin w sin B = 
2x? + Vi—- 4x? V1— Sapp ci 1—4x* V1 —x* =4}—2x*. Squaring 
gives 1 — Sx* + 4x* = 4— 2x? 4 4x*, 3x7 =}, andx = —-}. 
Check: Arccos (—1) — Arecos (—4) = 2 — 22/3 = 2/3. 


Solve: Arcsin 2x = a — Arcsin x 


Ef Let a= Arcsin 2x and § = Arcsin x; then sin a = 2x and sin 8 = x. If x is negative, a and 6 
terminate in quadrant IV; thus, x must be positive and # acute. Taking the sine of both members of 
the given equation, we get 


sin a = sin (4a — B) =sin {a cos B — cos ja sin B 
or dke=$V2Vi-x-4V2e 0 and) = (2V2+ De =VI-& 


Squaring gives (8 + 42 + 1)x? = 1 —x?, x7 = 1/(10 + 4V2), and x = 0.2527. 
Check: Arcsin 0.5054 = 30°22’, Arcsin 0.2527 = 14°38’, and 4a = 14°38’ + 30°22’. 


Solve: Arctan x + Arctan (1 — x) = Arctan 4 
f Let @ = Arctan x and f = Arctan (1 — x); then tan a = x and tan § = 1 — x. Taking the tangent of 
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both members of the given equation gives 
tana+tanB x+(1l—x) 1 


tan (a + 6) =—_—_—_—_“_. . —_*_“". . _____s 4) —4 
(a + B) [mates (20 ioe tan (Arctan 4) = 4 . 
Then 3 = 4 — 4x + 4x’, 4x? — 4x + 1 =(2x —1P°=0, and x =}. J 
Check: Arctan 4 + Arctan (1 — 4) = 2 Arctan 0.5000 = 53°8’ and Arctan 4 = Arctan 1.3333 = 53°8’. rf 
. 


For Probs. 8.271 to 8.279, solve for the indicated variable over the given interval. 


8.271 


8.272 


8.273 


8.274 


8.275 


8.276 


8.277 


8.278 


8.279 


2sin* x =3 sin x — 1, [0, 22) 

I 2sin? x —3sinx + 1 =0, so (2 sin x — 1)(sinx — 1) = 0. If 2 sinx = 1, then sinx = 4 and x = 2/6 or 
52/6. If sin x = 1, then x = 2/2. 

2cos*x + cosx = 1, [0, 2) 

I 2cos?x +cosx —1=0, so (2 cos x — 1)(cos x + 1)=0. If 2cosx = 1, then cos x = 4, and x = 2/3 
or 52/3. If cos x = —1, then x = a. 

2 cos 2x = 1, [0, 27) 


f If 2cos 2x =1, then 2(2 cos* x — 1) = 1, 4 cos? x —2=1, 4.cos? x =3, cos? x =3, or ‘ 
cos x = + V3/2. If cos x = V3/2, then x = 7/6 or 1127/6. If cosx = —V/3/2, then 
x =5z/6 or 72/6. 


a 


V3 sin x — cos x = 0, (—~, ~) 
#@ V3sinx =cos x, or tanx = V3/3 (=1/V3). Then x has a reference angle of 1/6. The solution is 
x=2/6+KxVK e&. 

4 cos* 2x — 4cos 2x + 1=0, [0, 2] ; 


I (2 cos 2x — 1)(2 cos 2x — 1) =0. If 2 cos 2x — 1 = 0, then cos 2x = 4. Thus, x = 2/6 or 52/6 (note 
the domain); no other angles in [0, ] have the property that the cosine of their double is 4. 


sin? @ + 2 cos 6 = —2, [0°, 360°) 

I sin? @ = 1-—cos? 6. Then 1 — cos? 8 + 2.cos 6 +2 =0, cos? 6 — 2. cos 0 —3=0, or 
(cos @ — 3)(cos @ + 1) =0. If cos 6 =3, there is no solution. If cos 6 = —1, then 

§@ = x = 180°. Thus, the solution is 6 = 180°. 


2 sin? x +3 cos x =3, (—~, ©) 

§ 2(1—cos*x) +3cosx =3, 2—2cos*?x +3cosx =3, 2cos’ x —3cosx + 1=0, or 

(2 cos x — 1)(cos x — 1) = 0. If 2cos x = 1, then cos x = 4, and x = 2/3 + K(22) WK € &. If cosx =1, 
then x = K(2m) VK € @. 


secx +tanx =1, [0, 27) 


I The idea here is to put the equation in a form so that the sec” 6 = 1 + tan’ @ identity can be used. 
Here is one way: sec x = 1 — tan x. Squaring both sides of the equation, we get sec’ x = (1 — tan x)’ 
=1—2tanx + tan’ x, or tan? x + 1 =1—2tanx + tan’ x. Then 2 tanx =0, tanx =0, andx =Ooraz. 
It is crucial to check these answers since we squared and may have picked up extraneous solutions. If 
x =0 then sec 0 + tan0 =1+0, and 1 =1. If x = 2, then sec 7 + tan x = —1 +0, and —1 #1. Thus, 
the only solution is x = 0. 


sin 3x + sinx = 0), [0, 2) 


3x +x 3x - 
cos 


= (). (This is the formula for a sum! See Sec. 8.4.) Then 


I sin 3x + sinx =2sin 


2 2 
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2 sin 2x cos x = 0. If sin 2x =0, then 2x = 0, 2, 22, and x = 0, 2/2, 2. If cos x =0, then x = 2/2. 
Thus, the solutions are x = 0, 2/2, x. 


For Probs. 8.280 to 8.285, solve for all real x, using a calculator. Give answers to four significant digits. 


8.280 = sinx =0.2977 
# Recall that if sinx =r (r €[—1, 1]), then x = 2k + Sin™' r or x = 2k + (a —Sin™'r)= 
(2k + 1) —Sin™'r where k € ¥. Here, using a calculator, we find Sin~' 0.2977 = 0.3023. 
Thus, x = 2ka + 0.3023 or x = (2k + 1) — 0.3023 Vk € &. 

8.281 cos x = —0.8861 
f See Prob. 8.280. If cos x =r, then r = 2ka + Cos” 'r or 2k — Cos™' r Vk € ¥, where 
ré(—1, 1). Hence, using a calculator, we get Cos~' (—0.8861) = 2.660 and x = 2k + 2.660 
or 2k — 2.660 Wk € &. 

8.282 tan x = 13.08 
I See Probs. 8.280 and 8.281. If tanx =r, re R, then x =ka + Arctanr, Wk € F. Here, 
Arctan 13.08 = 1.494, and x = ka + 1.494 Vk € &. 

8.283 secx =8.613 
# cosx ~—0.1161 and Cos™' (—0.1161) = 1.687. Then x = 2k + 1.687 or 2k — 1.687 Wk € &. 


8.284 cotx = —3.478 
I tan x ~ —0.2875 and Tan“ ' (—0.2875) = —2.800. Then x = km + (—2.800) Vk eZ. 


8.285 cscx = 42.29 
# sin x = 0.0236 and Sin” ' 0.0236 = 0.0236. Then x = 2k + 0.0236 or (2k + 1)a — 0.0236 Wk € F. 


CHAPTER 9 
Additional Topics in Trigonometry 


9.1 RIGHT TRIANGLES 

For Probs. 9.1 to 9.9, find the remaining parts of AABC, where 2 C = 90°. Round all angles to the nearest 
minute and all lengths to the nearest hundredth. 

9.1 b=12,c=13 


I See Fig. 9.1. Then 12° + a* = 13* (by the pythagorean theorem) and a? = 169 — 144 = 25, 
or a = 5. Using a calculator or a table, we get sin A = opposite/hypotenuse = 4, 


ZA = Sin“! § = 22°37’; and from a calculator or a table, sin B = 4, 2B = Sin! 8 = 67°23’. 


B A 
| ; 13 | ; > 
Cc A Cc B 
12 Fig. 9.1 V3 Fig. 9.2 


92 a=V3,c=2 
I See Fig. 9.2. Then b? + (V3)? =4, b? +3 =4, b?=1, or b=1. Then cos B = V3/2. B= 
Cos~! ¥3/2 = 30°. Thus, 2A = 60° (90° = 60° + 30°). 

93 a=2,b=2 


I See Fig. 9.3. If a=b =2, AABC is an isosceles right triangle and 2A = 2B = 45°. Then 
=a? +b? =2? +2 =8, c?=8, orc =2V2. 


Cc B = 


2 Fig. 9.3 c B Fig. 9.4 
94 c=100,B=40° 


I See Fig. 9.4. sin B = 6/100, b = 100 sin B = 64.28 (use a calculator or table). Since 2 B = 40°. 
ZA = 50°. Then sin 50° = a/100, and a = 100 sin 50° = 76.60. 


9.5 b= 14.2, c =23.7 


I See Fig. 9.5. a* + (14.2)? = (23.7)’, or a = 18.98. Then cos A = 14.2/23.7, 
A=Cos~' (14.2/23.7) ~ 53°11’. Thus. B ~ 90° — (53°11') = 36°49’. 
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9.6 B= 17°50", ¢ =3.45 


I See Fig. 9.6. ZA = 90° — 17°50’ = 72°10’. Then sin B = sin 17°50’ = b/3.45, or b = 
3.45 sin 17°50' = 1.06. Thus, sin A = a/3.45, a = 3.45 sin A = 3.28. 


B Fig. 9.6 #46 Fig. 9.7 


9.7 a=6, b=8.46 
I See Fig. 9.7. c? = (8.46) + 6 = 107.57, so c = 10.37. Then tan B = 8.46/6, 2B = 
Tan“ ' (8.46/6) = 54°40’. Thus, 2A = 35°20’. 

9.8 b=10, c= 12.6 


B a+b? =c’, a® +10 =(12.6)’, a? =58.76, or a = 7.67. Then, sin B = 10/12.6, so 2B = 
Sin! (10/12.6) = 52°30’. Thus, 2A = 90° — 2 B = 37°30’. Finally, tan B = 10/a, a tan B= 10, a= 
10/tan B = 10/tan 52°30’, or a = 7.67 (using a calculator). 


9.9 a=2.42, c=3.22 


Bo a+b =c’, b? =c*—a* = (3.22) — (2.42)? = 16.22, or b ~ 4.03. Then cos B = 2.42/3.22, ZB= 
Cos~' (2.42/3.22) = 41°20’. Thus, 2A = 90° — 41°20' = 48°40’. 


For Probs. 9.10 to 9.12, find the perimeter of the described regular polygon. 


9.10 A hexagon inscribed in a circle of radius 5 m 


I See Fig. 9.8. Then ZAOB = 360°/6 = 60°, so ZAOD = 60°/2 = 30°. Since sin 30° = 
sin(ZAOD) = AD/5, AD =Ssin 30° =5-4=2.5m. Thus, AB =5 m, and the perimeter = P = 
6-5=30m. 


Fig. 9.8 A D 8 Fig. 9.9 


9.11 An octagon inscribed in a circle of radius 5m 
I See Fig. 9.9 and Prob. 9.10. Here, the central angle, 2AOB, =360°/8 = 45°. Then 4(central 


angle) = 45°/2 = 22.5°, and 2 AOD = 22.5°. Since sin 22.5° = AD/S5, AD =S sin 22.5° = 1.91 m. Thus, 
AB ~3.82 m, and P = 30.56m. 


9.12 A pentagon circumscribed about a circle of radius 5m 
I See Fig. 9.10. ZAOG = § - (360°/5) = 36°. Then 2 AGO = 90° (it is formed by a tangent and 


radius), and AO = 5 m (radius of the circle). Thus, sin 36° = AG/S, and AG =5 sin 36° = 2.94 m, 
AE ~ 5,88 m, P =29.4m. 
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c D Fig. 9.10 


9.13 ‘If a train climbs at a constant angle of 1°23’, how many vertical feet has it climbed after going 1 mi? 


f See Fig. 9.11. Let x = number of feet the train climbs. Then tan 1°23' = x/5280, and 
x = 5280 tan 1°23’ = 127.5 ft. 


A 239 000 mi 1 . 
oe 
5280 ft Fig. 9.11 B Fig. 9.12 . 
9.14 _‘ Find the diameter of the moon (to the nearest mile) if at 239,000 mi from earth it subtends an angle 
of 32' relative to an observer on the earth. - 
:) 


I See Fig. 9.12, where 2 ACB = 32' and ZACD = 16’. The diameter of the moon = 2r. 
Then tan 16’ = r/239,000, and r = (tan 16’) - 239,000. Thus, the moon’s diameter = } 
2 - (tan 16") - 239,000 = 2225 mi. | 


9.15 An object 4 ft tall casts a 3 ft shadow when the angle of elevation of the sun is 6°. Find 6 to the i 
nearest degree. 


I See Fig. 9.13. Then tan 6 = 4, and @ = Arctan 3 = 59°. 


Angle of elevation = 6 


Ng 3 ht Fig. 9.13 


9.16 Find the angle formed by the intersection of a diagonal of the face of a cube with a diagonal of the 
cube drawn from the same vertex. 
t I See Fig. 9.14a. Let a = the edge of the cube, b = face diagonal, and d = cube’s diagonal. Then 
a? + a*=b*, b? = 2a’, or b = V2a. Also, a? + b* =d?, a* + (V2a)’ =d", a? + 2a? =", d* =3a’, or 
d = V3a. See Fig?9.14b. Then sin @ = a/d =a/(V3a) = 1/V3, and @ = Sin (1/V3) ~ 35° (to the 
nearest degree). 
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9.17 


9.18 


9.19 


9.20 


Find this angle 


Face diagonal 


d 
a 
Diagonal of cube Fig. 9.14a Fig. 9.14b 
If A is an acute angle: 
(a) WhyissinA<1? (d) Why is sin A <tan A? 
(6) When is sin A = cos A? (e) When is sin A <cos A? 
(c) Why is sin A < csc A? (Y) When is tan A> 1? 


I In any right triangle ABC: 


(a) Side a < side c; therefore sin A = a/c <1. (6) sin A= cos A when a/c = b/c; thena=b, A=B, 
and A = 45°. (c) sin A < 1 (above) and csc A = 1/sin A > 1. (d) sin A=a/c, tan A=a/b, andb<c; 
therefore a/c <a/b or sin A <tanA. (e) sin A <cos A when a< 6b; then A < Bor A<90°—A, 
and A < 45°, (f) tan A =a/b>1 whena>b; then A > B and A > 45°. 


Find the values of the trigonometric functions of 45°. 


I See Fig. 9.15. In any isosceles right triangle ABC, A = B = 45° and a = b. Let a= b = 1; then 
c=V1+1=V2and 


sin 45°=1/V¥2=4V¥2 cot 45°= 1 
cos 45° = 1/¥2 = 1y2 peng 
2 


tan 45° = 1/1=1 esc 45° = 


Fig. 9.15 D Fig. 9.16 


Find the values of the trigonometric functions of 30° and 60°. 


I See Fig. 9.16. In any equilateral triangle ABD, each angle is 60°. The bisector of any angle, as B, 
is the perpendicular bisector of the opposite side. Let the sides of the equilateral triangle be 2 units 
long. Then in the right triangle ABC, AB = 2, AC = 1, and BC= V2 —- = V3. 

sin 30° = 1/2 = cos 60° cot 30° = V3 = tan 60° 

cos 30° = V3/2 = sin 60° sec 30° = 2/3 = 23/3 = csc 60" 

tan 30° = 1/¥3 = V3/3=cot60® — csc 30° = 2 = sec 60" 


When the sun is 20° above the horizon, how long is the shadow cast by a building 150 ft high? 


f In Fig. 9.17, A = 20° and CB = 150. Then cot A = AC/CB and AC = CB cot A = 150 cot 20° = 
150(2.7) = 405 ft. 
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Fig. 9.17 Fig. 9.18 


9.21. A tree 100 ft tall casts a shadow 120 ft long. Find the angle of elevation of the sun. 
I In Fig. 9.18, CB = 100 and AC = 120. Then tan A = CB/AC = 100/120 = 0.83 and A = 40°. 
9.22. A ladder leans against the side of a building with its foot 12 ft from the building. How far from the 


ground is the top of the ladder, and how long is the ladder if it makes an angle of 70° with the 
ground? 


I From Fig. 9.19, tan A = CB/AC; then CB = AC tan A = 12 tan 70° = 12(2.7) = 32.4. The top of 
the ladder is 32 ft above the ground. And sec A = AB/AC; then AB = AC sec A = 12 sec 70° = 
12(2.9) = 34.8. The ladder is 35 ft long. 


f 
A~iz ° Fig. 9.19 Fig. 9.20 


9,23. _ Find the length of the chord of a circle of radius 20 m subtended by a central angle of 150°. 


I In Fig. 9.20, OC bisects ZAOB. Then BC = AC and OAC is a right triangle. In AOAC, | 
sin ZCOA = AC/OA and AC = OA sin 2COA = 20 sin 75° = 20(0.97) = 19.4. Then BA = 38.8, and 


the length of the chord is 39 m. 


9.24 _ Find the height of a tree if the angle of elevation of its top changes from 20° to 40° as the observer 
advances 75 ft toward its base. See Fig. 9.21. 
B 


Peo A.’ P 
75' D Fig. 9.21 


; f Inright triangle ABC, cot A= AC/CB; then AC = CB cot A or DC + 75 = CB cot 20°. In right 
r triangle DBC, cot D = DC/CB; then DC = CB cot 40°. Then DC = CB cot 20° — 75 = CB cot 40°, 
CB(cot 20° — cot 40°) = 75, CB(2.7 — 1.2) =75, and CB = 75/1.5 = 50 ft. 


9.2 LAW OF SINES 
_ For Probs. 9.25 to 9.36, find the measure of the indicated angle or the length of the indicated side. Refer to 
_ Fig. 9.22, and use a calculator. 
925 6=12°40', y= 100°, b =13.1; finda. 
a = 180° — 12°40’ — 100° = 67°20’. The law of sines is — - nf Th 


a 7m a ae sig 67°20 an hot 
sin B sin 12°40’ 


en 
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9.26 


9.27 


9.28 


9,29 


9.30 


931 


9.32 


9.33 


9.34 


9.35 
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Fig. 9.22 
Find c in Prob. 9.25. 
siny_sinB b sin y _ 13.1 sin 100° 
: ht te B sin 12°40’ sabe: 


B = 27°30’, y =54°30', a = 9.27; find b. 


sin B_ sin @ asin 9.27 sin 27°30’ 


I a= 180° — $4°30' — 27°30' = 98°. Then from —— = ——_ , b = — = —————_ = 4.32. 
a sin a@ sin 98° 
Find c in Prob. 9.27. 
eye FA nt Ooi wiSanast on in =762 

c sin @ sin 98° 
a = 25°50’, a= 65, b = 105, f obtuse; find p. 

; ‘ b : 

oP Sn so sin f= 2S. MOSES = 0.7039, We choose 180 — Sin~' 0.7039, not 
Sin~' 0.7039, since B is obtuse. Then 180 — Sin~' 0.7039 = 135°15' ( = 135.25°). 
Find c in Prob. 9.29. 
I y= 180° — (25°50’ + 135°15") = 18°55’. Then from = SOY, gull Br SS cask 
c sin a sin 25°50 

B =31°40', a= 12, 6 =8, aw acute; find a. 
r] sma SOP so sina =" asmP vent = 0.7875. We choose a = Sin-' 0.7875, 

a 
not aw = 180 — Sin™' 0.7875 since a@ is acute. Then a = Sin~' 0.7875 = 52°. 
Find c in Prob. 9.31. 

sin siny bsiny 8sin 96°20" 

= a 2 — = C= = = 15.1. 

By = 180° — (52° + 31°40’) = 96°20". Then from ; es sin B > sin 31°40 1 


a= 50, c= 40, y = 30°; find a. 


f Here a can be obtuse or acute. Then from sin a/a = sin y/c, sin a =a sin y/c = 50 sin 30°/40 = 
0.6250. Thus, (1) a = Sin~' 0.6250 = 39°, or (2) a = 180° — Sin~' 0.6250 = 141°. 


Find b in Prob, 9.33 if a < 90°, 


sin B _ sin y ee 40 sin 111° 


f p=180° — 39° —30°=111°. f 
B Then from —— A sin 30° 


= 75. 


Find 6 in Prob. 9.33 if a > 90°, 
sinf siny 40 sin 9° 


=— b= 


b c sin 30° 


BB =180° — 141° — 30° =9°. Then from 
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9.36 a=14,b=23, a=41°; find B. 


i i ; 23 sin 41° 
I Then from se = ane ,sinp= a = 1.078. Thus £8 = Sin~' 1.078; there is no solution. i 


Draw the triangle; do you see why there is no solution? 
9.3 LAW OF COSINES 

____ For Probs. 9.37 to 9.48, find the indicated piece of information concerning the triangle in Fig. 9.22. Use a 

calculator. 

— 937 a=50°40', b =7.03, c = 7.00; find a. 

\ I From the law of cosines a* = b* + c* — 2be cos a, we have a* = (7.03)? + (7)? — 
2(7.03)(7) cos 50°40’ = 36.03925 - -- , or a = 6.00. 

_ 9.38 Find fin Prob. 9.37. 


I From the law of sines a/sin a = b/sin B, sin B = 7.03 sin 50°40’ /6 = 0.9063. Then 6 = | 
Sin~' 0.9063 = 65°0’. (Do not choose 180° — Sin~' 0.9063 since there cannot be two obtuse angles in a 
; triangle.) 


- 939 y=120°20', a=5.73, b = 10.2; find c. 


Bsc? =a* + b* — 2ab cos y = (5.73)* + (10.2)? — 2(5.73)(10.2) cos (120°20") = 195.90686 - - - . Thus, 
c= 14.0. 


~ 


_ 9.40 Find f in Prob. 9.39. F 


I From sin B/b = sin y/c, sin B =b sin y/c. Then B = Sin“ ' 0.6288 = 39°0’. (Do not use 180° — 
Sin~' 0.6288 since y is obtuse.) 


9.41 Find ain Prob. 9.39. 
f We do not need the law of sines or cosines here; a = 180° — (8 + y) = 180° — 39°0’ — 120°20' = 
20°40". 
9.42 a=4.00, b=10.0, c=9.00; find a. 
Bo a’ =b? +c*—2be cos a. Then cos a = [(10.0)? + (9.00)? — (4.00)?]/180 = 0.9167. Thus, a = 
Cos~' 0.9167 = 23°30’. (Note that, given the three lengths we have, a and y are both less than 90°.) 
9.43 ‘Find y in Prob. 9.42. 
I From sin y/c = sin a/a, sin y = 9.00 sin 23°30' /4.00 = 0.8972. Thus, y = Sin~' 0.8972 (y < 90°) = 
63°50". 
9.44 ‘Find y in Prob. 9.42, using the law of cosines. 
I cos y =[(4.00)? + (10.0)? — (9.00)*]/[2(4)(10)] = 0.4375. Thus y = Cos~' 0.4375 = 64°0'. (Do not 
be concerned by the small difference in results; rounding causes the discrepancy.) 
945 a=10.5, b=20.7, c = 12.2; find a. 


b?+¢?—a’? i (20.7)? + (12.2)? — (10.5) = 0.9248 Th 

2be 2(20.7)(12.2) ie 
a = Cos~' 0.9248 = 22°20’. (Here, again, a and y are acute. Draw a picture of the triangle whose 
sides are the lengths given in this problem.) 


Bo a®=b* +c? —2bc cos a. Then cos a= 


9.46 ~~ ‘Find y in Prob. 9.45. 
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9.47 


9.48 


9.49 


94 VECTORS 
For Probs. 9.50 to 9.55, the magnitude and direction of a vector are given. Represent them geometrically. 


9.50 


9.51 


9.52 


9.53 


9.54 


8 From sin y/c = sin a/a, y = Sin” ' [12.2 sin (22°20')/10.5] = Sin” ' 0.4415 = 26°10" (y < 90°). 


Find f in Prob. 9.45, 
EB =180° — (a + y) = 180° — 22°20’ — 26°10" = 131°30’. 


Prove that c? = a’ + b*, where y = 90". 

I From the law of cosines c* = a* + b* — 2ab cos y, we have c* = a? + b? — 2ab cos W? (y = 90°) = 
a’ + b* — 2ab - 0. Thus, c? = a* + b*. This is a proof of the pythagorean theorem. 

Two adjacent sides of a parallelogram meet at an angle of 35°10’ and have lengths of 3 and 8 ft. 
What is the length of the shorter diagonal of the parallelogram (to three digits)? 


I See Fig. 9.23. We need to find d. Since d* = 3* + 8? — 2-3 - 8 cos 35°10’ = 33.76096 - - -, 
d =5.81 ft. 


8 ft 


35° 10’ Fig. 9.23 


3, N40°E 


I See Fig. 9.24. The “length” of the vector is 3 (magnitude), and we move 40° in the easterly 
direction from north (y axis). 


Fig. 9.24 Fig. 9.25 


5, S60°W 
I See Fig. 9.25. AB = 5, and we move 60° west from the “south axis.” 


2, S45°E 
I See Fig. 9.26. AB =2. 


3, course of 60° 


I Sce Fig. 9.27. AB = 3. “Course of 60°" means move 60° clockwise from north (y axis). 


4, course of 160°. 


9.55 
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45° 


B Fig. 9.26 Fig. 9.27 


; 
160° | 
x 
A ) 
B Fig. 9.28 Fig. 9.29 ., 
I See Fig. 9.28. AB =4, and there is a 160° angle between the resulting vector and the positive y 
axis. 
3, course of 300° 


I See Fig. 9.29. AB =3. 


For Probs. 9.56 to 9.58, find the magnitude of the given vector. 


9.56 


9.57 


9.58 


(4,5) 

I The magnitude of v = (4, 5), written |v| or |(4, 5)| = V4" + 5° = V16 + 25 = V41. 
(6, —14) 

I \(6, —14)| = V6" + (— 14)" = V36 + 196 = V232 = 2V58. 

v where v = (a, d) 


I \vj = Va" + d*. No further simplification is possible. 


For Probs. 9.59 to 9.61, determine the direction of the given vector. 


9.59 


9.60 


(4, —3) 


I ifv=(zx, y), then @ is the direction of v, where tan 6 = y/x. Here tan @ = —j and @ = 323°8’ (use 
a calculator). 


v=(-2,-1) 
I See Prob. 9.59. tan 8 = —1/—2 =}. Then @ = 206°34’. 
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9.61 


For Probs. 9.62 to 9.68, let a= (1,0), b= (3, 0), c= (4, 6), d= (4, 9), e = (1, 6). Find each of the following. 


9.62 


9.63 


9.64 


9.65 


9.67 


(3,0) 
fT tan@={=0; 0=0°. 


2a 
I Recall that k(x, y) = (kx, ky). Thus 2a = 2(1, 0) = (2, 0). 


tb 
I th =3(3, 0) = (4 - 3, 3-0) =(2, 0) = 2a (see Prob. 9.62). 


a¢+c 

# Recall that (x;, y;) + (2, y2) = (41 + x2, Y; + yo). Thus, a+e¢=(1,0) + (4,6) =(1+4,0+6)= 
(5, 6). 

a-—d 

I Recall that a— b= a+ (—b). Here, d= (4,9), so —-d = —1d = (—4, —9) anda—d=a+(-—d)= 
(1, 0) + (—4, —9) = (1 —4, 0- 9) =(-3, —9). 

e-2e 

I e—2c=(1, 6) +(—2)(4, 6) = (1, 6) + (—8, —12) = (—7, —6). 


—6(b + 2d) 

I —6(b + 2d) = —6b — 12d (distributive law) = —6(3, 0) — 12(4, 9) = (—18, 0) + 
(—48, —108) = (—66, —108). 

a-c 


I ifx=(x,, y,) and y = (x), y,), thenx- y =x,x, + y, y2 = the dot product. Here, a-¢= 
(1,0): (4,6)=1-4+0-6=44+0=4, 


For Probs. 9.69 to 9.74, prove the given statement. 


9.69 


9.70 


9.71 


9.72 


u-u=ful 

I Let u=(a, b). Thenu-u=(a, b)-(a,b)=a-a+b-b=a?+b? or jaf =(Va+b y= 
a’ +b*, andu-u=|ul’. 

u-v=v-u 

8 Letu=(a, b), v=(c, d). Then u- v= ac + bd = ca + db (multiplication is commutative) = 
(c, d)- (a, b)=v-u. Thus, u-v=v-u, 

u-(v+w)=u-v+u-w 

8 Letu=(a, b), v=(c, d), w=(e, f). Then u-(v+w)=(a, 6)-(c+e,d+f)= 

a(c +e) + b(d +f) =ac + ae + bd + bf =ac + bd + ae + bf =u-v+u-w. 
(ku)-v=k(u-v) 


8 ku=(ka, kb) where u = (a, b). Let v=(c, d). Then (ku) - ¥ = (ka, kb) - (c, d)= 
(ka)c + (kb)d. Since u- v = ac + bd, we have k(u~ v) = k(ac + bd) = k(ac) + k( bd) = (ka)c + (kb)d 
(associative law for multiplication), and (Au) «v= k(u> ¥). 


9.73 


9.74 


en } e 
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Ifu iv, then u-v=0(u,v#0). 
I ifu ty, then a- v= ul [vj cos @ (6 = angle between u, v) = ju |¥| cos (1/2)(u 1 v) = jul |v -0=0. 


Ifu-v=0, thenu 1 v(u,v #0). 
I ifu-v=0, then |ul |v| cos 6 =0, cos 6=0 (u,v #0), = 27/2, anduLvy. 


For Probs. 9.75 to 9.78, prove the given statement. 


9.75 


9.76 


9.77 


9.78 


a+c=ct+a 

# Leta=(x,, y,) and e=(x, y.). Then a+ ¢=(x,, y)) + (x2, Yo) = (41 + X2, Vi + Yo) = 
(x2 +X, ¥2 + ¥;) (by commutative law for addition) = ¢ + a. 

a—c=—(ce-—a) 


§ Leta=(x,, y,) and ¢e=(x2, y2). Then a—c¢=(x, — X2, y, — y2) and —(e—a) = 
—1(x2— 2X), Y2— Vs) = (41 — 42, Wy — Yn) = ae. 


u+0=u 

i Let u=(x, y). Thenu+0= (zx, y) + (0, 0)=(x +0, y +0) =(x, y)=u. 
u+(—u)=0 

I Letu=(a, b). Thenu+(—u) =(a, b) +(—a, —b) =(a —a, b—b) =(0, 0) =0. 


For Probs. 9.79 and 9.80, rewrite the given vector in terms of i and j. 


9.79 


(4,7) 
I i=(1,0) and j=(0, 1). Then (4, 7) = 4(1, 0) + 7(0, 1) = 41+ 7j. 
5, SIE 


I See Fig. 9.30. The length of line AB = |AB| =5. Then B has coordinates (3, —3V3), and so the 


Fig. 9.30 


For Probs. 9.81 and 9.82, find the unit vector in the direction of the given vector. 


(6, 4) 


# \(6, 4)| = V36 + 16 = V52. Then |A| = 1, where A = (6/52, 4/'V52), and the direction of 
A= the direction of (6, 4). 


(e, f) 
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9.83 


9.84 


G \(e. f\\=Ve- +f? Let A= (ap . ep): Then |A| = 1, and the direction of 


A = the direction of (¢, f). 


Find the angle between the vectors (1, 0) and (v2, v2). 


# (1,0): (V2, V2) =1- ¥2+0- V2 = V2. Also (1, 0) - (V2, V2) = 1(1, 0)| (V2, V2)| cos @. Thus 
V2 =1-2cos 6, cos @ = V2/2, and 6 = 2/4. 


An automobile weighing 2000 Ib is standing on a smooth driveway that is inclined 5.0° with the 
horizontal. Find the force parallel to the driveway necessary to keep the car from rolling down the 
hill. Neglect all friction. 


Parallel to driveway 
estas: x 


Horizontal \ 


y Fig. 9.31 


I See Fig. 9.31. We need the component of ray XY parallel to the driveway; i.e., we need | TX). 
Since | 7X |/2000 = sin 5°, | 7X | = 2000 sin 5° = 174.5 Ib, See Prob, 9.98. 


For Probs. 9.85 to 9.87, answer true or false, and justify your answer. 


9.85 


9.86 


9.87 


If u=v, then |u| =|v|. 


I True. Two vectors are equal if and only if their magnitude and direction are the same. Thus, if 
u =v, |u| must equal |yj. 


Vector (1, 1) = ray AB where the coordinates of A = (1, 0) and the coordinates of B = (2, 1). 


i \|AB\=V2- iy +(1—-0 *—V1+1= V2. Thus, |AB| =|(1, 1)|. Are they in the same direction? 
Since the slope of the line connecting the points (0, 0) and (1, 1) = the slope of line AB, the 
directions are the same, and the vector (1, 1) = AB. True. 


Ifa-b=c-d, thena=c and b=dora=dandb=c. 


I False. Let a= (1,0), b=(2,0). Then a-b=2+0=2. Lete=(1,1)=d. Then 
e-d=(1,1)-(1,1)=1+1=2. Buta#danda¥c. 


A motorboat moves in the direction N40°E for 3 h at 20 mi/h. How far north and how far east does it 
travel? See Fig. 9.32. 


I Suppose the boat leaves A. Using the north-south line through A, draw the half-line AD so that 
the bearing of D from A is N40°E. On AD locate B such that AB = 3(20) = 60 mi. Through B pass a 
line perpendicular to the line NAS, meeting it in C. In right triangle ABC, 


AC = AB cos A = 60) cos 40° = 60(0.7660) = 45.96 
and CB = AB sin A = 60 sin 40° = 60(0.6428) = 38.57 


The boat travels 46 mi north and 39 mi cast. 
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Fig. 9.32 Fig. 9.33 
Hu 9.89 Three ships are situated as follows: A is 225 mi due north of C, and B is 375 mi due east of C. What 
, is the bearing (a) of B from A, (b) of A from B? 


f In right triangle ABC in Fig. 9.33, tan2 CAB = 375/225 = 1.6667 and ZCAB = 59°0’. 
(a) The bearing of B from A (angle SAB) is $59°0'E. 
(6) The bearing of A from B (angle N’ BA) is N59°0'W. 


9.90 Three ships are situated as follows: A is 225 mi west of C while B, due south of C, bears 


$25°10'E from A. (a) How far is B from A? (b) How far is B from C? (c) What is the bearing of A 
Ni from B? 


—— 


Fig. 9.34 


I From Fig. 9.34, 2SAB = 25°10' and 2 BAC = 64°50". Then 
AB = AC sec 2 BAC = 225 sec 64°50’ = 225(2.3515) = 529.1 


ABMs LBAC cs64°S0 0.4253 

and CB = AC tan 2 BAC = 225 tan 64°50’ = 225(2.1283) = 478.9 

(a) B is 529 mi from A. (6) B is 479 mi from C. (e) Since 2 CBA = 25°10’, the bearing of A from B is 
N2S5°10'W. 


9.91 From a boat sailing due north at 16.5 mi/h, a wrecked ship K and an observation tower T are 
observed in a line due east. One hour later the wrecked ship and the tower have bearings $34°40'E 
and $65°10’E. Find the distance between the wrecked ship and the tower. 


I In Fig. 9.35, C, K, and T represent, respectively, the boat, the wrecked ship, and the tower when 
in a line. One hour later the boat is at A, 16.5 mi due north of C. In right triangle ACK, 


CK = 16.5 tan 34°40’ = 16.5(0.6916) 
In right triangle ACT, 


CT = 16.5 tan 65°10' = 16.5(2.1609) 
Then KT = CT — CK = 16.5(2. 1609 — 0.6916) = 24.2 mi. 
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9.92 


9,93 


9.94 


9.95 


s Fig. 9.35 


A ship is sailing due east when a light is observed bearing N62°10’E. After the ship has traveled 
2250 ft, the light bears N48°2S’E. If the course is continued, how close will the ship approach the 
light? 


I In Fig. 9.36, L is the position of the light, A is the first position of the ship, B is the second 
position, and C is the position when nearest L. In right triangle ACL, AC = CL cot Z2CAL = 

CL cot 27°50’ = 1.8940CL. In right triangle BCL, BC = CL cot 2CBL = CL cot 41°35‘ = 1.1270CL. 
Since AC = BC + 2250, 1.8940CL = 1.1270CL + 2250, and CL = 2250/(1.8940 — 1.1270) = 2934 ft. 


Fig. 9.36 B Fig. 9.37 
Refer to Fig. 9.37. A body at O is being acted upon by two forces, one of 150 Ib due north and the 
other of 200 Ib due east. Find the magnitude and direction of the resultant. 


I In right triangle OBC, OC = V(OBY + (BC) = V(200)" + (150) = 250 Ib, tan ZBOC = 
i = 0.7500 and 2 BOC = 36°50’. The magnitude of the resultant force is 250 Ib, and its direction is 
N53°10'E. 


An airplane is moving horizontally at 240 mi/h when a bullet is shot from the plane with speed 
2750 ft/s at right angles to the path of the airplane. Find the resultant speed and direction of the 
bullet. 


I The speed of the airplane is 240 mi/h = 240(5280)/[60(60)] ft/s = 352 ft/s. In Fig. 9.38, 

vector AB represents the velocity of the airplane, vector AC represents the initial velocity of the 
bullet, and vector AD represents the resultant velocity of the bullet. In right triangle ACD, 

AD = V(352)" + (2750)* = 2770 ft/s, tan CAD = 398, = 0.1280, and 2 CAD = 7°20’. Thus, the bullet 
travels at 2770 ft/s along a path making an angle of 82°40’ with the path of the airplane. 


eae psoas ce eae ree D 
352 


A 2750 C Fig. 9.38 


A river flows due south at 125 ft/min. A motorboat, moving at 475 ft/min in still water, is headed 
due east across the river. (a) Find the direction in which the boat moves and its speed. (6) In what 


9.97 


ADDITIONAL TOPICS IN TRIGONOMETRY J 285 


Fig. 9.39 


direction must the boat be headed in order for it to move due east, and what is its speed in that 
direction? 
I (a) Refer to Fig. 9.39. In right triangle OAB, OB = V(475)" + (125) = 491, tan 0 = 

4: = 0.2632, and 6 = 14°40’. Thus the boat moves at 491 ft/min in the direction $75°20'E. 
(b) Refer to Fig. 9.40. In right triangle OAB, sin 6 = 33 = 0.2632 and @ = 15°20’. Thus the boat 
must be headed N74°40’E, and its speed in that direction is OB = V/(475)- — (125)- = 458 ft/min. 


Fig. 9.40 


A telegraph pole is kept vertical by a guy wire which makes an angle of 25° with the pole and which 


exerts a pull of F = 300 Ib on the top. Find the horizontal and vertical components F,, and F,, of the 
pull F. See Fig. 9.41. 


fF, = 300 sin 25° = 300(0.4226) = 127 lb 
F,, = 300 cos 25° = 300(0.9063) = 272 Ib 


Fig. 9.41 


A woman pulls a rope attached to a sled with a force of 100 1b. The rope makes an angle of 27° with 
the ground. (a) Find the effective pull tending to move the sled along the ground and the effective 
pull tending to lift the sled vertically. (6) Find the force which the woman must exert in order for the 
effective force tending to move the sled along the ground to be 100 Ib. 


F, Fig. 9.42 Fig. 9.43 


W (a) In Figs. 9.42 and 9.43, the 100-Ib pull in the rope is resolved into horizontal and vertical 
components F,, and F,,, respectively. Then F, is the force tending to move the sled along the ground, 
and F,, is the force tending to lift the sled, 


F, = 100 cos 27° = 100(0.8910) = 89 Ib F,, = 100 sin 27° = 100(0.4540) = 45 Ib 
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E 


f, = 100 Ib Fig. 9.44 


(b) In Fig. 9.44, the horizontal component of the required force F is F, = 100 Ib. Then 
F = 100/cos 27° = 100/0.8910 = 112 Ib, 


9.98 A block weighing W = 500 lb rests upon a ramp inclined 29° with the horizontal. Find the force 
tending to move the block down the ramp and the force of the block on the ramp. 


Fig. 9.45 


I Refer to Fig. 9.45. Resolve the weight W of the block into components F, and F,, respectively, 
parallel and perpendicular to the ramp. F, is the force tending to move the block down the ramp, 
and F, is the force of the block on the ramp. 


F, = W sin 29° = 500(0.4848) = 242 Ib 
F, = W cos 29° = 500(0.8746) = 437 Ib 


CHAPTER 10 
Conic Sections 


10.1 THE CIRCLE 
For Probs. 10.1 to 10.12, find the center and radius of the given circle. 


10.1 


10.2 


10.3 


10.4 


10.5 


10.6 


10.7 


10.8 


10.9 


10,11 


x? +y*= 100 

Ioif(x—hy+(y —kY =P’, then (A, k) is the center and r is the radius. Here, C(0, 0), 
r= V100= 10. 

(x +2 +(y+4¥=10 

# C(-2, —4), r=V10. 


(x —1f° + y?=16. 
fc, 0), r=Vi6=4. 


x?+y*=3 


I There are no real numbers satisfying this equation. 


(x-1P +(y—SP=0 

I This is just the point (1, 5); the only way (x — 1)? + (y — 5)’ = 0 is if (x — 1)? =0 and 

(y -—5)°=0. 

x? —8x + y? + 10y = 12 

B(x? — 8x) + (y? + 10y) = 12, (x? — x + 16) + (y? + 10y + 25) = 12 + 16 + 25, and 

(x — 4)? + (y + 5)? =53. Here C(4, —5), r = V53. 

3x7 + 3y? — 4x +2y +6=0 

B 3(x*— 3x + %)+3y? + fy + %) = —6+ % + %, and 3(x — 4)’ + 3(y + 4)’ = —6 + Q. There are no 
real x and y satisfying this equation, since r* <0. 

7x* + Ty? + 14x — S6y —25=0 

B(x? 42x + 1) + 7(y? — By + 16) = 25 +7 + 112 = 144, (x + 1) + (y — 4)? = 144/7, and C(-1, 4), 
r= 12/V7. 

x°+y?— 4x —6y — #=0 

| x? —4r4+44+ y*-6y +9 = 94449, (x — 2)? + (y —3)? = 164 = &, and C(2, 3), 
r=7/V3=7V3/3. 

x? +y?—6x + 8y —11=0 

B x? -6x+9+y? + By + 16=11+9+ 16, (x —3)'+(y +4)’ = 36, and C(3, —4), r=6. 


~ 
Z 


2x* + 2y?-x =0 
I 


2(x? —x/2 + i) + 2y?=% = 4, (x — 4)? + (y — 0) = &, and C(2, 0), r=3. 
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10.12 x°+y?-8&r—7y =0 
Bx -8r +16+y?—7y + B= 16+ %, (x —4)? + (y — 9)? =, and C(4, 3), r = V113/2. 


For Probs. 10.13 to 10.24, write an equation of the circle satisfying the given conditions. 


10.13 Center (1, 0), radius 2 
8 (x-1/ +(y -—0/ =2’, or (x -1)P + y? =4. 


10.14 Center (0, —5), radius 1 
§ (x-0P +[y —(-S)P =P, or x? +(y +5) =1. 


10.15 Center (—2, —3), radius V7 
B(x +2P +(y +3 =(V79¥, or (& +2) + (y + 3)? =7. 


10.16 C(I, 2), passing through (0, 0) 
I The line segment connecting (1, 2) to (0, 0) is a radius: r = V(1 — oy +(2-0 2-V1i+4=V5. 
Then (x — 1)°+(y — 2)? =(V5)?=5. 

10.17 C(1, —3), passing through (2, 6) 
If r=V(2-1)'+[6- (-3)f = Vi" + & = V82, so the equation is (x — 1)? + (y + 3)? = 82. 


10.18 Center (0, 6); diameter has (0, —1) and (0, 13) as endpoints. 
f r=V(0-0)' + (3+ 17/2 = 14/2 =7, so the equation is (x — 0)? + (y — 6)? = 49. 


10.19 Center (0,6); diameter has (0, 1) as an endpoint. 
i r=V@O-0/7+ (1-6) =5, so the equation is x* + (y — 6)? = 25. 


10.20 Center at (1, 2), diameter = 6 
I If d=6, thenr =d/2=3, and the equation is (x — 1)? + (y — 2)? =9. 


10.21 Center (—4, 3), tangent to y axis 


I See Fig. 10.1. If the circle is tangent to the y axis, it must intersect it at P, where 
AP || x axis, Thus, P has coordinates (0, 3), and r= V(4+ oy +(3- 3 = 4. Then the equation is 
(x +4) +(y —3)7 = 16. 


Fig. 10.1 Fig. 10.2 


10.22 Circle is tangent to both axes, center is in quadrant I, r = 8. 


I See Fig. 10.2. The center must be at (8, 8), so the equation is (x — 8)’ + (y — 8 = 64. 
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10.23. Center is at the origin; circle crosses the x axis at 6. 


I See Fig. 10.3. Then r = 6, and the equation is (x — 0)? + (y — 0? = 36, or x? + y? = 36. 


Fig. 10.3 Fig. 10.4 


10.24 Passes through the origin; r = 10; abscissa of center is —6. 


I See Fig. 10.4. The center is on the line x = —6. We want the distance from (—6, y) to (0, 0) 
(which is r) to be 10. Then V36 +y" = 10, 36+ y? = 100, y?> = 64, or y =8, —8. Thus, C = (—6, 8) or 
C =(—6, —8), so the equation is either (x + 6)’ + (y — 8)* = 100 or (x + 6)? + (y + 8)? = 100. 


For Probs. 10.25 to 10.27, find the equation of the circle passing through the three given points. 
10.25 (0,0), (1, 1), (1, 2) 


I ifx?+y?+Ax + By + C =0 is the circle, then each of the abscissas and ordinates 

given must satisfy that equation. Then using (0, 0): 0 + C =0, or C=0. Using (1, 1): 17 +1°7+A+ 
B+C=0, but C=0, so2+A+B=0. Using (1,2): 1° +2?+A+2B +4 C=O, but again since 
C=0,5+A+2B =0. Then 5 + (—B —2)+2B =0, B +3=0, and B = —3. Using the equation 
obtained from point (1, 1) gives 2+ A —3=0 and A = 1. Finally, substituting A= 1, B = —3, and 
C =0 into x* + y* + Ax + By + C=O, we get x* + y*? +x —3y =0. 


10.26 (0,1), (1,0), (0, —1) 


Box? +y?+Ax+ By +C=0. Using (0, 1):0+1+0+B+C=0. Using (1,0): 1+0+A+0+C= 
0. Using (0, —1):0+1+0—-B+C=0. Then2+2C =0, soC =—1;1+A—1=0, soA=0; and 
1-— B-—1=0, so B=0. Thus, x*+y*—1=0, orx?+y*=1. 


10.27 (0,0), (1, —1), (2, 9) 


8 x? +y?+Ax+ By +C=0. Using (0, 0):0+0+0+0+ C=0, so C=0. Using (1, -1): 1+1+ 
A—B=0. Using (2,0): 4+0+2A+0+0=0, 2A = —4, and A = —2. Since 2+A—B=0O, 
2—2-—B=0, and B =0. Then the equation is x* + y* — 2x =0 (B=C=0). 


For Probs. 10.28 to 10.30, find the center and radius of the circle passing through the given points. 
10.28 (0,0), (1, 1), (1, 2) 


Eo (x—hyY +(y —kP =P’. Using (0, 0): (—A)? + (—k) =P’, and A? + k? =r’. Using (1, 1): 
(1—h)?+(1—kP =r’, 1-2h +h? 4+1-2k +k =r’, and2+h?—-2h-2k+kK =P’. 
Using (1,2): (1h)? + (2—-k) =r, 1-2h +h? +.4-4k +k? =P’, and 

5+h?—2h —4k +k? =r’. From these equations we have —2 + 2h + 2k =0 and 
—~3+2k =0, sok =3. Thus, —2+2h +3=0, 2h=1, orh =}. Then, }+4=?’, 

P=}, r=1/V2=V2/2. Thus, C = (3, 4), r= V2/2. 


10.29 (0,1), (1, 0), (0, 1) 


I See Prob. 10.26, If x? + y? = 1, then C = (0, 0), r = 1. The technique in Prob. 10.28 will also 
work. 
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Fig. 10.5 


10.30 (0, 2), (2,0), (—2, 0) 
f See Fig. 10.5. For the circle to pass through A, B, and C, it must have C = (0, 0), r = 2. 
For Probs. 10.31 to 10.33, find the equation of the circle passing through the given points, with center on the 
given line. 
10.31 Through (0, 1) and (1, 0), center on x =0 
I Let (x-h)?+(y —ky =P be the circle. Then, (h, k) must be the same distance from (0, 1) and 
(1,0): VA — 0) + (k — 1) = Vih— 1)? + (kK — OY," Va? + (kK —- 19 = VA —- 19 + BR, t+ 2k + 


1=h?-—2h+1+k’*, so —2k + 2h =0. If the center (A, k) lies on x = 0, then A = 0; since 
-k+h=0, k=0. Thus, r = V(0— 0)" + (1 + 0) =1, and the equation is x? + y* = 1. 


10.32 Through (0, 1) and (1,0), center on y= —1 
8 Vh—-0) + (k— 1) = VA — 1)* + (Kk — 0), h? + ke? - 2k +1 =h? - 2h 414k, -2k4+1= 
—2h +1, and k =h. If the center lies on y = —1, then k = —1 and A = —1. Thus 
(h, k) =(-1, —1). Therefore, r = V(—1 —0)° + (-1— 1 = V1 +4= V5. 
10.33. Through (0,0) and (1,0), center on y =0 
§ Vh-0F + (y -0P = ViA— 1) + 7, bh? + y? =A? —2h +147, -2h=-1, scoh =}. 
If the center is on y = 0, then k = 0. Also, r= V(E—0)° + 0= VI =}, so (x —47? + y?=}. 


For Probs. 10.34 to 10,38, find the intersection(s) (if any) of the graphs of the given equations. Use algebraic 
techniques. 
10.34 x°+y?=landx=1 


§ x?+y?=1andx=1. Then I’ +y’=1, y?=0, and y = 0. But x = 1, so the intersection point is 
(1,0). 


10.35 x°+y?=1and(x-1)+y?=1 


@ y?=1-x7, so (x —1)? + (1 —x?) =1. Then x? — 2x +14+1-—2x?=1, -2x +2=1, -2xr=-1, 
or x =}. Since y* = 1 — x?, then y? = 1 — (4)? =}. Thus, y = +V3/2, and (x, y) = (4, V3/2) or 
(x, y) = (4, —V3/2). 


10.36 x°+y?=landx*?+y*=2 
§ =1-y*,x=V1—-y’, or (1 —y*) + y? =2; no solution. These two circles do not intersect. 
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10.37 x+y=2and(x—-1)7+(y—-27=3 

| B o(v-17' + (2—x — 2) =3, x? -—2e +147 =3, 2x?- 2x —2=0, x? -—x -1=0, or 

vVit(-17—-40y(-1) 14Vit4 124V5 tent 1+ V5 1-¥V5 
. or oe eS - a ae 


a ia ae ir 


10.38 x°+y?=yandy=3 


fx? +9=4, orx?=—S. There is no solution, so there is no intersection. 
For Probs. 10.39 to 10.41, tell whether the statement is true or false and why. 


10.39 Every triple of points determines a circle. 


I False; if the three points are collinear, they do not determine a circle. 


10.40 ‘If a circle and line intersect, they intersect twice. 


I False; if the line is tangent to the circle, it intersects it only once. 


10.41 Two circles either intersect in two places or do not intersect. 
I False; if they are tangent, they intersect at one point. 


10.42 Write the equation of the locus of a point, the sum of the squares of whose distances from (—2, —5) 
and (3, 4) is equal to 70. 


H I Let (x, y) be the point. Then d[(x, y), (—2, —5)] = Vi + 2)" + (y + 5) and d[(x, y), (3, 4)] = 
Vix —3)* + (y —4)*. We are told that [(x + 2)? + (y + 5)"] + [(« —3)? + (y — 4] = 70. Then x* + 
4x +44 y?+ 10y +25 +x? — 6x +9+y*—8y + 16=70. Thus, x? + y*?—x + y —8=0. This is a circle 
with center at (4, —4) and radius V¥. 


10.43 Find the length of the tangent from (3, —1) to (x — 1)? + y?=1. 


I See Fig. 10.6 and apply the pythagorean theorem. Then d* = [V(3 — 1)* + (-1-0/f-r?= 
(V4+ 1)? -1=(V5P -—1=5-1=4, andd=2. 


Fig. 10.6 Fig. 10.7 
10.44 Find the length of the tangent from (3, 1) to.x* + y* =1. 


I See Fig. 10.7 and Prob. 10.43. Notice that by the pythagorean theorem d* = b? — a*. Then 
b = V3°+ 2 = VW and a = 1. Thus, d? =(V/10)? — 1 = 9 and d = 3. Does this result look correct? 
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10.2 THE PARABOLA 
For Probs. 10.45 to 10.52, find the focus and directrix for the given parabola. 


10.45 y?=7x 

I If y? =4ax, then the focus is at (a, 0), and the directrix is x = —a = —]. In this case, y?>=4-] -x. 
10.46 y? = 40x 

fy? =40x means y? = 4ax where a = 10. Focus: (10, 0). Directrix: x = —10. 
10.47 y?=3x 


y 
I 3x =4ax, 3= 4a, or a = }. Focus: (3, 0). Directrix: x = —}, 


10.48 y= —— 
I 4ax = —x, 4a = —1, or a= —4. Focus: (—}, 0). Directrix: x = }. 
10.49 y?=—5Sx 


# —Sx =4ax, —5=4a, or a =—}j. Focus: (—3, 0). Directrix: x = j. (Careful! x = —a.) 


10.50 x*=8y 


i if x? =4ay, then the focus is (0, a) and the directrix is y = —a. In this case, 8 = 4a, or a =2. 
Focus: (0, 2). Directrix: y = —2. 


10.51 x? =—16y 
I 4a =—16, or a = —4. Focus: (0, —4). Directrix: y = 4. 


10.52 x’?=y 
I Then 4ay = y, 4a = 1, or a =}. Focus: (0, 4). Directrix: y = —}. 


For Probs. 10.53 to 10.62, sketch the graph of the given parabola. 


10.53 y?=4r 
# See Fig. 10.8. Then 4 = 4a, or a = 1. Focus: (1,0). Directrix: x = —1. 


Fig. 10.8 Fig. 10.9 
10.54 y?=8r 
I See Fig. 10.9. 8 = 4a, or a = 2. Focus: (2,0). Directrix: x = —2. 
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10.55 y*=x 
I See Fig. 10.10. Focus: (4, 0). Directrix: x = —}. 


Fig. 10.10 Fig. 10.11 
10.56 y?=7x 


I See Fig. 10.11. Then 4a = 7, or a = j. Focus: (j, 0). Directrix: x = —j, 
10.57 y?=—4x 
I See Fig. 10.12. Then 4a = —4, or a = —1, Focus: (—1, 0). Directrix: x = 1. 


Fig. 10.12 Fig. 10.13 


10.58 y?=—4V3x 

I See Fig. 10.13. 4a = —4V3, or a = —V3. Focus: (— V3, 0). Directrix: x = V3. 
10.59 x?=2y 

I See Fig. 10.14. 2= 4a, or a =}. Focus: (0, }). Directrix: y = —}. 
10.60 x?=10y > 

I See Fig. 10.15. 10 = 4a, or a = 3. Focus: (0, 3). Directrix: y = —3. 
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Fig. 10.14 Fig. 10.15 
10.61 x*=—10y 
I See Fig. 10.16. 4a = —10, or a = —3. Focus: (0, —3). Directrix: y = 3. 


Fig. 10.16 Fig. 10.17 
10.62 x? =—8V2y 
I See Fig. 10.17. 4a = —8V2, or a = —2V2. Focus: (0, —2V2). Directrix: y = 2V2. 
For Probs. 10.63 to 10.67, find the equation of the parabola described. 


10.63 Vertex (0,0), focus (0, 1), directrix y = —1 
f Focus (0, a), directrix y = —a, and a > 0 means the parabola opens up. x* = 4ay, and a = 1; so 
x? = dy, 

10.64 Vertex (0, 0), focus (1, 0), directrix x = —1 
I Focus (a, 0), directrix x = —a, and a > 0 means the parabola opens to the right. y* = 4ax, and 
a=1;soy*= 4x. 

10.65 Vertex (0,0), focus (0, 2), directrix y = —2 
I x? =4ay, and a = 2; so x° = 8y (opens up). 

10.66 Vertex (0,0), focus (0, —2), directrix y = 2 
a x? =4ay, and a = —2; x? = —8y. 
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10.67 Vertex (0,0), focus (—3, 0), directrix x =3 


I Focus (—3, 0) and directrix x = 3 means y* = 4ax, a <0. The parabola opens to the left. y* = 4ax, 
and a = —3; so y? = —12k. 


For Probs. 10.68 to 10.72, find the vertex of the given parabola. 


10.68 x°=-10y 
a I This is of the form (x — h)* = —10(y — k), where (h, k) = (0, 0). Vertex: (0, 0). 


10.69 x?—6x+8y +25=0 


: B(x? —6x + 9) + By = —25 +9, (x —3)? = —By — 16, (x — 3)? = —8(y +2), soh =3, k= -2. 
iH Vertex: (3, —2). 


10.70 _-y?— 16x +2y +49=0 
‘4 BE y?+2y+1= 16x — 49 + 1 = 16x — 48, (y + 1)? = 16(x — 3), sok = —1, A =3. Vertex: (3, —1). 


10.71 x* —2x —6y —53=0 
8 x? -2e4+ 1 =6y +53 +1, (x -1) =6(y +9). Vertex: (1, —9). 


10.72. y?+20x+4y—60=0 
By? +4y+4=—20x + 60+4, (y +2)? = —20x + 64, (y + 2)? = —20(x — 8). Vertex: (8, —2). 


For Probs. 10.73 to 10.78, find the equation of the parabola satisfying the given conditions, if possible. 


10.73 Focus (3, 0), directrix x +3=0 


; I Focus (3, 0), directrix x = —3 means the parabola is of the form y* = 4ax, a = 3. So the equation 
; is y* = 12k. 


10.74 Vertex (0,0); axis along the x axis; passing through (—3, —6). 


I See Fig. 10.18. The axis passes through the vertex, to the directrix. Then the directrix must be 
x =3, and the focus must be (—3, 0). Then y* = 4ax, a< 0, When a = —3, y* = —12x. See Prob. 
10.73. 
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10.75 


10.76 


10.77 


10.78 


10.79 


10.80 


10.81 


10.82 


@ F(1,3) 


Fig. 10.19 


Vertex (—2, 3), focus (1, 3) 
I See Fig. 10.19. Here a = 3. The equation must be of the form (y — k)’ = 4a(x — A). Then 
(y — 3)? =4- 3(x + 2) = 12(a + 2), or y? — 6y — 12x — 15=0. 
Vertex (1, 6), focus (2, 6) 

I Then a =6, (y —k)? = 4a(x —h), and (y — 6)? = 24(x — 1). 


Vertex (2,5), focus (2, 8) 
f Then a =2, and (x —h)* = 4a(y — k), and (x — 2)? = 8(y — 5). 


Axis parallel to x axis, passing through (3, 3), (6, 5), (6, —3) 


If If the axis is parallel to the x axis, then y* + Ax + Ey + F =0. Using (3, 3): 9+ 3A +3E + F=0. 
Using (6, 5): 25 + 6A + 5E + F =0. Using (6, —3): 9+ 6A — 3E + F =0. Then, using these 
equations, we get —3A + 6E =0 and 16+ 8E =0, so E = —2, Then —3A — 12=0, or A= — 4; and 
9—12-6+F =0, or F =9. Thus, the equation is y* — 2y — 4x +9 =0. 


Find the intersection(s) of y? =x and y =x’. 

i ify =x’, then y?=x*, From y* =x and y? =x‘ we have x = x*. Then x* — x =0, x(x*— 1) =0, 
and x = 0 or x*—1=0. Thus, x = 0 or x =1. If x =0, y =0; if x =1, y =1. Intersection points: 
(0,0), (1,1). 

Find the intersection(s) of y = (x — 1) and y =x +1. 

I Thenx + 1 =(x—-1) orx + 1 =x? —2x +1. Then x* — 3x =0, x(x — 3) =0, and x = 0 or x =3. If 


x=0, y=1;ifx=3, y =4. Intersection points: (0, 1) and (3, 4). 


Find the ordinate(s) of the intersection(s) of y = x* and x? + y* = 1. 


~1+ VPE-40y\-1 


| pug wx =p yei= 7, ey ee iO ao 
-1+Vi+4 —1+V5 -1-¥5 
sea, samenet Eat i. 


Give an example of a parabola that has no intersection with the circle x? + y? = 1. 


I See Fig. 10.20. If the parabola’s vertex is at (2, 0) and it opens to the right, there will be no 
intersection. Then (y — kK)? = 4a(x —/h). Let a = 1 (you could pick others). Then y* = 4(x — 2). 
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Fig. 10.22 Fig. 10.23 


10.83 What are the different possibilities for the intersection of a circle and a parabola? 


I The possibilities are no intersections (see Fig. 10.20), one intersection (f,) or two intersections 
(f2) (see Fig. 10.21), three intersections (f,) (see Fig. 10.22), and four intersections (/,) (see Fig. 
10.23). 


10.3 THE ELLIPSE 
For Probs. 10.84 to 10.88, put the given equation in the standard form for an ellipse. 
10.84 x?+8y’?=8 

I Divide by 8: x7/8 + 8y?/8 = 1. Then x7/8+ y? =1. 
10.85 x°+2y?=3 

§ Divide by 3: x7/3 + 2y?/3 =1, x7/3+y7/}=1. 
10.86 2x?+5y’?=6 

I Divide by 6: 2x7/6 + Sy?/6=1, x*/3 + y?/$=1. 
10.87 —x?-—3y?=-1 

I Divide by —1: x? +3y?=1, x + y*/$=1. 
10.88 (x —1)?+2(y+3)=4 

I Divide by 4: (x — 1)°/4+(y +3)°/2=1. 
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For Probs, 10.89 to 10.98, find the foci and lengths of the major and minor axes for each given ellipse. 


10.89 x°/25+y*/4=1 
I This is of the form x*/a* + y*/b* = 1, where a > b > 0. Thus, the foci are at (+c, 0), where 
c? =a? — b*. Since c? = 25-4 =21, c = +21, and the foci are at (+21, 0). The length of the 
major axis = 2a = 10 (a = 5); the length of the minor axis = 2b = 4 (b = 2). 

10.90 x°/9+y?/4=1 


I This is of the form x*/a? + y?/b? = 1, a> b > 0 (see Prob. 10.89). Thus, a = 3 and b = 2. The 
length of the major axis = 6; the length of the minor axis = 4. Since c? = a? — b> =9—4=§, 
c= +V5, and the foci are at (+5, 0). 

10.91 x7/4+y*/25=1 


I Here, x*/b? + y?/a*=1, a> b>0. Then the foci are at (0, +c), where c* = a* — b*. The major 
axis length = 2a; the minor axis length = 2b. Since c? = a? — b? = 25 — 4 = 21, the foci are at 
(0, +V21). The length of the major axis = 10 (a = 5); the length of the minor axis = 4 (b = 2). 

10.92 x°/4+y7/9=1 
I See Prob. 10.91. x*/b? + y?/a* =1, a>b>0. Then a =3, b =2. The length of the major 
axis = 6; the length of the minor axis = 4; and since c> = 9 — 4 =5, the foci are at (0, + V5). 

10.93 x7?+9y?=9 
f Put this in standard form: x7/9 + y?/1 = 1 or x*/3* + y?/1? = 1. The equation is of the form 
x*/a* + y*/b? =1 (a> b). Thus, the length of the major axis = 6 (2 - 3); the length of the minor 
axis = 2 (2 - 1); and since c> =9 —1=8, c = £2V2 and the foci are at (+22, 0). 

10.94 4x°+y?=4 
I Divide by 4: x?/1? + y?/2? =1. Then b? = 1’, a? =2?; b=1, a=2. Since c? =2?- 1? =3, 
c = +V3, and the foci are at (0, +v3). The length of the major axis = 4; the length of the minor 
axis = 2. 

10.95 2x*+y?=12 
I Divide by 12: x?/6 + y?/12 = 1. Then b = V6 and a = 2V3, Since c? = 12 —6 = 6, c = + V6 and the 
foci are at (0, +'V6). The length of the major axis = 2a = 4/3; the length of the minor 
axis = 2b = 2V6. 

10.96 4x°+3y?=24 
I x°/6+y?/8=1. Then b* =6, a? =8; thus c* = 2 and the foci are at (0, + V2). The length of the 
major axis = 2a = 2V/8 = 4/2; the length of the minor axis = 2b = 26. 

10.97 4x7+7y?=28 
I x*/7+y?/4=1. Then a’ =7, b? = 4; thus c? =3. The foci are at (+3, 0); the length of the major 
axis = 27; the length of the minor axis = 4. 

10.98 3x*°+2y?=24 . 
BE x°/8+y?/1?=1. Then b* =8, a* = 12; thus c? = 4. The foci are at (0, +2); the length of the major 
axis = 2b = 2V8 = 4V2; the length of the minor axis = 2a = 2V/12 = 4V3. 


For Probs. 10.99 to 10,108, sketch the graph of the given ellipse. 
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10.99 x7/25+y7/4=1 


I See Fig. 10.24 and Prob. 10.89. a? = 25 and b? = 4, where x*/a* + y?/b* = 1. Thus, the x 
intercepts = +a and the y intercepts = +b. F, and F, are the foci. 


Fig. 10.24 Fig. 10.25 
10.100 x?/9+y7/4=1 


I See Fig. 10.25 and Prob. 10.90. a? =9 and b? = 4. Then the x intercepts = +3, and the y 
intercepts = +2. 


10.101 x?/4+y?/25=1 


I See Fig. 10.26 and Prob. 10.91. a* = 25 and b? = 4. Then the x intercepts = +2, and the y 
intercepts = +5. 


Fig. 10.27 


10.102 x2/4+y?/9=1 
I See Fig. 10.27 and Prob. 10.92. a? =9 and b* = 4. Then the x intercepts = +2, and the y 
intercepts = +3. 

10.103 x?+2y?=2 
I See Fig. 10.28. Then x?/2 + y? = 1. a* =2 and b* = 1. Then the x intercepts = +V2, and the y 
intercepts = +1. 

10.104 Sx?+2y?=2 


I See Fig. 10.29. Then 5x?/2 + y? = 1, or x?/3+y?=1. a? =1 and b’ =. Then the x 
intercepts = +V%, and the y intercepts = +1. 
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(V2.0) 


Fig. 10.28 Fig. 10.29 


10.105 10x? + Sy* = 100 


I See Fig. 10.30. Then x7/10 + y?/20 = 1. a? = 20 and b* = 10. Then the x intercepts = +10, and 
the y intercepts = +25. 


Fig. 10.30 Fig. 10.31 


10.106 —x?-2y?=—8. 


# See Fig. 10.31. Then x?/8 + y?/4= 1. a* =8 and b? = 4. Then the x intercepts = + V8, and the y 
intercepts = +2. 


10.107 x?/V2+ y?/V3=1 


I See Fig. 10.32. V3 > V2. Thus, a? = V3, 6? = V2, and the x intercepts = +2" and the y 
intercepts = +3". 


ar 3y? 
— .7 
10.108 i*o2 02 =0 
ae 3y? = 7 2x? rs: ets 
I See Fig. 10.33. Then 1 = a =—-+ Since 44, > sw. 


(0.1)(0. 77d (0.2)(0.7) ~ 0.07 bi 0.14 we wh a 4 _ 
a® = #3, and b? = 4. Then the x intercepts = +a, and the y intercepts = +V 3b. 


For Probs. 10.109 to 10.116, find an equation of the ellipse with center (0, 0) satisfying the given information. 
Put the equation in standard form for the ellipse. 


10.109 


10.110 


10.111 


10.112 


10.113 
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Fig. 10.32 Fig. 10.33 


Major axis on x axis, major axis length = 8, minor axis length = 6 

I If the major axis is on the x axis, then the ellipse is of the form x?/a? + y?/b? = 1, 

a>b>0. Major axis length 8 means 2a = 8, a = 4. Minor axis length 6 means 

2b = 6, b =3. Thus, the equation is x7/16 + y?/9 = 1. 

Major axis on x axis, major axis length 14, minor axis length 10 

I If the major axis is on the x axis, then x?/a* + y?/b?=1, a>b>0. Then, 2a = 14, a=7; and 
2b = 10, b =5. Thus, the equation is x?/49 + y?/25 = 1. 

Major axis on y axis, major axis length 22, minor axis length 16 

I If the major axis is on the y axis, then x?/b? + y?/a*=1, a>b>0. Then 2a = 22, a= 11; and 
2b = 16, b =8. Thus, the equation is x/64 + y?/121 = 1. 

Major axis on y axis, major axis length 24, minor axis length 18 


I Since the major axis is on the y axis, x”/b? + y?/a* = 1. Then 2a = 24, a = 12; and 2b = 18, b =9. 
Thus, the equation is x7/81 + y*/144 = 1. 


Major axis on x axis, major axis length 16, distance of foci from center = 6 


I See Fig. 10.34. x?/a? + y”/b? = 1 (since the major axis is on the x axis). Then 2a = 16, a =8. 
From the given information d((0, 0), F) =6. We know that b? = a? — c’, and that the distance from 
the focus to (0, b) is the same as half the length of the major axis (a). Thus, b* = a* — c* = 64 — 36= 
28, and b = +28 = +2V7. Then x/64 + y?/28 = 1. 


Fig. 10.34 


10.114 Major axis on x axis, major axis length 24, distance of foci from center = 10 


I See Prob. 10.113. x*/a? + y?/b?=1 (a >b>0). Then 2a = 24, a = 12. From the given 
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10.115 


10.116 


information d((0, 0), F) = 10. Since b* = a? — c?, b* = 144 — 100 = 44. Thus, the equation is 
x7/100 + y?/44 = 1. 
Major axis on y axis, minor axis length 20, distance of foci from center = 70 


I Then x?/b? + y*/a? = 1, and 2b = 20, or b = 10. Since a* = b*? + c?, a® = 100 + 70 = 170. Thus, the 
equation is x?/100 + y?/170 = 1. 


Major axis on y axis, minor axis length 14; distance of foci from center = 200 


Is Then x?/b? + y?/a? = 1, and 2b = 14, or b =7. Since a? = b? +c”, a® = 49 + 200 = 249. Thus, the 
equation is x?/49 + y?/249 = 1. 


For Probs. 10.117 to 10.120, find the coordinates of the center of the ellipse and put the equation in standard 
form for an ellipse. 


10.117 


10.118 


10.119 


10.120 


4x7+4x+y*?=10 

B40? +x4+4)4+y?=104 1, 4(x +4) + y?=11, and (x + 4)?/4 + y?/11 = 1. Center: (—4, 0), since 
this is of the form (x — h)?/b? + (y —k)?/a?=1. 

2x? + y? + 2y = 15 

Wo2x? + (y? + 2y +:1) =15 41, 2x7 +(y + 1)° = 16, 2x7/16 + (y + 1)7/16 = 1, 

and x?/8 + (y + 1)?/16 = 1. Center: (0, —1). 

x? + 4y?— 6x + 32y + 69=0 

I(x? -—6x +9) + 4(y? + 8y + 16) = —69 + 9 + 64, (x — 3)? + 4(y + 4)? =4, and 

(x — 3)?/4+(y + 4)? =1. Center: (3, —4). 

16x? + 9y? + 32x — 36y —92=0 


H 16(x? + 2x + 1) + 9(y? — 4y + 4) = 92 + 16 + 36, 16(x + 1)? + 9(y — 2)? = 144, and 
(x + 1)?/9 + (y — 2)’/16 = 1. Center: (—1, 2). 


For Probs. 10.121 and 10.122, find the vertices and foci for the given ellipse. 


10.121 


x? + 4y? — 6x + 32y +69 =0 


I See Fig. 10.35 and Prob. 10.119. (x — 3)?/4 + (y + 4)?/1=1. Then a? = 4, a=2; and b*?=1, 
b =1. Thus the vertices must be at a distance of a ( = 2) from the center. The vertices are also along 


Major axis 


Fig. 10.35 
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the major axis (here, the major axis is y = —4 es e A the denominator of the x term). Vertices: 
V,(5, —4) and V,(1, —4). Also c = Va* — b* = V3. The foci are along the major axis at a 
distance c (here c = V3) from the center. Foci: a Se ie —4). 


10.122 16x? + 9y? + 32x — 36y —92=0 


i See Prob. 10.120. (x + 1)?/9 + (y — 2)?/16 = 1. The center is at (—1, 2). Then a? = 16, b? =9, and 
c? = Va? — b? = V16 — 9 = V7. The vertices are along the major axis. Vertices: V(—1, 6) and 
(—1, —2). Foci: (—1,2 + V7). 


For Probs. 10.123 and 10.124, find the equation of the ellipse satisfying the given conditions. 


10.123 One vertex at (0, 10), one focus at (0, —2), center at (0, 0) 


I The major axis must be along the y axis. Since the center is (0,0), a= 10, c=2, and 
b? =a? —c? = 100 —4=96. Thus, x?/96 + y?/100 = 1. 


10.124 Vertices (7,2) and (—3, 2); one focus at (6, 2) 
io 
I The center is the midpoint of the segment joining the two vertices. Center: (= é 2) = (2, 2). 
Then a= d(C, V) =7—2=5, c=d(C, F)=6—2=4, and b? =a? —c? = 25 — 16 =9. The major 
axis is parallel to the x axis, so (x — 2)’/25 + (y — 2)°/9=1. 
For Probs. 10.125 to 10.127, find the intersection(s) of the graphs of the given relations. 


10.125 x*/1+y?/4=1and y =x 


I If y =x, then x? + x7/4 = 1 where they meet. Then 5x2/4 = 1, x? =, or x = +2/V5. 
Ifx= aIV5, then y = 2/¥5; if x = —2/V/5, then y = —2/Y%5. Intersection points: 
(2/V5, 2V5) and (—2/V5, -2/V5). 


10.126 x*/1+y?/4=1andx?+y?=1 


I x?=1-y?’/4. Thus, where they meet, 1 — y?/4+ y?=1. Then 3y”/4=0, y =0. If y =0, then 
x?+0=1, or x = £1. Intersection points: (1,0) and (—1, 0). 


10.127 x?/1+y?/4=1 and y =x? 
I If y =x’, then where they meet, y + y?/4=1. So 4y + y?=4, y>+4y —4=0, and 
1 ae ve —AK-4) ae i ia 
a ee : i a 2. Then if y =x?, x = +Vy. 


If y = —2+ 2V2, x = V—-2+ 2V2 i 2 —V-2+ 2Vv2. If y =—2—2V2, then there is no x 


corresponding since —2 — 2V2 <0. Intersection points: (+ —2 + 2V2, -2 + 2V2). 
10.4 THE HYPERBOLA 
For Probs. 10.128 to 10.132, put the equation in standard form for the hyperbola. 
10.128 x? —5y*=10 


I The standard form for the hyperbola with center at (0, 0) is x?/a* — y*/b* = 1, or 
y’/a? — x*/b? = 1. Dividing by 10 above, we get x?/10 — S5y?/10 = 1, or x*/10— y?/2=1. 


10.129 —6y*? + 7x? =15 
I Divide by 15: —6y?/15 + 7x?/15 = 1, or x?7/48 — y?/48 = 1. 
10.130 x7+7y?=14 | 


I This is an ellipse, not a hyperbola. It cannot be made to fit either form in Prob. 10.128. 
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10.131 —x? + V2y? =17 
-x? v2 v2 te ee a 
hte 42 Ap ee ee 
717° WW 7 1/2 17 


1 
10.132 x? —2y?= 
x 2y V3 


2 


2 
§ 1 =V3x? -2V3y?=— .- 
Vax" ~ 2V3y" = T5- Tav 
For Probs. 10.133 to 10.144, find the foci and lengths of the transverse and conjugate axes. 


10.133 x?/9-—y?/4=1 
I If x*/a* — y*/b* =1, then the foci are (+c, 0), where c? = a* + b’, and the lengths of the 
transverse and conjugate axes are 2a and 2b, respectively. Here a* = 9, b?= 4, and c?=9+4=13. 
Thus, the foci are (+ V13, 0). The length of the transverse axis = 6 ( = 2a), and the length of the 
conjugate axis = 4 ( = 2b). 

10.134 x?/9 — y?/25=1 
I See Prob. 10.133. x?/a? — y?/b* = 1; a? =9, b* = 25; thus, c? = 9 + 25 = 34. The foci are at 
(+34, 0); the length of the transverse axis = 6; the length of the conjugate axis = 10. 

10.135 y?/4—x?/9=1 
I Here, y?/a* — x?/b? = 1. If c? =a” + b’, then the foci are at (0, +c); the transverse axis length is 
2a, the conjugate axis length is 2b. Then c? = 4 + 9 = 13. The foci are at (0, +V13); the length of the 
transverse axis = 4; and the length of the conjugate axis = 6. 

10.136 y?/25—x7/9=1 
I See Prob. 10.135. c? = a? + b? = 25 + 9 = 34. The foci are at (0, +34); the length of the 
transverse axis = 10; the length of the conjugate axis = 6. 

10.137 4x*-—y?=16 
I Divide by 16: x?/4 — y?/16 = 1. Then c? = a? + b? = 20, and c = +20 = +2V5. The foci are at 
(+2V5, 0); the length of the transverse axis = 4; and the length of the conjugate axis = 8. 

10.138 x? -9y?=9 


I x?/9—y?=1. Then c? = a? + b?=9+1=10. The foci at (+10, 0); the length of the transverse 
axis = 6; and the length of the conjugate axis = 2. 


10.139 9y?— 16x* = 144 
I y?/16 —x?/9 = 1. Then c? = a? + b? = 16 + 9 = 25, and c = +5. The foci are at (0, +5); the length 
of the transverse axis = 8; and the length of the conjugate axis = 6. 

10.140 4y? — 25x? = 100 
I y?/25—x?/4=1. Then c? = a? + b? = 25 + 4=29. The foci are at (0, +29); the length of the 
transverse axis = 10; and the length of the conjugate axis = 4. 5 

10.141 3x? -—2y?=12 


# 3x?/12 — 2y?/12 = 1; x?/4 — y?/6=1. Then c? = 4+ 6=10. The foci are at (+10, 0); the length 
of the transverse axis = 4; and the length of the conjugate axis = 2V6. 
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10.142 3x? —4y? =24 


Bo 3x7/24 — 4y?/24 = 1; x?/8 — y?/6=1. Then c? = a* + b? =8+6= 14. The foci are at (+V14, 0); 
oy a of the transverse axis = 2a = 2(2\V2) = 4V2; and the length of the conjugate axis = 2b = 
2V6. 


10.143 7y* — 4x7 =28 


fe y?/4—x"/7=1. Then c? =a? + b? =4+7=11. The foci are at (0, +11); the length of the 
transverse axis = 4; and the length of the conjugate axis = 2Vv7. 


10.144 3y?— 2x? =24 


fe y?/8—x?/12=1. Then c? =8 + 12 = 20, c = 2V5. The foci are at (0, +2\/5); the length of the 
transverse axis = 2(2V2) = 42; and the length of the conjugate axis = 2(2V3) = 4V3. 


For Probs. 10.145 to 10.156, sketch the given hyperbola. Sketching hint: Sketch first the rectangle formed by 
the two axes, then the diagonals to get the asymptotes, then the vertices and the hyperbola. 


10.145 x7/9-y?/4=1 


ff See Fig. 10.36 and Prob. 10.133. Vertices are V,, V. (+3, 0) (when y = 0). The center is at 
C(0, 0); the length of the transverse axis = 6; and the length of the conjugate axis = 4. 


¥ Conjugate axis 


Transverse axis 


Fig. 10.36 
10.146 x7/9—y?/25=1 
I See Fig. 10.37 and Prob. 10.134. 


10.147 y2/4—x2/9=1 
I See Fig. 10.38 and Prob. 10.135. Vertices at (0, £2) (when x = 0). 


10.148 y?/25—x7/9=1 
I Sce Fig. 10.39 and Prob. 10.136. 


10.149 4x*— y?=16 
I See Fig. 10.40 and Prob. 10.137. Then x*/4 — y*/16 = 1. 


10.150 x?—9y*?=9 


f See Fig. 10.4% and Prob. 10.138. Then x*/9 — y* = 1. Ask yourself, What significance does the y 
axis have? 


_ 
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Fig. 10.41 


10.151 9y? — 16x? = 144 
I See Fig. 10.42 and Prob. 10.139. Then y*/16 — x7/9 = 1. V, Vo is the transverse axis. 


10.152 4y? — 25x* = 100 
If See Fig. 10.43 and Prob. 10.140. Then y?/25 — x*/4 = 1. 


Conjugate axis 


Wat: 
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10.153 3x* — 2y? = 12 
@ Sce Fig. 10.44 and Prob. 10.141. Then x’/4 — y’/6 = 1. What is the significance of the x axis? 


10.154 3x* — 4y* = 24 
I See Fig. 10.45 and Prob 10.142. Then x?/8 — y?/6=1. 


y 


Fig. 10.44 


10.185 7y?— 4x? =28 
I See Fig. 10.46 and Prob. 10.143. Then y?/4 — x7/7 = 1. 


Transverse axis 


Fig. 10.46 


10.156 3y?—2x?=24 
I See Fig. 10.47 and Prob. 10.144. Then y?/8 — x7/12 = 1. 


For Probs. 10.157 to 10.162, find the equations of the asymptotes for the given hyperbola. 


10.157 x? —y?/4=1 
f The asymptotes for an equation of the form x*/a* — y?/b? = 1 are y = +(b/a)x; here y = +x or 
y = 2x and y = —2x. 

10.158 x°/4—y*/9=1 


is Here, a =2, b =3; y = thx, or y = fx and y = —4x, 
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10.159 y?/3—x7/2=1 
I This hyperbola is of the form y?/a? — x?/b? = 1. Here, y = +(V3/V2)x, or y = +V3x. 


10.160 y?—4x°=1 
I This is y* —x*/} =1 in standard form. Then a = 1, b =}, and y = +(a/b)x = +(1/4)x = +2k. 


10.161 4x*—y?=2 


| 2? —y3/2=1, x*/\-y"/2=1. Then a= VI, b= V3, andy=4%x=2 Vo 5 = ar 
(compare with Prob. 10.160). a 1/V2 


10.162 xy =1 
f See Fig. 10.48 xy =a is a hyperbola whose asymptotes are the x and y axes. 


Fig. 10.48 


For Probs. 10.163 to 10.165, find the center of the given hyperbola and put the equation in standard 
hyperbola form. 
10.163 16y* — 9x7 = 144 
EB y?/9—x?/16=1. This is of the form (y — k)*/a? — (x —h)*/b? = 1, where h = k =0. The center is 
at (0,0). 
10.164 x* — 4y* + 4x + l6y —11=0 
B(x? + 6x + 9) —4(y? — 4y +4) = 1149-16, (x +3)? - 4(y — 2)? =4, and 
(x + 3)°/4 —(y —2)°/1=1. The center is at (—3, 2) since h = —3, k =2. 
10.165 144x? — 25y* — 576x + 200y + 3776=0 


B 144(x? — 4x + 4) — 25(y? — 8y + 16) = —3776 + 576 — 400, 144(x — 2)? — 25(y — 4)? = —3600, 
25(y—4? 144-2" _, (V-4"_-2P_, O-4"_@&-2F 


3600 3600 ig sa 144 ac 1. The center is at (2, 4). 


For Probs. 10.166 and 10.167, find the vertices, foci, and asymptotes. 


10.166 x*— 4y?+ 6x + 16y —11=0 


I See Prob. 10.164. Then (x + 3)°/4 —(y — 2)°/1=1. Thus, a =2, b =1, and c = Va" + b° = V5. 
The vertices are on the transverse axis at a distance a from the center (—3, 2). Thus, the vertices are 


i 
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(—1, 2) and (—5, 2). The foci are at a distance c from the center (—3, 2). Thus, the foci are 
(-3+ V5, 2). 


10.167 144x? — 25y? — S76x + 200y + 3776 =0 


f See Prob. 10.165. Then (y — 4)’/144 — (x — 2)?/25 = 1. Thus, a = 12, b =5, andc = Va + b' = 
V 144 + 25 = 13. Then the vertices are V, = (2, 4 + 12) = (2, 16) and V, = (2, 4 — 12) = (2, —8). The 
foci are F, = (2, 4+ 13) = (2, 17) and & = (2, 4— 13) = (2, —9). 


For Probs. 10.168 to 10.173, find the equation of the hyperbola with center (0, 0) satisfying the given 
conditions. 
10.168 Transverse axis is on the x axis; transverse axis length is 14; conjugate axis length is 10. 
I Since the transverse axis is on the x axis, x*/a* — y*/b? = 1. Then 2a = 14, a = 7; and 2b = 10, 
b =5. Thus, the equation is x*/49 — y?/25 = 1. 
10.169 Transverse axis is on the x axis; transverse axis length is 8; conjugate axis length is 6. 
f See Prob. 10.168, Again, x*/a* — y*/b* = 1. Then 2a = 8, a = 4; and 2b =6, b =3. Thus, the 
equation is x°/16— y*/9 = 1. 
10.170 Transverse axis is on the y axis; transverse axis length is 24; conjugate axis length is 18. 
I Here y*/a* — x*/b? = 1, since the transverse axis is on the y axis. Then 2a = 24, a = 12; and 
2b = 18, b = 9. Thus, the equation is y?/144 — x7/81 = 1. 
10.171 Transverse axis is on the y axis; transverse axis length is 16; conjugate axis length is 22. 
I y?/a* —x*/b? = 1, Then 2a = 16, a = 8; and 2b = 22, b = 11. Thus, the equation is 
y?/64 —x7/121=1. 
10.172 Transverse axis is on the x axis; transverse axis length is 18; distance from foci to center is 11. 
8 x7/a* — y*/b? =1. Then 2a = 18, a = 9; and c = 11 = distance from foci to center. Since 
a’ +b? =c’, b? =c*—a? = 121 —81 = 40. Thus, the equation is x°/81 — y?/40 = 1. 
10.173 Conjugate axis is on the x axis; conjugate axis length is 14; distance from foci to center is V200. 
I The transverse axis is on the y axis, so y?/a* — x*/b* = 1. Then 2b = 14, b =7; and 
a® =c* — b* = 200 — 49 = 151. Thus, y?/151 — x7/49 = 1. 
For Probs. 10.174 to 10.176, find the equation of the hyperbola fitting the given conditions. 


10.174 Vertices (+5, 0); focus (13, 0) 


ff Here the transverse axis is on the x axis since (5, 0) and (—5, 0) are vertices. Also c = distance 
from center to focus = 13, since the center is at (0,0) [midway between (5, 0) and (—S, 0)]. Thus, 
a=5, c=13, and b* =c? — a? = 169 — 25 = 144. Thus, x7/25 — y*/144=1. 


10.175 Center (0, 0); a = §; focus (0, 6) 
@ If the focus is at (0, 6), then the transverse axis is on the y axis and c = 6. Then 
b? = c? — a? = 36 — 25 = 11. Thus, y*/25 — x7/11 =1. 

10.176 Center (2, —3); vertex (7, —3); asymptote 3x — Sy — 21 =0 


# If the center is at (2, —3) and one vertex is (7, —3), the other must be at (—3, —3) so that is the 
midpoint of V, V3. If 3x — Sy — 21 = 0, then Sy = 3x — 21 and y = ty — ¥. The slope of ? of the 
asymptotes is b/a. But CV = a =5; thus ?= 6/5, b = 3. (x —2)°/25—(y +37 /9=1. 


$ 
7 


CONIC SECTIONS J 311 
For Probs. 10.177 to 10.180, find the intersection(s) of the given curves. 


10.177 x?—y?=1landy=x 
I Then x? — x? = 1, 0 =1; no intersection. 
10.178 x?—2y?=1andx*+y?=4 


Hx? =4—-y". Thus, 4—y? —2y?=1, —3y?=—-3, y*=1, ory =41. Ify =1, x7=4-1, or 
x=+V3. Ify =-1, x? =4-1, orx = +V3. Intersections: (V3, 1), (—V3, 1), (V3, —1), (—V3, —1). 
10.179 x? —2y?=1 and x*+2y?=1 
I Adding, we get 2x? =2, x? =1, or x = +1. Ifx =1, 1+2y?=1, ory =0. Ifx=—1, 1+ 2y’=1, 
or y = 0. Intersections: (1,0), (—1, 0). 
10.180 x° — 2y*=1 and y = 2x? 
Bx? —2(2x7)? =1, x? — &x* =1, and 8x* — x? +1=0. Let u =x”. Then 8u?—u+1=0 
1+ Vi—4(8)) 
<< S  oe 


. There is no solution (negative discriminant), and, therefore, 


there are no intersections. 


10.5 MISCELLANEOUS PROBLEMS 
For Probs. 10.181 to 10.186, write the equation of the circle satisfying the given conditions. 
10.181 C(0, 0), r=5 
I Using (x —h)*? + (y — k)? =r’, we see that the equation is (x — 0)* + (y — 0) = 25 or x? + y* = 25. 
10.182 C(4, —2), r=8 
I Using (x —h)?+(y —k)? =’, we get (x — 4)? + (y + 2)? = 64. 
10.183 C(—4, —2) and passing through P(1, 3) 


I Since the center is at C(—4, —2), the equation has the form (x + 4)? + (y + 2)°=r°. The 
condition that P(1, 3) lie on this circle is (1 + 4)? + (3 + 2)? =r? = 50. Hence, the required equation is 
(x +47 +(y +2 =50. 


10.184 C(—5, 6) and tangent to x axis 


I The tangent to a circle is perpendicular to the radius drawn to the point of tangency; hence, r = 6. 
The equation of the circle is (x + 5)’ + (y — 6)* = 36. See Fig. 10.49. 


Fig. 10.49 Fig. 10.50 


10.185 C(3, 4) and tangent to 2x — y +5=0 


I The radius is the undirected distance of the point C(3, 4) from the line 2x — y + 5=0; 


thus, r= =) a a a: The equation of the circle is (x — 3)’ +(y — 4) = %. 


See Fig. 10.50. 
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10.186 


Center on y = x, tangent to both axes, r= 4 


I Since the center (h, k) lies on the line x = y, h = k; since the circle is tangent to both axes, 
\h| = |k| =r. Thus, there are two circles satisfying the conditions, one with center (4, 4) and equation 
(x — 4) + (y — 4) = 16, the other with center (—4, —4) and equation (x + 4)’ + (y +4) = 16. See 
Fig. 10.51. 


Fig. 10.51 


For Probs. 10.187 through 10.190, describe the locus represented by the given equation. 


10.187 


10.188 


10.189 


10.190 


10.191 


10.192 


x+y*— 10x +8y+5=0 

I From the standard form (x — 5)? + (y + 4)? = 36, the locus is a circle with center at C(5, —4) and 
radius 6. 

x? + y* — 6x — By +25=0 

I From the standard form (x — 3)? + (y — 4)* =0, the locus is a point circle or the point (3, 4). 


x? +y? + 4x —-6y +24=0 
I Here we have (x + 2)? + (y — 3)? = —11; the locus is imaginary. 


4x* + 4y? + 80x + 12y + 265=0 


I Dividing by 4, we have x? + y* + 20x + 3y + * =0. From (x + 10)? + (y + 3)? = 36, the locus is a 
circle with center at C(—10, —3) and radius 6. 


Show that the circles x* + y* — 16x — 20y + 115 =0 and x* + y? + &x — 10y + 5=0 are tangent. Find 
the point of tangency. 


I The first circle has center C,(8, 10) and radius 7; the second has center C,(—4, 5) and radius 6. 
The two circles are tangent externally since the distance between their centers C,C, = V144 + 25= 
13 is equal to the swm of the radii. The point of tangency P(x, y) divides the segment C,C, in the 


ratio 6:7. Then 
goes) = _ 9: 10+7°-5 95 


7 . Ss =. et 
and the point of tangency has coordinates (#4, §). 


Find the equation of the circle through the points (5, 1), (4, 6), and (2, —2). 


I Take the equation in general form x* + y* + 2Dx + 2Ey + F =0. Substituting successively the 
coordinates of the given points, we have 


25+ 1+10D+ 2E+F=0 10D + 2E+F=-—26 
16+36+ 8D+12E+F=0 or 8D + 12E + F = —52 
4+ 4+ 4D- 4E+F=0 4D- 4E+F= -8 


with solution D = —\, E = —§, F = —%. Thus the required equation is 
x?+y?—-fx—By-2=0 or 3x7 +3y*?—2x-l6y—-52=0 
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10.193 Write the equations of the circles having radius V13 and tangent to the line 2x — 3y + 1 = Oat (1, 1). 


I Let the equation of the circle be (x — h)’ + (y — k)’ = 13. Since the coordinates (1, 1) satisfy this 
equation, we have 


(1) (1—Ay’+(l—ky=13 
The undirected distance from the tangent to the center of the circle is equal to the radius, that is, 


2h — > + 4: VB 2h —3k +1 
13 and 
a, ae +ViB 
Finally, the radius through (1, 1) is perpendicular to the tangent there, that is, 


1 k-1 
3 Slope of radius thr 1, ) = —-—__—_————_—_ —=- 
@) Sie eee 2 slope of given line - h- 


(2) 


Ni 


Since there are only two unknowns, we may solve simultaneously any two of the three equations. 
Using (2) and (3), noting that there are two equations in (2), we find A = 3, kK = —2 andh = —1, 
k =4. The equations of the circles are (x — 3)? + (y + 2)? = 13 and (x + 1)? + (y — 4) = 13. 


10.194 Write the equation of the circle through (2, 3) and (—1, 6), with center on 2x + 5y + 1 =0. 


I Take the equation of the circle in standard form (x —h)* + (y — k)? =r°. We obtain the following 
system of equations: 


(1) 2h +5k+1=0 center (h, kK) on 2x + 5y +1=0 
(2) (2—h)’+(3-kY =r __ point (2,3) on the circle 
(3) (-1—h)'+(6-—kY=r*? point (—1, 6) on the circle 


The elimination of r between (2) and (3) yields h — k + 4=0, and when this is solved simultaneously 
with (1), we obtain h = —3, k = 1. By (2), r? =(2+ 3)? + (3 — 1)? = 29; the equation of the circle is 
(x +3) +(y — 17? =29. 


For Probs. 10.195 through 10.198, for the given parabola, sketch the curve, find the coordinates of the vertex 
and focus, and give the equations of the axis and directrix. 


10.195 y?= 16x 


I The parabola opens to the right (p > 0) with vertex at V(0, 0). The equation of its axis is y = 0. 
Moving from V to the right along the axis a distance |p| = 4, we locate the focus at F(4, 0). Moving 
from V to the left along the axis a distance |p| = 4, we locate the point D(—4, 0). Since the directrix 
4 passes through D perpendicular to the axis, its equation is x + 4=0. See Fig. 10.52. 


as 
= 
= 


directrix 


Fi4,0) axis 


Fig. 10.52 Fig. 10.53 


10.196 x° = —9y 


I The parabola opens downward (p < 0) with vertex at As 0). The equation of its axis is x = 0. 
Moving from V downward along the axis a distance |p| = 4, we locate the focus at F(0, —{). Moving 
from V upward algng the axis a distance |p| = {, we aie the point D(0, 7); the equation of the 
directrix is 4y —9=0. See Fig. 10.53. 
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10.197 x? — 2x — 12y + 25=0 


I Here (x — 1)’ = 12(y — 2). The parabola opens upward (p > 0) with vertex at V(1, 2). The 
equation of its axis is x — 1 = 0. Since |p| = 3, the focus is at F(1, 5), and the equation of the 
directrix is y + 1 = 0. See Fig. 10.54. 


' . Fig. 10.54 Fig. 10.55 


10.198 y?+4y + 20x +4=0 


I Here (y + 2)? = —20x. The parabola opens to the left (p <0) with vertex at V(0, —2), and the 
equation of the directrix is x — 5 = 0. See Fig. 10.55. 


For Probs. 10.199 through 10.201, find the equation of the parabola. 


10.199 V(0, 0); F(0, —4) 
I Since the directed distance p = VF = —4, the parabola opens downward. Its equation is 
x* = —1l6y. 
10.200 V(0, 0); directrix: x = —5 
I The parabola opens to the right (away from the directrix). Since p = DV = 5, the equation is 
2 
y” = 20x. 
10.201 V(0, 0); axis: y = 0; passing through (4, 5) 
I The equation of this parabola is of the form y? = 4px. If (4, 5) is a point on it, then 5* = 4p(4), 
4p = %, and the equation is y* = Fx. 
For Probs. 10.202 through 10.207, find the equation of the ellipse. 


10.202 Vertices (+8, 0), minor axis = 6 
I Here 2a = V'V = 16, 2b =6, and the major axis is along the x axis. The equation of the ellipse is 
x*/a? + y?/b? = x7/64 + y?/9 = 1. 
10.203 One vertex at (0, 13), one focus at (0, —12), center at (0, 0) 
f) The major axis is along the y axis, a = 13, c = 12, and b* =a? — c* = 25. The equation of the 
ellipse is x*/b? + y?/a* = x?/25 + y?/169 = 1. 
10.204 Foci (+10, 0), eccentricity =? 
I Here the major axis is along the x axis and c = 10. Since ¢ = c/a = 10/a = 3, a = 12 and 
b? =a’ —c*? = 44, The equation of the ellipse is x7/144 + y*/44 = 1. 
10.205 Vertices (8, 3) and (—4, 3), one focus at (6, 3) 
i The center is at the midpoint of V'V, that is, at C(2, 3). Then a = CV =6, c = CF =4, and 


10.206 

. 
i 10.207 
10.208 
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b? = a® —c* = 20. Since the major axis is parallel to the x axis, the equation of the ellipse is 
G=77 GO -3F , 
36 20 ; 


Vertices (3, —10) and (3, 2), length of latus rectum = 4 


I The center is at C(3, —4) and a = 6. Since 2b*/a = 2b7/6 = 4, b* = 12. The major axis is parallel 


—3y +4) 
to the y axis, and the equation of the ellipse is ear + wa =1. 


Directrices 4y — 33 = 0, 4y + 17 = 0; major axis on x + 1 = 0; eccentricity = 2 
I The major axis intersects the directrices in D(—1, #2) and D'(—1, —2). The center of the ellipse 
bisects D’D and hence is at C(—1, 2). Since CD = a/e = % and e = 4, a =5 and c = ae = 4. Then 
b? = a* —c* =9. Since the major axis is parallel to the y axis, the equation of the ellipse is 
(x +1) (y-29 
$1 

9 25 


Find the equation of the locus of the midpoints of a system of parallel chords of slope m of the 
ellipse x*/a? + y?/b? = 1. 


I Let P(x, y) be any point on the locus, and let O(p, q) and R(r, s) be the extremities of the chord 
of which P is the midpoint. Then 


(1) b*p*+a°*q*?=a*b* since QO(p, q) is on ellipse 

(2) b*r?+a’*s*=a*b*? since R(r, s) is on ellipse 

(3) . —= m since m is slope of chord 

(4) x=1(p+r) y=Hq+s) — since P is midpoint of OR 


Equating the left members of (1) and (2), we have 
b?p? + aq? = b*r? + a?s? 
Then, using (3) and (4), we get 
b(p?—P)=a%(s?—q?) and = == — 2 8 m= me 


2 
Thus the desired equation is y = — ain The locus passes through the center C(0, 0) and is called a 


diameter of the ellipse. See Fig. 10.56. 


Fig. 10.56 


For Probs. 10.209 through 10.214, find the equation of the hyperbola. 


10.209 


Center (0, 0), vertex (4, 0), focus (5, 0) 
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I Here a= CV =4, c= CF =5, and b? =c* —a* =25 — 16 = 9. The transverse axis is along the x 
axis, and the equation of the hyperbola is x°/16 — y*/9 = 1. 

10.210 Center (0, 0), focus (0, —4), eccentricity = 2 
I Since ¢ = F'C = 4 and e = c/a =2, a=2 and b* = c* — a* = 12. The transverse axis is along the y 
axis, and the equation of the hyperbola is y*/4 — x*/12 = 1. 

10.211 Center (0, 0), vertex (5, 0), one asymptote 5y + 3x = 0 
I The slope of the asymptote is —b/a = —?, and since a = CV =5, b =3. The transverse axis is 
along the x axis, and the equation of the hyperbola is x7/25 — y?/9 = 1. 

10.212 Center (—5, 4), vertex (—11, 4), eccentricity = j 
I Here a= V'C =6, and e =c/a = § = #; then c = 10 and b* = c* — a? = 64. The transverse axis is 
parallel to the x axis, and the equation of the hyperbola is (x + 5)*/36 — (y — 4)°/64 = 1. 

10.213 Vertices (—11, 1) and (5, 1), one asymptote x — 4y + 7=0 


I The center is at (—3, 1), the midpoint of VV’. The slope of the asymptote is b/a = }, and since 
a=CV =8, b =2. The transverse axis is parallel to the x axis, and the equation of the hyperbola is 
(x + 3/7/64 —(y -—1)7/4=1. 


10.214 Transverse axis parallel to the x axis, asymptotes 3x + y — 7 = 0 and 3x — y — 5 =0, passes through 
(4, 4) 


I The asymptotes intersect in the center C(2, 1). Since the slope of the asymptote 3x — y — 5 = 0 is 
b/a =3/1, we take a = m and b = 3m. The equation of the hyperbola may be written as 

(x —2)?/m? — (y — 1)?/(9m?) = 1. In order that the hyperbola pass through (4, 4), 4/m? — 9/(9m*) = 
1 and m = V3. Then a = m = V3, b = 3m =3YV3, and the required equation is (x — 2)"/3 — 

(y — 1)?/27=1. 


10.215 Write the equation of the conjugate of the hyperbola 25x* — 16y* = 400, and sketch both curves. 


Fig. 10.57 


I The equation of the conjugate hyperbola is 16y? — 25x* = 400. The common asymptotes have 
equations y = +5x/4. The vertices of 25x? — 16y* = 400 are at (+4, 0). The vertices of 16y*? — 25x* = 
400 are at (0, +5). The curves are shown in Fig. 10.57. 


CHAPTER 11 
The Complex Numbers 


11.1 POLAR FORM 
y For Probs. 11.1 to 11.5, plot the given complex number. 


11.1 


11.2 


11.3 


11.5 


2+i 


f Remember that, given a + bi where a, b € R, a + bi corresponds to the point (a, b) in the 
cartesian plane. Thus, 2 + i corresponds to (2, 1). See Fig. 11.1. 


Fig. 11.1 Fig. 11.2 
2+3i 
I See Prob. 11.1. 2 + 3i corresponds to the point (2, 3). See Fig. 11.2. 
2-i 
ff 2—icorresponds to (2, —1). See Fig. 11.3. 
Fig. 11.3 Fig. 11.4 


i 

I Since i= 0+ 1i, i corresponds to (0, 1). See Fig. 11.4. 

6 

I 6=6+ 0i and corresponds to the point (6, 0). See Fig. 11.5. 


4 
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For Probs. 11.6 to 11.26, give the polar (or trigonometric) form for the given complex number. 


16 8 8644+0i 


I d(A, P)=4 and 6 =0 (@ is the angle between AP and the positive x axis), so 4 + 0i = 
4(cos 0 + i sin 0), See Fig. 11.6. 


Fig. 11.7 


Fig. 11.6 
11.7 1+i 
I dA, P)=V2and 6 =2/4, s01+i= V2[cos (2/4) +i sin (2/4)]. See Fig. 11.7. 


Hs —-l-i 
Let P =(—1, —1) which corresponds to —1 —i. d(A, P)=r= VF +Pr=V2. @= angle from the 
positive x axis to the distance segment = 225° = 52/4. -1—i= v2 [cos (S27/4) +i sin (52/4)]. See 
Fig. 11.8. 


Fig. 11.8 Fig. 11.9 
11.9 2V3-2i 
b =2 =1 =v3 lla 
—! 2 = => => =__- = = , Se a-—— 
I d(A, P)=VQV3P +4=Vi2+4=4=r. tand ae, ae ae 90 O=——. 


2V3 — 2i = 4[cos (1172/6) + i sin (1127/6)]. See Fig. 11.9. 


11.10 V3+i 


Ie dA, P)=ViV3y + P= V3 +1 =2. To find @: tan 6, = b/a for a + bi. In this case, tan 6 = 
1/V3 = V3/3. Thus, @ = Tan™! (V3/3) = 2/6. V3 +i = 2{cos (7/6) + i sin (1/6)]. Note: The formulas 
we are using in these problems can be summarized as follows, For the number a + bi, with 
corresponding point (a, b), r°=a* + b?, tan @ =b/a, a=rcos 0, and a + bi = r(cos @ +i sin @). See 
Fig. 11.10. 


Fig. 11.10 
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11.11 O0-3i 


8 r=Va' +b? =V0+9=3. tan 6 = b/a = —3/0 which is undefined, so @ = 32/2. 
0 — 3i = 3[cos (37/2) + i sin (327/2)]. See Fig. 11.11. 


Fig. 11.11 


1.12 -4+0i 
i r=V16+0=4. tan @=0/—4=0, so 6= 2. —4+ 0i = 4(cos 2 +i sin 2). See Fig. 11.12. 


11.13 1-iV3 


I or=Va' +b" = Vi? + (—V3) = V1 + 3 =2. tan 0 =b/a = —V3/1 = —V3, so 0 = 52/3. 
1 — iV3 = 2[cos (52/3) + i sin (52/3)]. See Fig. 11.13. 


Fig. 11.13 Fig. 11.14 
11.14 5+5i 
fo r=V5S +5 = V50 = 5V2. tan 6 =5/5 =1, so 0 = 27/4. 5 + Si = SV2[cos (27/4) + i sin (27/4)]. See 
Fig. 11.14. 
11.15 7+7i 


Eo r=VP +7 = V98 =7V2. tan 6 =7/7 = 1, so 0 = 2/4. 7 + Ti = 7V2 [cos (2/4) + i sin (27/4)]. 
Compare this to Prob. 11.14. Do you see a pattern developing? 
11.16 6-6iV3 


I r=Ve + (6V3) = V36 + 108 = 12. tan 0 = —6V3/6 = —V3, so 0 =S2/3. 
6 — 6iV3 = 12[cos (52/3) +i sin (2/3)]. See Fig. 11.15. 


nae 
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11.17 


11.19 


11.20 


11.21 


11.22 


11.23 


11.24 


0+2i 


I r=V0+4=2. tan @ =2/0, which is undefined, so @ = 32/2. 0 — 3i = 3[cos (37/2) + i sin (327/2)). 
See Fig. 11.16. 


(V2, V2) 


Fig. 11.16 Fig. 11.17 


V2+iv2 

fe r=V(V2) + (V2) =2. tan 6 = V2/V2=1, so 0 = 21/4. V2+iV2= 
2[cos (2/4) + i sin (27/4)]. See Fig. 11.17. 

~Vi5 +iV5 


! 6 SY A Sa eh ane gg tenia Se a ed so 
6 =52/6. —V15 + iV5 = 2V5[cos (52/6) + i sin (527/6)]. See Fig. 11.18. 


Fig. 11.18 (<7 =v Fig. 11.19 


—7-iV21 
for=V(-77 + (-V21¥ = V49 + 21 = V70. tan 6 = —V21/( — V7) = V3, so 0 = 42/3. 


-7-ivV21= V70 (cos + isin =), See Fig. 11.19. 


—2V3 —2i 


fe r=Vi2+4=4. tan 6 = —2/—2V3 = 1/V3 in quadrant III, so @ = 72/6. 
~2V3 — 2i = 4[cos (72/6) + i sin (727/6)]. 


344i 

I r=V3+#=S. tan @ =4, so 6 ~0.93 (quadrant I, in radians). 3 + 4i ~ 5(cos 0.93 + i sin 0.93). 
1+ V3i 

# r=Vi+3=2. tan 6 = V3/1 = V3 (quadrant I), so @ = 2/3. 1 + V3 i = 2[cos (2/3) + i sin (x/3)]. 
2+i 


f r=V2P4+=YV5. tan 6 =b/a = 4 =0.5000, so 6 ~ 0.46 (quadrant I, in radians), 
2+ i= 5(cos 0.46 + i sin 0.46). 


11.25 


11.26 
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-8 
| —8=-8 + 0i. r= V64 =8. tan 6 =0/—8=0 in quadrant I, so @ = 2. —8 = &(cos a +i sin x). 
V2-iv2 


§ r=V24+2=2. tan 0 = -V2/V2=-1in quadrant IV, so 6 = 72/4. Vv2-iv2= 
2[cos (72/4) + i sin (72/4)}. 


For Probs. 11.27 to 11.33, perform the indicated operations. 


11.27 


11.28 


11.29 


11.30 


11.31 


11.32 


11.33 


V2jcos (1/4) + i sin (27/4)] - 3[cos (1/2) + i sin (x7/2)] 

f Recall that the product is found by multiplying moduli and adding corresponding arguments. In 
this case, V2 - 3 =3V2, and 2/4 + 2/2 =32/4. So the answer is 3V2|cos (32/4) +i sin (327/4)]. 
[cos (2/2) + i sin (21/2)] - 2[cos (1/3) + i sin (21/3)] 

f 2-1=2, and 2/2 + 2/3 =52/6. So the answer is 2[cos (52/6) + i sin (S2/6)]. 


V3 [cos (1/6) +i sin (21/6)] - V3 [cos (1/2) + i sin (27/2)] 
I 3[cos (42/6) + i sin (427/6)]. 

4 [cos (2/8) + i sin (21/8)] - 2[cos (21/7) + i sin (21/7)] 

I 8[cos (152/56) + i sin (1527/56)]. 

2(cos 0 + i sin 0) - 4(cos a + i sin sr) 

I 8&(cos x +i sin x). 


V3 (cos x +i sin x) + 2[cos (2/2) + i sin (x/2)] 


I We divide moduli and subtract corresponding arguments. V3 + 2 = V3/2, and 2 — 2/2 = 27/2. So 
the answer is (V3/2)[cos (2/2) + i sin (2/2)]. 


2[cos (27/3) + i sin (2/3)] + 2[cos (27/6) + i sin (27/6)| 
f 2/2=1 and 2/3 — 2/6= 2/6. So the answer is cos (17/6) + i sin (27/6). 


For Probs. 11.34 to 11.42, change the given complex number to polar form, 


11.34 


11.35 


11.36 


11.37 


V2{cos (52/4) + i sin (527/4)] 

# V2cos (52/4) = V2 - (—V2/2) = -1, and V2 [i sin (52/4)] = V2 - i - —V2/2 = —i. See Prob. 
11.18. So the answer is —1 —i. 

V2{cos (1/4) + i sin (27/4)] 

B V2cos (2/4) = V2 - (V2/2) = 1, and iV2 sin (1/4) =i - V2 - (V2/2) =i. So the answer is 1 +i. 
See Prob. 11.34. 

4(cos 0 + i sin 0) 

f 4cos0=4-1=4, andi-4sin0=i-0=0. So the answer is 4 + 0i = 4. See Prob. 11.6. 


2[cos (21/6) + i sin (27/6)] 


I 2cos (2/6) = 2. (V3/2) = V3, and i - 2 sin (2/6) =i - 2 - 4 =i. So the answer is V3 +i. 
See Prob. 11.10. 
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11.38 


11.39 


11.40 


11.41 


11.42 


4[cos (1127/6) + i sin (27/6)} 


BE 4cos (11/6) = 4 - (V3/2) = 2V3, and i - 4 sin (11.7/6) = —2i. So the answer is 2V3 — 2i. 
See Prob. 11.9. 


2{cos (S2/3) + i sin (S2/3)} 


# 2cos (52/3) =1, and i- 2 sin (52/3) =i - —2(V3/2) = iV3. So the answer is 1 —iV3. 
See Prob. 11.13. 


3[cos (32/2) + i sin (32/2) 


I cos (32/2) =0, and sin (34/2) = —1. Then 3 cos (32/2) = 0 and i - 3 sin (32/2) = —3i. So the 
answer is 0 — 3i. See Prob. 11.11. 


4(cos a + i sin 2) 


f cos #=—1, and sin a =0. Then 4 cos 2 = —4, andi - 4 sin 1 = Oi. So the answer is —4 + Oi. See 
Prob. 11.12. 


2[cos (2/4) + i sin (21/4)] 


Ecos (2/4) = sin (2/4) = V2/2. 2 cos (2/4) =2 - ¥2/2 = V2, and i - 2 sin (27/4) = 
i» 2V2/2 = V2i. So the answer is V2 + iV2. See Prob. 11.18. 


For Probs. 11.43 to 11.47, perform the operation indicated, and write the result in a + bi form. 


11.43 


11.44 


11.45 


11.46 


2[cos (21/6) + i sin (21/6)] - 3[cos (27/3) + i sin (2r/3)] 
I The product is 6[cos (427/6) + i sin (421/6)] = 6(—4) + 6(i - V3/2) = —3 + 313. 
3(cos 25° + i sin 25°) - 8(cos 200° + i sin 200°) 
I The product is 24(cos 225° + i sin 225°) = —12V2 — 12V2i. 
4(cos 50° + i sin 50°) - 2(cos 100° + i sin 100°) 
I The product is 8(cos 150° + i sin 150°) = —4V3 + 4i. 
4(cos 190° + i sin 190°) 
2(cos 70° + i sin 70°) 
I The quotient is 2(cos 120° + i sin 120°) = —1 +73. 
12(cos 200° + i sin 200°) 
3(cos 350° + i sin 350°) 
I The quotient is 4[cos (—150°) + i sin (—150°)] = —2V3 — 2i. 


For Probs. 11.48 to 11.51, use polar form to perform the given calculation. 


11.48 


11.49 


(1 + i)(V2—iV2) 


# 14+i=V2[cos (2/4) + é sin (2/4)], and V2 —iV¥2 = 2[cos (72/4) + i sin (77/4)]. The product is 
2V2(cos 2x + i sin 2x) = 22-1 =2V2. 


# 141 =V2[cos (2/4) + i sin (#/4)]. Then re = (V2/V2)(cos 0 + i sin 0) = (V2/V2) - 1 =1 (but 


you knew that prior to doing the calculation!). 
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11.50 (1+i) 
# o(1+i =(1 +10. +1) = V2[cos (27/4) + isin (27/4)]V2 [cos (27/4) + i sin (27/4)] = 
2[cos (2/2) + i sin (¢/2)] = 2(0 + i) = 21. 

1.51 (1+) 


E (1+ip =(1+ i) +2) = [cos (2/2) + i sin (2/2)}V2 [cos (1/4) + i sin (27/4)] (see Prob. 
11.50) = 2V2{cos (32/4) + i sin (327/4)] = 2V2 cos (37/4) +i - 2V2 sin (37/4) = 
2V2 - (—V2/2) + i - 2V2- (V2/2) = -2 + 21. 


11.2 ROOTS AND DE MOIVRE’S THEOREM 


11.52 State De Moivre’s theorem. 
I Letne&. Then [r(cos 6 + i sin @))" = r"(cos nO + i sin n8). 


For Probs. 11.53 to 11.56, find the indicated powers. 


11.53 (cos 15° + i sin 15°)° 
I Since 1°=1 and 15° - 6 = 90°, the answer is cos 90° + i sin 90°. (Do you notice that this is just 1? 
That is a surprising result of the original problem!) 

11.54 [2(cos 35° + i sin 35°)? 
I Since 2? = 4, and 2 - 35° = 70°, the answer is 4(cos 70° + i sin 70°). 


11.55 [3(cos 10° +i sin 10°) 
f Since 3° = 27, and 10° - 3 = 30°, the answer is 27(cos 30° + i sin 30°). 


11.56 [4(cos 310° + i sin 310°) 
I 64(cos 930° + i sin 930°). 


For Probs. 11.57 to 11.63, use De Moivre’s theorem to rewrite each in standard form. 


11.57 [cos (2/3) + isin (2/3) 


H {cos (x/3) + i sin (21/3)}° = cos (52/3) + i sin (52/3) = : a 


11.58 (cos 40° +i sin 40°) 


I (cos 40 + i sin 40°) = cos 120° + i sin 12? = += i. 


-1 ¥3. 
2 
11.59 8(1-i)° 


# 1-—i=V2[cos (72/4) + i sin (727/4)]. Then 8(1 —i)° = 8{V2 [cos (72/4) +i sin (72/4)]}° = 
8 - (V2)*[cos (4227/4) + i sin (4227/4)] = 64(0 + i) = 641. See Fig. 11.20. 


11.60 (V¥3+i)" 


I tan 0 =b/a =1/V3. V3 +i = 2[cos (2/6) + i sin (27/6)]. Then 
(V3 + i)'2=(2)(cos 2x +i sin 2m) = 4096 + Oi. See Fig. 11.21. 
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Fig. 11.20 Fig. 11.21 
1.61 (1 +i)" -1)" 


# (1+ i)"®={V2[cos (2/4) + i sin (7/4)]}'° = (V2)'*(cos 4 + i sin 427) = 256(1 + 0) = 256, and 
(1 — i)" = (V2)"[cos (7027/4) + i sin (7027/4) = 32(0 — i) = —32i. Therefore, the answer is 
(32i)(256) = —8192i. 


11.62 (1+i)° 

# 1+i=V2[cos (2/4) + i sin (2/4)]. Then (1 + i)~* = (V2)~*[cos (—627/4) + i sin (—6.2/4)] = 
[1/(V2)°](0 + i) = di. 

(1-i)° 

(1+i)" 


I (1-1)° =8i. (See Prob. 11.59). (1 + i)" = (V2)"[cos(102/4) + i sin (1027/4)] = 32(0 + i) = 323. 
Therefore, the answer is 8i/(32i) = }. 


11.63 


For Probs. 11.64 to 11.68, find the indicated roots. 


11.64 The square roots of i 


Fig. 11.22 


I See Fig. 11.22. Recall that if z(#0) = r(cos 6 +i sin 6), then z has n, nth roots given by the 
formula 


O+2ak.., ot ant) 
n 


r*(cos +isin 


for k=0,1,...,2-1 
4 

Since i = 0 + i = 1[cos (7/2) + i sin (27/2)], the square roots of i are 1"°(cos 92" 5 j sin 9*=**) 

fork =0, 1 where 6 = 2/2, n = 2. The two roots are * 

x/2 x/2 v2 


: Pe Ro! ye 
m = cos= +i sin cos +isine = +i 5 
and 
x/2+2x _ w/2+2e -V¥2 v2 
——-_ + i sin ———__ = —__ - 


= ae 2 2 2 


THE COMPLEX NUMBERS J 325 


11.65 The fifth roots of 1 + i 


q I 1+i=V2(cos 45° + i sin 45°). Then the fifth roots of 1 +i are 
45°+k-360° 45° +k - 360° 
(V2)"5(cos + isin a) where k = 0, 1, 2, 3, 4. Then 


w, = 2'"(cos 9° +i sin 9°), w, = 2"*(cos 81° + i sin 81°), etc. 
| 11.66 The cube roots of —27 


§ —27=-—27 + 0i =27(cos a +i sin x). Then the cube roots are 


Wy =27"°(cos = +i sin =) ——, w= 27"( cos = * *+isin 2+) = —3, and 
— 
w= 27!9(cos * + isin=* *) =3 08; 


11.67 The cube roots of —8 
I See Fig. 11.23. —8 = —8 + Oi = 8(cos 2 + i sin x). The cube roots are 
m= 8'(cos = +isin=) = 1+ V3, W2 = 8'°( cos aot + isin") = -2, and 


3 
=) =1- Vii 
y 
' (1, V3) 
: wi3 
= 
ih Fig. 11.23 Fig. 11.24 
11.68 The square roots of 1+iV3 
3 , 
I See Fig. 11.24. 1+iV3= 2(cos = +i sin =). Then w, = 2!2(cos “8 cima ®\-0es 
22+2/3 _ 2a+an/3\ V6 iv2 
— 912 EN te Soe : seb Lhe Sef) 
and w,=2 (cos 5 +isin 5 ) sa 
For Probs. 11.69 to 11.73, solve the given equation. 
11.69 x°+1=0 
f x°+1=0; then x’ = —1, and x can be any one of the three cube roots of —1. 
+V3i yA 
shied Ker w tleok +1 eaw), The = 1, Me VS an wy 


11.70 x*-i=0 


I ifx?—i=0, then x? =i. The two square roots of i are w, = V2/2 + iV2/2, and 
w, = —V2/2- iV2/2. 


11.71 x?-—(1+iV3)=0 


# ifx?—(1+i\8) =0, x =square roots of 1 + iV3. Then w, = V6/2 + iV2/2, and 
w, = —V6/2 —iV/2/2. (See Prob. 11. a 
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11.72 


11.73 


x+8=0 

i ifx’+8=0, then x’ = —8. We need to find the three cube roots of —8. Then 
w, = 1+ V3i, w. = —2, and w, = 1 — V3i. (See Prob. 11.67.) 

x*-(1+i)=0 


I See Prob. 11.65 for the fifth roots of 1+ i. If x* — (1 +i) =0, then x* = 1 +i and x is the 5 fifth 
roots of 1 + i. 


For Probs. 11.74 to 11.77, tell whether the given statement is true or false and why. 


11.74 


11.75 


11.76 


11.77 


11.78 


11.80 


11.81 


Every complex number a + bi has n distinct nth roots. 


I True; this is the major theorem concerning roots of complex numbers. 


Only one of the fifth roots of 32 is real. 
I True; 2° = 32, and no other real number has that property. 


The modulus of the product of two complex numbers is the sum of their moduli. 
I False; if z, = r,(cos 6 + i sin @) and z, = r,(cos 6, —i sin @,), then modulus (z,, 2) = 7%, + ro. 
De Moivre’s theorem is true for 1 = —7. 


#8 True; it is true for all integers, not just the natural or whole numbers. 


Prove: (cos @ +i sin @)~" =cosn@ —isinn@ 
I (cos 6 +isin @)~" = cos (—n@) +i sin (—n@), but cos (—n@) = cos n@ and sin (—n@) = —sin nd. 
Thus, (cos # +i sin 8)~" = cos n@ —i sin n@. 
Prove De Moivre’s theorem when n = 2. 
I Let Z=r(cos @+isin 6). Then 
[r(cos 8 + isin 6)}* =r(cos 6 +i sin @) - r(cos 6 +i sin @) 
= r(cos 6 +i sin 8)(cos 6 + isin @) 
= r’[cos* 6 + i? sin? @ + i(sin 8 cos @ + sin @ cos 8)] 
= r*[cos* 6 — sin? 4 + i(sin 20)] 
=r*(cos 26 +i sin 20) 
Find the reciprocal of i, using De Moivre’s theorem. 
I ifi=i-', andi =0 + 1i = 1 [cos (2/2) +i sin (2/2)]. Thus, i~' = 1~'[cos (—2/2) +i sin (—2/2)] = 
cos (— 2/2) +i sin (—2/2) = cos (2/2) —i sin (2/2) =0-—i = —i. 
Prove that your result in Prob. 11.80 is correct. 


I i-(-i)=—-(#)=—(-1) = 1. Thus, ~i is the reciprocal of i. 


11.3 MISCELLANEOUS PROBLEMS 
For Probs. 11.82 to 11.86, find the distance between the two given complex numbers. 


11,82 


z,=1+i, 2%=2+2i 


i ifz =a + biand w =c + di, then d(z, w) = Via — ec) + (6 — dJ. Notice that this 
formula comes from the ordinary distance formula in the cartesian plane. Thus, 


d(z,, 2) = V(1 — 2)° + (1 - 29° = V2. 


11.83 


11.84 


11.85 


11.86 
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Zz, =3i, 2,=5+ 6i 


B d(z, =) =V(0-5) + 3-6) = V25 + 9 = V34. 


z,=4, z,=6—-2i 
Ie d(z,, =) = Vi4—6) + (04 2f = V4 44 = 2v2. 


Zz=-7, 2=Ti 


Be d(z,, z) = V(—7 — 0)" + (0-79 = V98 = 7V2. 
z,=a—bi, z,=b—-ai 


Be d(z,, z) = Via — bY + (—b + af = V2(a — bY = |a — BI V2. 


For Probs. 11.87 to 11.90, perform the given operations graphically. 


11.87 


11.88 


11.89 


11,90 


For Probs. 11.91 and 11.92, solve the given equation. 


(1 +i) + (2 +33) 


I See Fig. 11.25. We represent 1 + i and 2 + 3i as vectors in the plane and find the diagonal of the 
resulting parallelogram. The point A = 3 + 4i represents the sum. 


y A ; . 


(1,1) 


Fig. 11.25 Fig. 11.26 
i+ (4+ 3i) 
I See Fig. 11.26. We proceed as in Prob. 11.87, The point B = 4 + 4i represents the sum. 
(2+i)—(4—-i) 


I See Fig. 11.27. (2+ 1) -—(4-) =(2+ 1) +[-—(4-D)]=(2 +i) + (—4 +3). The point 
C = —2 + 2i represents the difference. 


Fig. 11.27 Fig. 11.28 
2i —(3 + i) 

I See Fig. 11.28. We find 2i + (—3 —i) graphically. The point D = (—3 + i) represents the 
difference. 
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191 i+3i=Si 


B Let x =a + bi; then Si = i(a + bi) + 3i = ai + 31 + bi’ =i(a + 3) — b. Thus, a+3=5, and 
—b =0, so a =2, and b =0. Thus, x = 2 + 0. In this problem, you could see that x = 2 without going 
through this procedure by looking carefully at the equation. 


11.92 (l—i)x +3i=2i 


fo Let x =a + bi; then (1 —i)(a + bi) + 3i = 2i. Then a — ai + bi — bi? + 3i = 2i, and 
i(-a +b +3)+(b+a)=0+ 2i. Ifb +a=0, thena=—b. If -a+b+3=2, then 
—a+(-—a)+3=2, so —2a=—1, ora =}. Then b = —}. Thus, x = 4 — hi. 


For Probs. 11.93 to 11.95, the given number is a solution of a quadratic equation with real coefficients. Find 
the other solution. 


11.93 1+2i 

I if 1 + 2é=Z isa solution of a quadratic equation with real coefficients, then so is Z = 1 — 2i. 
11.94 2-Si 

Is sif Z=2-—Siisa solution, so is Z = 2 + Si. 
11.95 4i 

I if Z=4i, then Z =0+ 4i and Z =0 — 4i = —4i. 


For Probs. 11.96 to 11.100, find a quadratic equation with real coefficients having the given solution(s). 


11.96 12433 
8 [x—(1+34)][x — (1 —31)] =0. Then [(x — 1) — 3i][(x — 1) +31] = 0. Thus, 
0= (x —1)? — 917 = (x —1)? +9 = (x? — 2x +1) +9 =x? — 2x + 10. 
11.97 1+: 
# 1+iand 1 —i must be solutions. Then 0 = [x — (1 + 1)][x —-(1-d] = 
(( —1) -i][@ —1) +i) =@-—1% —? =x? -— 20 4+141=2x?-2e +2. 
11.98 i 
f iand —i are solutions. Then 0 = (x —i)(x +i) =x? -ikx +x -—P =x? +1. 
11.9 —-2i 
E 0=(«-2i)(e +2) =x? -— 47 = x7 +4, 
11.100 4-i 
f 0=[-(G-D))e-G+))]=[@ -})+i@-2)-)=@-3P -P Hr -— xt) tla —xti 
11.101 Prove d(Z, Z) =2\b|, where Z =a + bi. 
i if Z=a+ bi, then Z =a — bi. d(Z, Z) = Via — ay + [b — (—b)f = Vi2by = V4b" = 2 J}. 
11.102 Prove |Z| =|Z| for all Z. 
Let Z =a + bi; then Z =a — bi. {Z| = d(Z, (0, 0)) = Va" + B°, and |Z| = d(Z, (0, 0)) = 
Faas by = Vat +b. Thus, |Z| =[Z|. 


11.103 Prove (Z) = Z for all Z. 


_—— 
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fh Let Z=a+bi. Then, Z =a —bi=a+(—bi), and (Z)=a +[—(—bi)] =a + bi =Z. 
(Question: What is Z’s fifteenth conjugate? Sixteenth?) 

11.104 Find x and y such that 2x — yi = 4 + 31. 
fs Here 2x = 4 and —y = 3; then x = 2 and y = —3. 


11.105 Show that the conjugate complex numbers 2 + i and 2 — i are roots of the equation x* — 4x + 5=0. 


Wo oForx=2+i: (2+if —4(24+1)+5=44414+7?-8-414+5=0. Forx =2—-i: (2-if- 
4(2—i)+5=4-—4i+ i? —8+4i+5=0. Since each number satisfies the equation, it is a root 
of the equation. 


For Probs. 11.106 through 11.109, perform the given operations graphically. 


11.106 (3+ 4i) + (2+ 5i) 
I See Fig. 11.29. 


Fig. 11.29 Fig. 11.30 


For Probs. 11.106 and 11.107, draw the two vectors as in Figs. 11.29 and 11.30 and apply the parallelogram 
law. 


11.107 (3 + 4i) + (2 -3i) 
I Sce Fig. 11.30. 


11.108 (4+ 3i)—(2+i) 
I See Fig. 11.31. 


2-1 


Fig. 11.31 Fig. 11.32 


For Prob. 11.108, draw the vectors representing 4 + 3i and —2 — i and apply the parallelogram law as in Fig. 
11.31. 


11.109 (4+ 3i) —(2—-i) 
I See Fig. 11.32. 


For Prob. 11.109 draw the vectors representing 4 + 3i and —2 + i and apply the parallelogram law as in Fig. 
11.32. 


CHAPTER 12 
Sequences, Series, and Probability 


12.1 SEQUENCES 


For Probs. 12.1 to 12.8, write the first four terms of the sequence whose general term is given. 


as. a-3 
f Let n=1, 2,3, and 4 to generate the first four terms: 1 — 3, 2—3, 3 —3, 4—3; or —2, —1,0,1. 


12.2 n?+2 
@ 174+2, 27+2, 37+2, 47+2, or 3, 6, 11, 18. 


12.3 1/n 
@ 1/1, 1/2, 1/3, 1/4; or 1, 4, 4, 3. 


12.4 1/3” 
B14f3', UF, VS, Ss, or 4, 4, Bs tk: 


1 
12.5 ———. 
47-2744 
AG ee! eo OA eee eg 
gt-34. 4° ae ee tg 4 ee 
n’?+1 
12.6 
n+] 


2 2 2 2 
Pea Z4l PF OF. see 
12+1°'22+1'3?4+1' 441 
122.7. (1+1/n)" 
# (1+1/1), (1+4), (1 +4), (1+ 4); or 2, 2, $, &. 


aay. 


12.8 
n+2 


I) When n = 1, (—1)" = —1'=~—1. Then the sign of the n + 1 term is —1, and the signs alternate 
—1, +1, —1, etc. Thus, the sequence is —}, 4, —3, }. 


For Probs. 12.9 to 12.18, find the general term of the given sequence. 


ee “ea Sua,» 


I Notice that the terms of this sequence begin at 2 (which is n + 1 when n = 1) and progress 
consecutively. The general term, then, is m + 1. (Check this by writing out the terms.) 


ane: —1,—2,-3, —4,... 


i) When n=1, —n =~—1. The sequence is —n. (Check this by writing out the terms.) 
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Wit —4;=35,-—2,-1,0;4,... 


f Whenn =1, —4=n—S. The general term of this sequence is nm — 5. (Check this by writing out 
the terms.) 


122.12 2,4, 6,8, 10, ... 


— When n = 1, 2=2n. The general term is 2n. Notice that we could not use n + 1 since we must 
generate only even numbers. 


12.13 2,—4,6,—8,10,... 


I This is similar to Prob. 12.12, but we want the terms to alternate in sign beginning with a positive. 
Using (—1)"*! to alternate signs (—1"*' is +1 when n = 1), we see that the general term is 
(—1)"*" - 2n. 


12.14 -2,4,—6,8,-—10,... 


f See Prob. 12.13. This is very similar, except that we want the sign of the n = 1 term to be 
negative. The sequence is (—1)" - 2n. 


2 xx 22°73... 
I Each term is of the form x”/n (beginning with n = 1). 


12.16 5, 1:4: $55. 


I Notice that each term’s numerator is 1 less than its denominator. Also the numerator of the first 
term is 1. We try n/(n + 1). Checking, we see that this is not the general term! Check it. However, 
when we notice that the numerators are all odd and the denominators even, we find the general 
term: (2n — 1)/(2n). Check this; it is correct. 


12.17 x, —x°, x*, -x’,. 


f Alternate signs beginning with the positive; moreover, we need to generate odd powers of x: 
(-1)"*! oy, 


— B18 -x, x°/2, —x°/3, x’/4,... 

I See Prob. 12.17. We reverse the alternation in sign and divide each term by m: (—1)"(x™"~'/n). 
For Probs. 12.19 to 12.23, find the first four terms of the sequence defined recursively by the given equations. 
i 12.19 A,=1, An+1 =A, +1 


i Ee A,=1;A2=Ay4, =A, +1 =14+1=2; As =Ar,, =A. + 1=24+1=3; etc. The first four terms 
} are 1, 2,3, 4. 


= 12.20 A,=2,A,.,=2A,+1 


' Az = Ay. = 2A; + 1 = 2(2) + 1 =5; Ay = Az4, = 2A. + 1 = 11; Ay = A3,, = 2A3 + 1=23. The 
terms are 2, 5, 11, 23. 


© 22.21 A,=1, Ay.=-A, 
| I A,=1, A, = —A,, A; = —Az, etc. The terms are 1, —1, 1, —1. 


12.22 A,;=1, A,=1, Ansz = Ag + Ans 


I This is the famous Fibonacci sequence. A, = 1; Az= 1; Ay= Ap +A, =1+1=2; 
Ag=A;3+ A2=2+1=3. The terms are 1, 1, 2, 3. 
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12.23 A,=5, A;=1, Ans2=AniilA, 
! Ay = Aj42 = A2/A, = 1. Ay = A242 = AsV/A2 = 4/1 =} The terms are 5, 1, 4, 4. 


For Probs. 12.24 and 12.25, define the given sequence by using a recursive formula. 


eae: 4,2, 3,5, 8,.... 
BA, =1, A, =2, Ays2= Ans; + Ay. Do you see how this resembles the Fibonacci sequence? 


mee :As1,9,57, 44 xs. 
I How can we get 5 from 1 and 1? How about 3(1) + 2(1)? Note that 17 = 3(5) + 2(1), ete. A, = 1, 
A, = 1, An+2 = 3Ane1 i 2A,,. 

12.2 SERIES 

For Probs. 12.26 to 12.36, write the series without summation (sigma) notation. 


5 
12.6 Si 
iwt 


Remember that to expand a given series with sigma notation, we replace the variable (in this case 
i) in the series expression one number at a time and add successively. In this case, 1 +2+3+4+5. 


12.27 > 2i 

i=l 

#21) + 2(2) + 2(3) + 2(4) =2+44+6+4+8. 
12.28 Si+3 

i=? 


B (2+3)+(3+3)+(44+3)4+(5+3)=54+64+748. 


s 
12.2 >? 


<0 


Bo 4+1274+274+ 74445 =04+1444+94 16425. 


a 
mma > 7 


iw 
Bo 1'+274+3°4+ 44=14+44 27+ 256. 
4a 


12.31 S i(i-1) 


Hi —1)+2(2—1) + 3(3 — 1) + 4(4 — 1) = 04+24+6+ 12. 


12.32 > (-ié-1) 


I This is the same as Prob. 12.31, but with an alternating sign beginning with a negative. Thus, we 
have, -0+2—6+ 12. 


5 
12.33 > (-1)*'(x'-1) 


8 When i =1, (—1)°(x' — 1) =x —1. When i =2, (—1)'Q? — 1) = —(* — 1) = 1 — 7. When i =3, 
(—1)*(v* — 1) =x* — 1. Thus, we have (x — 1) + (1 — x”) + (x*—1). 


12.34 


12.35 


12.36 
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si 
inl 


Wo 14+4444+4+---+1/n+---. (This is the harmonic series. It is an important series, as you will 
see later.) 


See 
2O0TMR, 


f) When i=1, we get —4; after that, the signs alternate, and the denominators increase 
consecutively: —-}+4—4+4—---+--+(-1)"[I/(n +1] +---. 


S(-"5 


i=t 


# When i=1, (—1)"'(1/i7) = 1/1 =1. When i =2, (—1)'"'(1/i?) = —4; and then the signs alternate. 
1-—44+4-4+------- +(-1)""‘(1/n*)+---. 


For Probs. 12.37 to 12.47, write the given series, using summation (sigma) notation. 


12.37 


12.38 


12.39 


12.40 


12.41 


12.42 


1+2+3+4+5 


5 
I The terms of this series are increasing consecutively, beginning at i=1: ¥ i. 
i=l 


2+3+4+5+6 


6 
I This is the same as the series in Prob. 12.37, except i’s range is from 2 to 6: ¥) i. See Prob. 12.39. 
i=2 


2+34+44+5+6 


5 
I We could have written this as Y) (i + 1). Notice that you can change the general term if you want 
i=1 


(or need) to if you make an appropriate change in the range of variable i. 
2+44+6+8+10+12 


6 
I These are the consecutive even numbers 2i beginning with i= 1: ¥ 2i. 
i-i 


1-3+5-7+9-11 

I These are the consecutive odd numbers 2i — 1 beginning with i = 1, alternating with a positive 
6 

lead term: Y) (—1)'*'(2i — 1). 
i=1 

1-—3+5—-74+9-—11+-+-—--- 


I This is the series in Prob. 12.41, but the infinite version of it: . (—1)'*"(2i — 1). 
i=1 


1-3+4-4 


I The denominafors are the powers of 2, beginning with 2, which is 2'~' when i = 1, 
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12.44 -1+})-}$+4+--- 
# The denominators are the squares of the consecutive integers beginning at 1: 
- 1 
 (—iy)'=- 
im} ! 


2248 1-14+1=-14+1-1+4::> 


f This is the infinite series of alternating signs of 1: » (-1)'*". 
ad | 


12.46 1+2+3+%+4+-°- 


I The denominators are the i! beginning with 0! (which is 1): zr = ; 
i=0 4 


12.47 14x4x7/24+x°/3!+--- 


Ef Remember that 0! = 1! =1: E x‘/il, 


ind 


12.3 ARITHMETIC AND GEOMETRIC SEQUENCES 
For Probs. 12.48 to 12.54, tell whether the given sequence is arithmetic or geometric or neither. 


EAB  1.3;5;7,9,.00- 
I Arithmetic; the common difference is 2. 


20 2,6, 10,11, 15, 19,... 


I Neither; there is neither a common difference nor a common ratio. 


mee 453;453,:.- 


f Neither; there is neither a common difference nor a common ratio. 
Se (14:23 5x 

#) Geometric; ratio = 4. 
12.52 1,—4,4,—4,%,... 

f Geometric; common ratio = —}. 
12.53 10,6,2,—2,—-6,... 


# Arithmetic; difference = —4. 


12.54 10, 10x, 10x7, 10x*,... 


# Geometric; ratio = x. 


For Probs. 12.55 to 12.64, find all indicated quantities, where a,, a),..., @,,... is an arithmetic sequence, 
d = common difference, and S = sum of first n terms of the sequence. 


12.55 a,=—5,d=4, a.=?,a,;=?, a4=? 


§ ajy=a,+d=-5+4=-1;a,=a,+d=3;a,=a,+d=7. 


12.56 


12.57 


12.59 


12.61 
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a,=-3, d=5, ays5=?, $= 

I a, =a,+(n—1)d for every n >1. Thus, a,;= —3 + 14(5) = 67. Also S, =(n/2)(a, + a,) = 
(n/2)[2a, + (n — 1)d}, so S,, = ¥[2(—3) + 10(5)] = (44) = 242. 

a,=1, a,=5, Si =? 

ES, =(n/2)[2a, + (n —1)d], so S,, = F[2(1) + (20)(4)] (since a. — a, = d = 4) = 382) = 861. 


a,=7, a,=5, a,;=? 

I a, =a,+(n—1)d, forn=1; d=a,—a,=5—7=-—2; a,5=7 + 14(—2) = -21. 
a, = 12, Qa = 22, Sw = 

BO Sen =2(a, + dup) = 20(12 + 22) = 20(34) = 680. 


a, = 24, ax, = —28, Sy =? 
B Sy, = [24 + (—28)] = 12(—4) = —48. 


a, =4, a,=4, a,,=?,8,=? 
§ d=a,—a,=}-4$=}; ay, =a, +(n—1)d = 4+ 10(8) =3 2; 8, =¥4+2)=¥-f= 
a,= 13, ayw= 55, a, ? 
8 ay—a,;=42=7d; d= # =6; a, = 13 —6=7; a, =7 —6=1. 
ay =—12, a3,=4, a,;=? 


I a,;—a,=4-(—12) = 16 = 4d; d =4; a, =a, + 8d = —12 =a, + 8(4); a, = —12—32 = —44. 


a,= 13, ay= 55, a= ? 


Bo 7d = ayy — a3 = 42; d = 6; ayy =a, + 9d =a, + 54=55; a, = 1. 


For Probs. 12.65 to 12.69, the sequence is geometric, and r stands for the common ratio. 


12.65 


12.66 


12.67 


12.68 


Find d for the sequence 1, 4,4, 4,... 


I d=a,,,/a, =34/}=}. (If the sequence is geometric, any two consecutively numbered terms can 
be used.) 


Find the sum of the first eight terms of the sequence 1, 


9 na") if1—(4)"]_ 1-650 3 19,680 
Oe ee OT lS I 


ty 
ws 
. 


a(i—r)_of1-()'1_ 31\ _ 372 
i s= 12(55) =a 


If a, =2 andr =x (x #1), find S,. 


a — , = 
fee ea) — 2). + 2 2) ae ah: 
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12.69 


12.70 


12.4 GEOMETRIC SERIES 
For Probs. 12.71 to 12.75, tell whether the given series is geometric. 


12.71 


12.72 


12.73 


12.74 


12.75 


For Probs. 12.76 to 12.80, write the given geometric series, using sigma (summation) notation. 


12.76 


12.78 


If r= 1/x and S, = 10x, find a,. 


it - (1/x)*] a(1—1/x*) _ :10x(1 —1/x) 

wll YP elas Se ae 

The sum of three numbers in an arithmetic progression is 24. If the first number is decreased by | 
and the second decreased by 2, the three numbers are in a geometric progression. Find the three 
numbers. 


ff Let x = Ist number. Then x + d = 2d number and x + 2d = 3d number (since they 

are in arithmetic progression). Furthermore, the sum of these numbers is 24: 

x +(x +d) + (x + 2d) =24, orx +d =8. Alsox —1, (x +d) —2, x + 2d are in geometric 
+ 

progression, soi *S-* = Atm ors +d —2)? =(x + 2d)(x — 1). Simplifying gives d* — 2d = 

3x — 4, But x + d =8, and solving simultaneously, we find d? + d — 20 =0, or d=4, —S. Ifd=4, 

x =4, Ifd=—5, x = 13, Therefore, the solutions are 4, 8, 12; or 13, 8, 3. 


14+44+44+}+.--- 
I We notice that a@,,,,/a, = 4 for all successive pairs. The series is geometric. 


14+24+44+84+16+--- 
I a,..,/a, =2 for all successive pairs. The series is geometric. 


1=24+4=8416=--- 
# a,..,/a, = —2 for all successive pairs. The series is geometric. 


1+4+3+%+--- 
I Notice that a,/a, #a,/a,. Thus, the series is nongeometric. 


1+4-}-44+4+%---- 


I a,/a,#a,/a,. The series is nongeometric. 


2+1+44+}44+)+--- 


I These terms are each } of the previous term, beginning with 2: yr 2(4)"*. When i = 1, this is 
i=l 
(4)° = 1; when i = 2, this is 4; etc. See Prob. 12.77. 2 


2414+44+4434--- 


I Each term is a power of 4. The first is (4)~', the second is (4)°, the third is (4)', ete. And z (4)? 
represents this. Note that this is the same series as in Prob. 12.76. Q 


xt+xPtx?te-- 


> 
| oe a 
iwi 
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12.799 x—x74+x°+--- 

! yr x‘(—1)'*". This will alternate signs, beginning with a positive. 
i=l 
5 1280 3-4) +@)+--- 
i x (1G). 
i= 
i For Probs. 12.81 to 12.88, find the sum or show that the series has no sum. 
S 1281 1+4+}+)+--- 
| 5 =~ where |r| <1. In this case r= 4 anda=1, so $= =7=2 

12.82 2+%+§+3+--- 


2 2 
i r=4, so |r| <1. Thus, §=—"—=—~ =5=3. 


ea 


12.83 1+3$+A+-:-- 


1 
i r=4%, so|rj/<1. Thus, § =———=—— =; =". 


12.84 34+64+12+24+--- 


I Here, r =2; thus, |r| =1, and S does not exist. 


12.85 3—3+}-j+--- 


3 3 
I ==4 xf, ee ey 
ee oe ee 
12.86 3+24+3+3}+--- 
a 3 3 
§ r=}, so|r|<1. Thus, § gts ra 74 = = = 6. Compare this to Prob. 12.85. 
12.87 3+(47+G)+--- 
a ss. 


12.88 -14+ (4-4) +-- 


12.5 BINOMIAL THEOREM 
For Probs. 12.89 to 12.105, evaluate the given expression. 


12.89 7! 


- 


Bo 7!=7-6-5---1=5040, 


7! 
12.90 6! 
NM T6002 -1 
‘ 6! 6-5---2 “Isis 
7! 
12.91 4t 
W F.6. Scat gey 
| a” 43080 Oe 
7! 
12.92 413! 
_N _7-6:5-4-3-2-1_7-6-5_,. 
431 3-2-4<3-2-1 6 : 
—_ 
3! 4! 
8! 
12.93 612! 
81 8:-7-6+$-4-3-2 56 
"Gs gn5402 3° > 
14! 
12.94 oe 
12! 2! 
14! _ 14-13-12-11-10-9 +7-6-5-4-3-2_ 182_ 
12!2! 2-12-11: eee Say 
102! 
cant 2! 100! 
102! 102-101 - 100! 
31100! SCO oS RO = S51. 
6! 
mans 2! 2! 2! 
Gi. 6+5*4<3-2 
TAs” Gee ee 
5! 
Th a es 
2! (5 — 2)! 
5! 5! §$-4-3-2 20 
7 u(5-2! 23! 232 2°" 
15! 
— 0! (15 —0)! 
15! 1S! 15! 
= ~ '—1!= 
i O11 — 0)! ~ OFS! ist 1. (Remember: 0! = 1! = 1.) 
2 
12.99 (;) 
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4 
12.100 () 
4 4! 4! 24 
’ maa =» 24° 
5 
12.101 >) 
I ()= es. Se a Ne 
a 2tS=2 213t 253-2 ~~ 2 
6 
102 ) 
2 2 
6, 6! 6-5:4:3-2 3 
’ ()=sra7 a eee he 
. 
12.103 4 
I ()= ne es 
o/ o1(7-0)! 7! 
150 
104 ( ) 
- 0 
P (\- 150! _ 
0 / o!150! — 
80 
12.105 ss) 
I (“sores aa 
s0/  80!(80—80)! 80! — 


For Probs. 12.106 to 12.113, expand the given expression, using the binomial theorem. 
12.106 (x+y) 


# Remember that (a +b)"= 3: (7 )ar-*0', n= 1. In this case, (x + y)? = 


k=0 


2 io ae 2 
= (7s am ky ae (5)? + F )y + (5) (k =0, 1, and 2, respectively) = x? + 2xy + y?. All problems 


in which we use the binomial theorem to expand an exponential form of a binomial are done in this 
way. 
12.107 (x+y) 
Bo (x+yp= (| é 3 “eh +(3 jy? +(3 Jy? =2° + 3xy + Say? +? 
[ Here (x+yp= “ty | 


12.108 (p +q)* 


ay, (4 4 4 4 
Bf (p+q)'= (,)e" + (\)pa + (5 )pa + (5)pq° + (j)a" = p* + 4p'q + 6p*q° + 4pq° + q". 
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12.109 (a +3)° 


8 (a+3)= (*)a’+(? 


a3 + (5)a #4 (3)3*= a? + 3a?-3+30 -9+27 =a* + 9a* + 27a + 27. 
12.110 (a —3)° 
3 = 3 3 3 Ye 3 re 3 — = 

§ @-3P=[e+(-3)P= (,)4 + (Ja (-3) + (5a (-3) + (5)¢ 3)3 

a’ + 3a°(—3) + 3a(9) + (—27) = a® — 9a* + 27a — 27. 
12.111 (2a +3)° 

8 (a+3)= (° )2a)’ + (*).2a)*3) + ( )2ay's? + (2) 2ayr3° + (? )(2a)3* + ‘ )s° ms 

0 1 2 3 4 5 

(2a) + 5(3)(2a)* + 10(2a)*(9) + 10(2a)?(27) + 5(2a)81 + 243 = 320° + 30a* + 180a° + $400? + 8100 + 

243. 
12.112 (2x -—4)° 

3 3 3 3 

B (2x-4)'= (J Jan +( Janay + (j)enr—ay + (3)(-4)° = 

Rx? + (3)(4x2)(—4) + 3(2x)(16) — 64 = Bx? — 48x? + 96x — 64. 
12.113 (4—2u)* 

PRS hoo 4 4 4 x 

§ (4-2u)*= (,)4 + ()4 (-2u) + (5 )4*(-2uy? + (5 )4(—2u)* + (1 )(-2u)*= 

256 + 4+ 4(—2u) +6 - 42(—2u)? +4 + 4(—2u)? + (—2u)* = 256 — 512u + 384u? — 128u? + 16u*, 
12.114 Find the coefficient of x*y* in the expansion of (x — y)’. 

7 
8 Recall that (x -y)’= 5 (T)e-*(—y Thus, the coefficient of x*y* occurs when 
ket 


7 7 
7—k=2, ork =5. The coefficient (,). then, is (<) with a negative sign since 


”) = 7-6°5-4-3-2 


-yye = 
(—y)* <0 when k is odd. Then — -(; Fee. 


12.115 Find the seventh term in the expansion of (u + v)'°. 


@ The seventh term is (ew v® = 5005u°v 


12.6 PERMUTATIONS, COMBINATIONS, AND PROBABILITY 
For Probs. 12.116 to 12.125, calculate the given permutation or combination, 


12.116 P(7, 1) 
T (a) P(n,r)=n(n- sa = ah% SRat 1). Thus, P(7, 1) = 7(6)(S)---(7 —1+1)=7. 
n! 
(b) P(n,r)= ee ge an 
12.117 P(7, 3) 
7 


7! 
= = —=7-6-5=210. 
§ PODS a 


12.121 


12.122 


12.123 


12.127 


12.128 
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P(7, 4) 
NT 
i P(7, shar, P01 Dane chit 
P(7, 7) 
1: 
i PC, )= Goat a7 7! = 5000. 


P(4, 1) + P(4, 2) + P(4, 3) + P(4, 4) 
4! 4! 4! 


o PUA, 1)+ PUA, 2) + PU, 3) + PU, 4=5+ sty tort at 2+24+24=64. 
C(31, 2) 

= 31! _ 31-30 
C(26, 3) 

26! 26-25-24 
I C026, 3)= = 2 2600, 
C(24, 4) 

24! 24-23-22-21 
I 04, 4= 7-4 B22 - 10,005 
C(13, 5) 

13! _ 13-12---8-7+++2-1_13-12-11-10-9 
C(16, 4) 

! 4- ' 
Dik bee sce ee 


4112! 4!- 12! ba 4! 


How many two-digit numbers can be made with the digits 2, 4, 6, 8 if repetitions are allowed? 
I There are 4 choices (2, 4, 6, 8) for each digit: 4-4 = 16. 


Do as in Prob. 12.126, but no repetitions are allowed. 
I In this case there are 4 choices for the first digit and 3 choices for the second digit: 4 - 3 = 12. 


How many three-digit numbers can be formed with the digits 1, 2, 3, 4, 5 if repetitions are allowed? 
§ There are 5 choices for each digit: 5-5-5 = 125. 


Do as in Prob. 12.128, but no repetitions are allowed. 
# There are 5 choices for the first digit, 4 for the second, and 3 for the third: 5 - 4-3 = 60. 


How many three-digit numbers (with 0 not the first digit) can be formed with digits 0, 1, 2, 3, 4 if 
repetitions are allowed? 


I There are 4 choices for the first digit (1, 2, 3, 4) and 5 choices for the others: 4-5 - 5 = 100. 
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12.131 Do as in Prob. 12.130 but with no repetitions. 
@ There are 4 choices for the first, 4 for the second (since 0 is added as a possibility), and 3 for the 
third: 4-4-3 = 48. 

12.132, How many four-digit numbers can be formed, each less than 5000, with the digits 1, 2, 4, 6, 8 if 
repetitions are allowed? 
# The first digit can be 1, 2, or 4. The second, third, and fourth digits can each be any one of 
1,2, 4,6,8:3-5-5-5=375. 

12.133 Do as in Prob. 12.132, with no repetitions. 
f The first digit can be 1, 2, or 4. The second digit can be 1, 2, 4, 6, or 8 but not the digit in the first 
slot: 3-4-3-2=72. 

12.134 How many committees, consisting of 1 first-year student, 1 sophomore, and 1 junior can be selected 
from 40 first-year students, 30 sophomores, and 25 juniors? 
BE 40-30 - 25 = 30,000. 


12.135 Five boys are in a room which has 4 doors. In how many ways can they leave the room? 
I Each boy has 4 choices. 4° =4-4-4-4-4= 1024. 


For Probs. 12.136 to 12.138, find the number of permutations, each with 7 letters, which can be made with 
the letters given. 


12.13% WYOMING 


I P(7, 7) [The first 7 indicates that we have 7 letters to choose from; the second 7 indicates that we 
! 
want to choose 7 letters from those available.] = aaa = a = 7! = 5040. 


12.137 KENTUCKY 


i P(E, aan n = 40,320 
12.138 WASHINGTON 
10! 10! 
f P(i0, 7) “(0-7 | = 0. 


12.139 How many even numbers of three digits can be made with the digits 1, 2, 3, 4, 5, 6, 7 if no digit is 
repeated? 


I The units digit must be 2, 4, or 6. The other digits are any one of 1, 2, 3, 4, 5, 6, 7 with no 
repetitions: 3-6-5 = 90. 


12.140 Seven songs are to be given in a program. In how many different orders could they be rendered? 
f 7!=5040. 


For Probs. 12.141 to 12.143, find the number of permutations which can be formed by using all the given 
letters. 


12.141 ALABAMA 


7! : ; 
! rts 7-6-5=210(7 objects, 4 objects are alike). 


12.142 


12.143 


12.144 


12.145 


12.146 


12.147 


12.148 


12.149 


12.150 
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ARKANSAS 


8! 
— ETRE 3360 (8 letters, 3 A’s, 2 S's). 


MISSISSIPPI 
il! 


7 — ETP = 34,650 (4 S's, 2 P’s, 4I’s). 


Find the number of ways 2 half dollars, 4 quarters, and 6 dimes can be distributed among 12 girls if 
each gets a coin. 


12! 
1 = 13,860. 


A line is formed by 5 girls and 5 boys, with boys and girls alternating. Find the number of ways of 
making the line. 


I There are 10 spots. The first is filled by a boy or girl. There are 10 possibilities. Then 
there are 5 boys or girls left, and 4 left of the other gender, leaving 9 altogether: 
10-5-4-4-3-3-2-2-1-1=28,800. 


Do as in Prob. 12.145, but with a circular arrangement. 


| Sok = 2880, In a circle, there is no first or last object. 
Show that P(5, 4) = P(S, 5). 
5! | 
i P(5,4)=———- =—=—= 5 Ol=1! 
(5, 4) (6-4! 110! P(5, 5) since It. 


In how many different ways can a tennis team of 4 be chosen from 17 players? 


f Here we are looking for the number of combinations of 17 objects taken 4 at a time. The concern 
here is not the order of selection or the arrangement of the players. Compare this to, for example, 
Prob. 12.140 which is a permutation: 


in 
C(17, 4) = 7 = 2380. 


Nine points, no three of which are on a straight line, are marked on a chalkboard. How many lines, 
each through two of the points, can be drawn? 


I See Fig. 12.1. Point A can be connected to any of the other points. 


. J 
aaa 
e 
o 
. + Fig. 12.1 
9! 9-8 
- ,2=—— = =8 
si 2! 7! 2 
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12.151 In Prob. 12.150, how many triangles are determined? 


9! 
icy, Fa" = M4. 


12.152 Seven different coins are tossed simultaneously. In how many ways can 3 heads and 4 tails come up? 
I C(7, 3)- C(4, 4) = 35. [Choose 3 heads, and then the other 4 must all be tails; C(4, 4) = 1.] 


12.153 In how many ways can a court of 9 judges make a 5-to-4 decision? 


9! 
H c(9, 5)-C(4, 5 erry ri 1 = 126. 


For Probs. 12.154 to 12.156, 4 delegates are to chosen from 8 members of a club. 
12.154 How many choices are possible? 


8! 
I C8, )=Tan 


12.155 How many choices contain member A? 
I This is the same as choosing 3 from a group of 7, since we are fixing A as a chosen member: 
71/3! 4! = 35. 

12.156 How many contain A and B? 


I Here 2 members are fixed: C(6, 2) = at 15. 


The alphabet consists of 21 consonants and 5 vowels. Refer to this information for Probs. 12.157 to 12.160. 
12.157 In how many ways can 5 consonants and 3 vowels be selected? 
EF C(21, 5)- C(5, 3) = 20,349 - 40 = 813,960. 
12.158 How many words consisting of 5 consonants and 3 vowels can be formed? 
I 8! words can be found from each combination in Prob. 12.157 by taking all permutations of 8 
letters: C(21, 5) - C(5, 3) - 8!. 
12.159 How many of the words in Prob. 12.158 begin with X? 
I X's position is fixed. We select 4 other consonants and the 3 vowels. There are 7 choices 
altogether since X is fixed: 7! - C(20, 4) - C(5, 3). 
12.160 How many of the words in Prob. 12.159 contain A? 
I A’s position is not fixed. We select 4 other consonants and 2 other vowels: C(20, 4) - C(4, 2) - 7! 


For Probs. 12.161 to 12.163, solve for n. 


12.161 P(n, 2)=110 
B P(n, 2) =n(n —1) =n? —n = 110, orn =11 (n > 0). 


12.162 P(n, 4) = 30P(n, 2) 


I n(n —1)(n — 2)(n — 3) = 30n(n — 1). Thus, n(n — 1)(n — 8)(n + 3) = 0 (check the algebra). But 
n=4, son=8. 
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12.163 C(n, 3) = 84 


n! _ og. M(t — 2)(n — 1) 
’ (nay) 6 


(n —9)(n? + 6n + 56) = 0, orn =9. 


= 84. n(n — 2)(n — 1) = 504, n* — 3n? + 2n — 504 =0, 


For Probs. 12.164 to 12.166, a ball is chosen from a bag containing 2 white, 1 black, and 2 red balls. 


12.164 Find the probability that a white ball is chosen. 


I P(W) =. Since there are 2 whites (we are looking for the probability of drawing white) and 
there are 5 balls altogether, P(E) = S/n, where E is an event, § = number of ways the event can 
occur, and n = total number of possibilities. 

12.165 Find the probability that a black ball is chosen. 


f P(B)= 3. (There is only 1 black ball; there are 5 balls.) 


12.166 Find the probability of choosing a green ball. 
I P(G)=0/5=0 since there are 0 green balls. 


For Probs. 12.167 to 12.170, a single die is rolled. 
12.167 Find the probability that the die comes up 6. 


I P(6) =) since only one side has a 6 and there are six sides altogether. 


12.168 Find the probability that it lands on an even number. 
f P(even) = P(2, 4, or 6) =3 =}. 

12.169 Find the probability that it lands on 2 or an odd number. 
@ P(2 or odd) = P(1, 2, 3, 5)=2 =. 


12.170 Find the probability it lands on a number less than 10. 
I P(<10) = 6/6 since all possibilities are less than 10. 


For Probs. 12.171 to 12.173, three pennies are tossed at the same time. 


12.171 Find the probability that all 3 land on heads (H). 


I P(H,H,H) =} since there are 2° = 8 possibilities. Altogether each coin has 2 possibilities, and 
only one of these is H, H, H.- 


12.172 Find the probability that 2 are H and 1 is T (tails). 
I There are 2° = 8 possibilities altogether. How many are H, H, T? There are C(3, 1) ways of one 
! 


3! 5 
coin being T: C(3, 1) = TET = 3. Thus, P(H, H, T) = 3. Note: Since C(3, 1) = C(3, 2), we could have 
used C(3, 2) instead. The number of ways of | coin out of 3 being T is the same as 2 coins out of 3 
being H. 


12.173 Find the probability that 1 is H and 2 are T. 


C(3,2)_3 


f P(t,T,H)=—>—=;. 


For Probs. 12.174 to 12.177, 3 dice are rolled. 
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12.174 Find the probability that their sum is 18. 
I P(sum = 18) = P(6, 6, 6) = 1/6" (since that is the only way to get 18) = stg. 


12.175 Find the probability of the sum being less than 5. 


f To be less than 5, the sum must be 3 or 4. To be 3, the sum must be 1, 1, 1. To be 4, it could be 
2,1, lor 1,2, 1 or 1,1, 2[ie., there are C(3, 1), or 3, ways]. Altogether there are 3 ways to get 4; 
altogether, there is 1 way to get 3. 


P(<5) = PQ3 or 4-2 nt. 


12.176 Find the probability that the sum is 6. 
@ P(6)=P(1, 1, 4) + PCA, 4, 1) + PC, 1, 1) + PC, 2, 2) + P(2, 3, 1) + PQ, 1, 3) + PQ, 1, 2) + 
P(3, 2, 1) + P(A, 2, 3) + PQ, 3, 2)= 8. 
12.177 Find the probability that the sum is even. 
I P(E) = 4 =} since there are 16 possibilities (3 through 18) and 8 of those are even 
(4, 6, 8, 10, 12, 14, 16, 18). 
For Probs. 12.178 to 12.180, 3 balls are drawn from a bag containing 6 red and 5 black balls. 
12.178 Find the probability that all are red. 


! 
I P(all red) = P(R, R, R). There are C(11, 3) possibilities altogether. C(11, 3) a = 165. Since 
6 balls are red, there are C(6, 3) ways to pick R, R, R. C(6, 3) = 20. P(R, R, R) = R= 4. 


12.179 Find the probability that all are black. 
C(5, 3) a 2 


C(11,3) 165 33° 


I P(B,B,B)= 


12.180 Find the probability of 2 being red and 1 being black. 
I There are C(6, 2) ways to pick 2 red balls and C(5, 1) ways to pick 1 black ball. Therefore, 
C(6, 2)C(5,1)_ 5 


P(2R, 1B)=~"ca1,3) i 


For Probs. 12.181 to 12.184, 1 card is picked from an ordinary 52-card deck. 


12.181 Find the probability that a red card is chosen. 
§ P(R) = % =4 since 26 cards are red and 26 are black. 


12.182 Find the probability that a queen is chosen. 
I P(Q)=4&= 4 since there are 4 queens (1 per suit). 


12.183 Find the probability that a red 8 is chosen. 
f P(red 8) = 4 = & since only the 8 of hearts and 8 of diamonds are red. 


12.184 Find the probability that the card chosen is less than 5 (counting the ace as high). 
§ P(<5) = P(2, 3, or 4). For each of 2, 3, 4 there are 4 suits. P(2, 3, or 4) = # = 4. 


For Probs. 12.185 to 12.188, 2 cards are chosen simultaneously from an ordinary deck. 


ee) Ze 2 | y= 
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12.185 Find the probability both cards chosen are 5s. 
. i There are C(4, 2) ways to choose two 5s from four 5s, and C(52, 2) ways to choose 2 cards from 


O42 6 
| 52 cards. P(S, 5) = 755-5) = a6 


12.186 Find the probability both cards chosen are aces. 
{ I See Prob. 12.185. This is the exact same situation. P(A, A) = 7$5- 
‘ 


12.187 Find the probability that 1 ace and 1 king are chosen. 


I There are C(4, 1) ways to choose 1 ace and 1 king. Therefore, 


_C(4, 1)C(4,1)_ 4-4 16 
At da C(52,2) 1275 1326" 


12.188 Find the probability of choosing 2 black cards. 


C(26, 2) _ 325 
(52,2) 1326" 


i P(B,B)= 


For Probs, 12.189 to 12.193, the probability that a brush salesperson will make a sale at one house is 3 and at 
a second house is }. 
12.189 Find the probability the salesperson will make both sales. 
I P(both sales) = 3 -4=2=4}. 
12.190 Find the probability he or she will make neither sale. 
# P(no sales) = (1 —$)(1—4) = 4-4 =}. 
12.191 Find the probability the salesperson will make a sale at the first but not the second house. 
I P(sale, no sale) = 3(1— 4) =$- 4 =}. 


12.192 Find the probability she or he will make at least 1 sale. 
I P(=1)=P(1 sale) + P(2 sales) = P(sale, no sale) + P(no sale, sale) + P(sale, sale) = 
444+4}=3. [Alternatively, P(=1) = 1— P(no sale) = 1 —  =3.] (See Prob, 12.190.) 
12,193 Find the probability the salesperson will make exactly 1 sale. 
I P(i sale) = P(sale, no sale) + P(no sale, sale) = } + 4 =. 
For Probs. 12.194 to 12.198, 4 cards are drawn from a box containing 10 cards numbered 1,2, .. . , 10. Find 
the given probability. 
12.194 All are even if the cards are all drawn together. 
I P(4 evens) = C(5, 4)/C(10, 4) (draw 4 evens from 5 evens) = 5/210 = 1/42. 


12.195 All are even if each card is replaced before the next is drawn. 


I P(ist is even) = 4; P(2d even given Ist even replaced) = }, etc.; (4)* = 4. 


_ 12,196 Exactly 3 cards are even if all the cards are drawn together. 
I P@Geven) = PG even, 1 odd) = C(5, 3)C(5, 1)/C(10, 4) = 3 = #. 
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12.197 Exactly 3 cards are even if the cards are replaced after being drawn. 
ff P(ist even) = $, P(2d even) = 4, P(3d even) = 4, and there are C(4, 3) ways to do this. 
P(3 even) = P(3 even, 1 odd) = (4)’- (4)'-4=4-4-4=1. 

12.198 At least 3 cards are even if all cards are drawn at the same time. 
—E P(=3 even) = P(3 even) + P(4 even) = 4 + & (see Probs. 12.194 and 12.196). 


For Probs. 12.199 and 12.200, bag 1 contains 2 white balls and 1 red ball; bag 2 contains 3 white balls and 1 
red ball. A bag is chosen at random, and a ball is picked at random. What is the given probability? 


12.199 The ball chosen is red. 
I The probability of choosing bag 1 is }. The probability of choosing a red ball is then 4. Similarly, 


the probability of choosing 2 is 4, but here the probability of choosing a red ball is }. Therefore, 
P(red) =4-44+3-3=2+)=H. 


12.200 The ball chosen is white. 
I P(white) = 4 - 3+ 4-7 = 4. [Alternatively, P(W) = 1— P(R)=1-4=4,.] 


L} APPENDIX 


TABLE A.1 The Exponential Function 
TABLE A.2 Common Logarithms 


TABLE A.3 Trigonometric Functions of an Angle 


TABLE A.4 Trigonometric Functions of a Real Number 
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ABLE A T E j 
x ha x e er 
Oo 1.00000 1.00000 a 1.82212 5488) 
Oo 1.01005 99005 61 1.84043 54335 
02 1.02020 98020 .62 1.85893 53794 
03 1.03045 97045 63 1.87761 53259 
4 1.04081 96079 4 1.89648 52729 
OS 1.05127 95123 65 1.91554 52205 
06 1.06184 94176 66 1.93479 51685 
07 1.07251 93239 67 1.93424 S171 
08 1.08329 92312 68 1.97388 50662 
9 1.09417 91393 69 1.99372 SOLS8 
10 1.10517 90484 .70 2.01375 49659 
Al 1.11628 89583 71 2.03399 49164 
12 1.12750 88692 -72 2.05443 48675 
3 1.13883 87810 .73 2.07508 A819! 
4 1.15027 86936 1% 2.09594 47711 
AS 1.16183 86071 .75 2.11700 47237 
16 1.17351 85214 .16 2.13828 46767 
7 1.18530 84366 .77 2.15977 46301 
18 1.19722 $3527 78 2.18147 45841 
19 1.20925 82696 719 2.20340 45384 
20 1.22140 81873 - 2.22554 4493) 
21 1.23368 81058 8I 2.24791 44486 
22 1.24608 80252 82 2.27080 44043 
23 1.25860 79453 83 2.29332 43605 
24 1.27125 .78663 4 2.31637 ANTI 
.25 1.28403 .77880 85 2.33965 Al741 
.26 1.29693 -77105 36 2.36316 A316 
27 1.20996 -16338 87 2.38691 41895 
28 1.32313 .75578 88 2.41090 41478 
29 1.33643 .74826 89 2.43513 41066 
» 1.34986 .74082 0 2.45960 40657 
a 1.36343 .73345 3 2.48432 40252 
32 1.37713 72615 92 2.50929 .39852 
33 1.39097 .71892 33 2.53451 39455 
MM 1.40495 71177 4 2.55998 .39063 
35 1.41907 .10469 95 2.58571 38674 
36 1.43333 69768 96 2.61170 38289 
37 1.44773 .69073 7 2.63794 .37908 
38 1.46228 68386 98 2.66446 37531 
239 1.47698 .67706 9 2.69123 37158 
« 1.49182 .67032 1.00 2.71828 36738 
41 1.50682 .66365 1.01 2.74560 36422 
42 1.52196 .65705 1.02 2.77319 36059 
A} 1.53726 65051 1.03 2.80107 35701 
4 1.55271 64404 1.04 2.82922 3545 
AS 1.56831 .63763 1.05 2.85765 34994 
46 1.58407 63128 1,06 2.88637 34646 
AT 1.59999 .62500 1.07 2.91538 34301 
48 1.61607 61878 1.08 2.94468 33960 
Ag 1.63232 61263 1.0 2.97427 33622 
sO 1.64872 60653 1.10 3.00417 33287 
51 1.66529 60050 itl 3.03436 32956 
52 1.68203 . 59452 1.12 3.06485 32628 
53 1.69893 58860 1.13 3.09566 32303 
M4 1.71601 $8275 1.14 3.12677 31982 
55 1.73325 57695 1.15 3.15819 31664 
56 1.78067 57121 1.16 3.18993 31M9 
57 1.76827 .56553 1.17 3.22199 31037 
>) 1.78604 55990 1.18 3.254)7 30728 
9 1.80399 58433 1.19 3.28708 30422 
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TABLE A.1 The Exponential Function {Continued 
x e e * x e e = 
1.20 3.32012 wig 1.20 6.04965 .16530 
1.21 3.35348 29820 1.81 6.11045 .16365 
1.22 3.38719 .29523 1.82 6.17186 16203 
1.23 3.42123 .29229 1.83 6.23389 16041 
1.24 3.45561 .28938 1.84 6.29654 -15882 
1.25 3.49034 .28650 1.85 6.35982 . .15724 
1.26 3.52542 28365 1.86 6.42374 .1$567 
1.27 3.56085 28083 1.87 6.48830 -15412 
1.28 3.59664 27804 1.88 6.55350 .15259 
1.29 3.63279 27827 1.89 6.61937 15107 
16M 3.66930 -27253 1.90 6.68589 14957 
1.31 3.70617 -26982 1.91 6.75309 .14808 
1.32 3.74342 26714 1.92 6.82096 14661 
1.33 3.78104 .26448 1.93 6.88951 14515 
1.34 3.81904 26185 1.94 6.95875 14370 
1.35 3.85743 .25924 1.95 7.02869 .14227 
1.36 89619 .25666 1.96 7.09933 14086 
1.37 3.93535 25411 1.97 7.17068 .13946 
1.38 3.97490 25158 1.98 7.24274 .13807 
1.39 4.01485 .24908 1.99 7.31553 .13670 
1.0 4.05520 24660 2.00 7.38906 .13534 
1.41 4.09596 ‘ 24414 2.0! 7.46332 .13399 
1.42 4.13712 24171 2.02 7.53832 13266 
1.43 4.17870 23931 2.03 7.61409 13134 
1.44 4.22070 23693 2.04 7.69061 13003 
1.45 4.26311 23457 2.05 7.76790 12873 
1.46 4.30596 .23224 2.06 7.84597 12745 
1.47 4.34924 22993 2.07 7.92482 12619 
1.48 4.39295 22764 2.08 8.00447 12493 
1.49 4.43710 22537 2.0 8.08491 12369 
1.50 4.48169 .22313 2.10 8.16617 12246 
1.51 4.52673 22091 2.11 8.24824 12124 
1.52 4.57223 21871 2.12 8.33114 12003 
1.53 4.613818 21654 2.13 8.41487 11884 
1.54 4.66459 21438 2.14 8.49944 11765 
1.S$ 4.71147 21225 2.15 8.58486 11648 
1.56 4.75882 21014 2.16 8.67114 11533 
1.57 4.80665 .20805 2.17 8.75828 1418 
1.58 4.85496 .20598 2.18 8.84631 11304 
1.59 4.90375 .20393 2.19 8.93521 1E192 
1.60 4.95303 .20190 2.20 9.02501 .11080 
1.61 5.00281 19989 2.21 9.11572 10970 
1.62 $.05309 19790 2.22 9.20733 10861 
1.63 5.10387 19593 2.23 9.29987 10753 
1.64 $.1$517 .19398 2.24 9.39333 10646 
1.65 5.20698 .19205 2.25 9.48774 10540 
1.66 $.25931 19014 2.26 9.58309 10435 
1.67 5.31217 18825 2.27 9.67940 10331 
1.68 5.36556 18637 2.28 9.77668 10228 
169 5.41948 18452 2.29 9.87494 10127 
1.70 $.47395 18268 7.” 9.97418 . 10026 
1,71 5.52896 .18087 2.31 10.07442 09926 
1.72 5.58453 17907 2.32 10.17567 09827 
1.73 5.64065 .17728 2.33 10.27794 09730 
1.74 5.69734 .17552 2.344 10.38124 09633 
1.75 5.75460 .17377 2.35 10.48557 09537 
1.76 5.81244 17204 2.46 10.59095 09442 
1.77 5.87085 17033 2.37 10.69739 09348 
1.78 5.92986 16864 2.38 10,.80490 09255 
1.79 5.98945 16696 2.39 10.91349 09163 
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TABLE A.l Th 
x . 
240 11.02318 
241 11,.13396 
2.42 11.24586 
243 11.35888 
2.44 11.47304 
2.45 1158835 
2.46 11. 70481 
2.47 11.82245 
2.48 11.94126 
249 12,06128 
2.50 12.18249 
2.31 12.30493 
2.52 12.42860 
2.53 12.$5351 
2.34 12.67967 
2.55 12.80710 
2.56 12.93582 
2.57 13.06582 
2.58 13.19714 
2.59 13.32977 
2.60 13.46374 
2.61 13.59905 
2.62 13,73572 
2.63 13.87377 
2.64 14.01320 
2.65 14,15404 
2.66 14.29629 
2.67 14.43997 
2.68 14.58509 
2.69 14. 73168 
2.70 14.87973 
2.71 15.02928 
2.72 1$.18032 
2.73 15.33289 
2.74 15.48698 
2.75 15.64263 
2.76 15.79984 
2.77 15.95863 
2.78 16.11902 
2.79 16.28102 
2.80 16.44465 
2.81 16.60992 
2.82 16.77685 
2.83 16.94546 
2.84 17.11577 
2.85 17.28778 
2.86 17.46153 
2.87 17.63702 
2.88 17.81427 
2.89 17.9933! 
2.90 18.17414 
2.91 18.35680 
2.92 18.54129 
2.93 18.72763 
2.94 18.91585 
2.95 19. 10595 
2.96 19.29797 
2.97 19.49192 
2.98 19.68782 
2.99 19. 88568 


3.21 


BESBREES 


Set et at Nak Sat Sot Nat ha Ld 
Sstkeessees 


Ws to 
S28 


al 


20.08554 
20,.28740 
20.49129 
20.69723 
20.90524 
21.11534 
2132736 
21.54190 
21.75840 
21,.97708 


22.19795 
2242104 
22.64638 
22.867398 
23.10387 
23.33606 
23,57060 
23.80748 
24.04675 
24.28843 


24.53253 
24.77909 
25.02812 
25.27966 
25.53372 
25.79034 
26.04954 
26.31134 
26.57577 
26,.84286 


27.11264 
27.38512 
27.66035 
27.93834 
28.21913 
28.50273 
28.78919 
29.07853 
29.37077 
29.66595 


29.96410 
30.26524 
30.5694} 
30.87664 
31.18696 
31,50039 
31.81698 
32.13674 
32,.45972 
32, 78595 


33,11545 
3344827 
33,78443 
34.12397 
34.46692 
34,81332 
35.16320 
35.5169 
35.67354 
36.23408 


FU 


iatetetatetetatetsl idadaddadadd add 
SSIRASSHHS| SSARAWBSR=AB 


Lot Lab ad Nab Lab Nab Sot Sab Sab Nad 


SeSeeesses| sezserssss 


ee ee ee eee 


36.59823 
36.96605 
37,33757 
37.71282 
38.09184 
38.47467 
38.86134 
39.25191 
39.64639 
40.04485 


40.44730 
40.8538! 
41.26439 
41.67911 
42.09799 
42.52108 
42.94843 
43.38006 
43.81604 
44.25640 


44,70118 
45.15044 
45.6042) 
46.06254 
46.52547 
46.9906 
47.46535 
47.94238 
48.42421 
48.91089 


49.40245 
49.89895 
$0.40044 
$0.90698 
$1.41860 
$1.93537 
$2.4$732 
$2.98453 
$3.51703 
$4.05489 


$4.59815 
55.14687 
55.70110 
56.26091 
$6.82634 
$7.39745 
$7.97431 
$8.55696 
59.14547 
59.73989 


60.34029 
60.9467! 
61,55924 
62.17792 
62,80282 
63,43400 
64,07152 
64.71 545 
65.36585 
66.02279 


ynential Fur ction 


e* 


02732 
02705 
02678 
02652 
02625 
02599 
02573 
02548 
02522 
02497 


02472 
02448 
02423 
02399 
02375 
02352 
02328 
.02305 
02282 
02260 


02237 
02215 
02193 
02171 
02149 
02128 
02107 
.02086 
02065 
02045 


02024 
02004 
01984 
01964 
01945 
01925 
01906 
01887 
01869 
01850 


01832 
01813 
01795 
01777 
.O1760 
01742 
01725 
01708 
01691 
01674 


01657 
1641 
01624 
01608 
01592 
01576 
01561 
01545 
01530 
O1SIS 


Cor 


e 


66.68633 
67.35654 
68.03348 
68.71723 
69.40785 
70. 10541 
70.80998 
71.S2163 
72.24044 
72.96647 


73.69979 
74,44049 
75.18863 
75.94429 
76.707 54 
77.47846 
78.25713 
79.04363 
79.83803 
80.64042 


81.45087 
82.26946 
83,09628 
83.9314) 
84.77494 
85.62694 
86.48751 
87.35672 
88.23467 
89.12144 


90.01713 
90.92182 
91.83560 
92,75856 
93.69030 
94.63240 
95.58347 
96. 54411 
97.51439 
98.49443 


99,48431 
100.48415 
10) 49403 
102.51406 
103.54435 
104.58498 
105.63608 
106.69774 
107.77007 
108.85318 


109.94717 
111,05216 
112.16825 
113,29556 
114.43420 
115.58428 
116, 74592 
117.91924 
119.10435 
120.30136 
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TABLE A.1 


5.00 
5.10 


Vaaigdalal-alal-d 
SSSSSESS 


SAAN AMA HNN | AARAAMDAMS 
SSSS4Ssss38 | SBaSess¥s 


e 


121.5104) 
122. 73161 
123.96509 
125.21096 
126.46935 
127.74039 
129.02420 
130.3209! 
131.63066 
132.95357 


134. 28978 
135.63941 
137.00261 
138.37951 
139.77024 
141.17496 
142.59379 
144.02688 
14547438 
146.93642 


148.4316 
164.02190 
181.27224 
200.33680 
22140641 
244.69192 
270.42640 
298 86740 
330.29955 
365.03746 


403.42877 
44585775 
492.74903 
$44.57188 
601.84502 
665.14159 
735.09516 
812.40582 
897.84725 
992.27469 


1096.63309 
121196703 
1339.43076 
1480,29985 
1635.98439 
1808.04231 
1998. 19582 
2208. 34796 
2440 60187 
269728226 


The Exponential F 


- 


CLCLOO LOS | BUH www we 
SSSSSESSSEB | SSSTESESGS 


e 


2980.95779 
329446777 
3640.95004 
4023.87219 
4447 06665 
491476886 
543165906 
6002.91 180 
663424371 
7331.97339 


8103.08295 
8955.29187 
9897.12830 
10938.01868 
12088 38049 
13359.72522 
14764, 78015 
16317.60608 
1803374414 
19930. 36987 


22026.46313 
24343.00708 
26903. 18408 
29732.61743 
32859.62500 
36315.49854 
40134.83350 
4435585205 
49020.79883 
$4176. 36230 


$9874.13477 
6617115430 
73130.43652 
8082163379 
89321.72168 
98715.75879 
109097. 78906 
12057170605 
133252.34570 
147266.62109 


Ct ea 


ili \ii\| |BEBEBSEBES | BESEEEEEEE | EE 
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TABLE A.2) Common Le gorithms 


N Ora IO ee Yc ; 


1.0 0128} .0170 | 0212 | .0253 0334 | 0374 
Lt aia 0083 002 0531 | .0569 | .0607 | .0645 0682 0719 | .0755 
1.2 | .0792 | .0828 | .0864/| .0899/ .0934 | .0969 | 1004 | 1038} .1072 | .1106 
1.3 | 1139 | 1173 | 1206] 1239} .1271 | 1303 | 1335 | 1367] .1399 | 1430 
14 | 1461 | 1492 | 1523] 1553} .1584 | 1614 | 1644 | 1673} .1703 | .1732 


LS | 1761 | 1790 | 1818) .1847| 1875 | 1903 | .1931 | 1959] 1987 | 2014 
1.6 | 2041 | 2068 | 2095) 2122) .2148 | .2175 | 2201 | 2227] .2253 | .2279 
1,7 | 2304 | 2330 | 2355 | 2380} 2405 | 2430 | 2455 | 2480] .2504 | 2529 
1.8 | .2553 | .2577 | .2601 | .2625| .2648 | 2672 | 2695 | 2718] .2742 | 2765 
1.9 | 2788 | 2810 | 2833 | .2856| .2878 | 2900 | 2923 | 2945 | .2967 | .2989 


2.0 | 3010 | 3032 | 3054) .3075| 3096 | 3118 | 3139 | 3160 | 3181 | 3201 
2.1 | .3222 | .3243 | .3263 | .3284| .3304 | 3324 | 3345 | 3365 | .3385 | 3404 
2.2 | 3424 | 3444 | 3464) 3483 | 3502 | 3522 | 3541 | 3560] 3579 | 3598 
2.3 | 3617 | 3636 | 3655 | 3674} 3692 | 3711 | .3729 | 3747 | .3766 | 3784 
24 | 3802 | 3820 | 3838 | 3856| 3874 | 3892 | 3909 | 3927 | 3945 | 3962 


2.5 | 3979 | 3997 | 4014 | 4031 | 4048 | 4065 | 4082 | 4099) 4116 | 4133 
2.6 | 4150 | 4166 | 4183 | 4200 | 4216 | .4232 | 4249 | 4265 | 4281 | .4298 
2.7 | 4314 | 4330 | 4346 | 4362| 4378 | 4393 | 4409 | 4425 | 4440 | 4456 
2,8 | 4472 | 4487 | 4502 | 4518 | 4533 | 4548 | 4564 | 4579 | 4594 | 4609 
2.9 | 4624 | 4639 | 4654 | 4669 | 4683 | 4698 | 4713 | .4728 | 4742 | 4757 


3.0 | 4771 | 4786 | 4800 | 4814 | 4829 | 4843 | 4857 | 4871 | 4886 | 4900 
3.1 | 4914 | 4928 | 4942 | 4955 | 4969 | 4983 | 4997 | SOI] | 5024 | 5038 
3.2 | 5051 | 5065 | 5079 | 5092 | 5105 | S119 | 5132 | 5145 | 5159 | 5172 
3.3 | 5185 | 5198 | 5211 | 5224 | .5237 | 5250 | 5263 | .5276 | 5289 | 5302 


3.4 | 5315 | 5328 | 5340 | 5353 | 5366 | 5378 | 5391 5416 | 5428 
3.5 | 5441 | 5453 | 5465 | 5478 | 5490 | 5502 | 5514 5539 | 5551 
3.6 | 5563 | 5575 | 5587 | 5599 | 5611 | 5623 | 5635 5658 | 5670 


$763 | 5775 | 5786 
5877 | 5888 | 5899 
5988 | 5999 | 6010 


3.7 | 5682 | 5694 | 5705 | 5717 | 5729 | 5740 | 5752 
3.8 | 5798 | 5809 | .5821 | 5832 | 5843 | 5855 | 5866 
3.9 | 5911 | 5922 | 5933 | .5944 | 5955 | 5966 | 5977 


6096 | 6107 | 6117 
5201 | 6212 | 6222 
6304 | 6314 | .6325 
6405 | 6415 | 6425 
6503 | 6513 | .6522 


4.0 | 6021 | .6031 | 6042 | 6053 | 6064 | 6075 | 6085 
4.1 | 6128 | .6138 | 6149 | 6160 | 6170 | 6180 | 6191 
4.2 | 6232 | 6243 | 6253 | 6263 | 6274 | 6284 | .6294 
4.3 | 6335 | 6345 | 6355 | 6365 | 6375 | 6385 | 6395 
44 | .6435 | 6444 | 6454 | 6464 | 6474 | 6484 | 6493 


6599 | 6609 | 6618 
6693 | 6702 | 6712 
6785 | 6794 | 6803 
6875 | 6884 | 6893 
6964 | 6972 | 6981 


4.5 | .6532 | 6542 | .6551 | 6561 | 6571 | .6580 | 6590 
4.6 | 6628 | .6637 | 6646 | 6656 | 6665 | .6675 | 6684 
4.7 | 6721 | 6730 | 6739 | 6749 | 6758 | 6767 | 6776 
4.8 |.6812 | 6821 | 6830 | 6839 | 6848 | 6857 | 6866 
49 | 6902 | .6911 | 6920 | 6928 | 6937 | 6946 | .6955 


5.0 | 6990 | 6998 | 7007 | .7016 | .7024 | 7033 |.7042 |.7050 | 7059 | 7067 
$5.1 |.7076 | .7084 | 7093 | .7101 | 7110 | 7118 |.7126 |.7135 | 7143 |.7152 
§.2 |.7160 | .7168 | .7177 | .7185 | .7193 |.7202 |.7210 | 7218 | .7226 | .7235 
§.3 |.7243 |.7251 | .7259 | 7267 | 7275 | .7284 |.7292 |.7300 | 7308 | .7316 
$4 |.7324 |.7332 | .7340 | .7348 | .7356 | .7364 |.7372 |.7380 | .7388 | .7396 


> , in in uw 
Nu 8 
par Toc Ti >< 


From Koshy: College Algebra and Trigonometry with Applications, 1986. McGraw-Hill. 
Reprinted with permission 


356 J APPENDIX 


5.5 
5.6 
$.7 
5.8 
5.9 


6.0 
6.1 
62 
63 
64 


6.5 
6.6 
6.7 
68 
69 


70 
71 
7.2 
73 
7.4 


7.5 
76 
7.7 


TABLE A.2 


1482 
7559 
7634 


Common Logarithm 


N ef) [ats Te[s [oto To ’ 


7412 


7490 


7566 


7642 
7716 


7789 
.7860 
7931 


7419 


7497 
7574 
7649 
1723 


7427 


.7505 
.7$82 


7435 


513 
.7589 
7664 
7738 


.7810 
.7882 
.79$2 
8021 
8089 


8156 
8222 
8287 
8351 
8414 


8476 
.8537 
8597 
8657 
8716 


8774 
8831 
8887 
8943 
8998 


9053 
9106 
9159 
9212 
9263 


7443 


.7520 
7597 
.7672 
7745 


7818 
.7889 
7959 
8028 
8096 


8162 
8228 
8293 
8357 
8420 


7451 


.7528 
7604 
7679 
7752 


.7825 


1583 
7619 


7694 
7767 


.7839 


7910 


7980 


8116 


8182 
8248 
8312 
8376 
8439 


7474 
7551 
7627 
7701 
7714 


7846 
1917 
7987 
8055 
8122 


8189 
8254 
8319 
8382 
8445 


8506 


8567 
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TABLE A.3 Trigonometric Functions of an Angle (Continued 


2419 | 9703 2493 | 4011 1031 | 4.134 | 76°00' | 1.3265 


2447 | 9696 | 2524 | 3.962 | 1.031 | 4.086 50 | 1.3235 
} 2476 | 9689 | 2555 | 3914 | 1.032 | 4.039 40 | 1.3206 
\ 2504 | 9681 | 2586 | 3.867 | 1.033 | 3.994 30 | 1.3177 
2532 | 9674 | 2617 | 3.821 | 1.034 | 3.950 20 | 1.3148 
4 2560 | 9667 | 2648 | 3.776 | 1.034 | 3.906 10 | 1.3119 
| 2588 | 9659 | 2679 | 3.732 | 1.035 | 3.864 | 75°00 | 1.3090 
2616 | 9652 | 2711 | 3.689 | 1.036 | 3.822 50 | 1.3061 
2644 | 9644 | 2742 | 3.647 | 1.037 | 3.782 40 | 1.3032 
2672 | 9636 | 2773 | 3.606 | 1.038 | 3.742 30 | 1.3003 
2700 | 9628 | 2805 | 3566 | 1.039 | 3.703 20 | 1.2974 
{ 2728 | 9621 | 2836 | 3.526 | 1.039 | 3.665 10 | 1.2945 
: 2756 | 9613 | 2867 | 3.487 | 1.040 | 3.628 | 74°00' | 1.2915 
2784 | 9605 | 2899 | 3450 | 1.041 | 3.592 50 | 1.2886 
. 2812 | 9596 | 2931 | 3.412 | 1.042 | 3.556 40 | 1.2857 
J 2840 | 9588 | 2962 | 3376 | 1.043 | 3521 30 | 1.2828 
2868 | 9580 | 2994 | 3.340 | 1.044 | 3.487 20 | 1.2799 
2896 | 9572 | 3026 | 3305 | 1.045 | 3.453 10 | 1.2770 
2924 | 9563 | 3057 | 3271 | 1.046 | 3.420 | 73°00 | 1.2741 
2952 | 9555 | 3089 | 3.237 | 1047 | 3.388 $0 | 1.2712 
j 2979 | 9546 | 3121 | 3.204 | 1048 | 3.356 40 | 1.2683 
3007 | 9537 | 3153 | 3.172 | 1.049 | 3.326 30 | 1.2654 
3035 | 9528 | 3185 | 3.140 | 1.049 | 3.295 20 | 1.2625 
; 3062 | 9520 | 3217 | 3.108 | 1.050 | 3.265 10 | 1.2595 
J 3090 | 9511 | 3249 | 3.078 | 1.051 | 3.236 | 72°00° | 1.2566 
3118 | 9502 | 3281 | 3.047 | 1.052 | 3.207 50 | 1.2537 
7 3145 | 9492 | 3314 | 3018 | 1.053 | 3.179 40 | 1.2508 
3173 | 9483 | 3346 | 2989 | 1.054 | 3.152, 30 | 1.2479 
3201 | 9474 | 3378 | 2960 | 1.056 | 3.124 20 | 1.2450 
3228 | 9465 | 3411 | 2932 | 1.057 | 3.098 10 | 1.2421 
' 3256 | 9455 | 3443 | 2904 | 1.058 | 3.072 | 71°00 | 1.2392 
3283 | 9446 | 3476 | 2877 | 1.059 | 3.046 50 | 1.2363 
3311 | 9436 | 3508 | 2850 | 1.060 | 3.021 40 | 1.2334 
. 3338 | 9426 | 3541 | 2824 | 1.061 | 2.996 30 | 1.2305 
7 3365 | 9417 | 3574 | 2.798 | 1.062 | 2971 20 | 1.2275 
3393 | 9407 | 3607 | 2.773 | 1.063 | 2947 10 | 1.2246 
3420 | 9397 | 3640 | 2.747 | 1064] 2924 | 70°00 | 1.2217 
3448 | 9387 | 3673 | 2.723 | 1065 | 2901 50 | 1.2188 
3475 | 9377 | 3706 | 2699 | 1.066 | 2878 40 | 1.2159 
3502 | 9367 | 3739 | 2675 | 1.068 | 2855 30 | 1.2130 
3529 | 9356 | 3772 | 2651 | 1069] 2833 20 | 1.2101 
3557 | 9346 | 3805 | 2.628 | 1.070] 2812 10 | 1.2072 


3584 | 9336 | 3839 | 2605 | 1.071 | 2790 | 9°00 | 1.2043 


cost sint | cotr tant csct sect | degrees t 
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i. TABLE A.3 Trigonometric Functions of an Angle (Continued 


sint cost tant cotr sect esc! 


1.0821 
1.0792 
1.0763 
1.0734 
1.0705 
1.0676 


1.0647 
1.0617 
1.0588 
1.0559 
1.0530 
1.0501 


1.0472 
1.0443 
1.0414 
1.0385 
1.0356 
1.0327 


+} 1.0297 
1.0268 
1.0239 
10210 
1.018! 
1.0152 


1.0123 
1.0094 
1.0065 
1,0036 
1.0007 

9977 


gei2es 


9948 
9919 
9890 
9861 
9832 
9803 


Sfgge 


9774 
9745 
9716 
9687 
9687 
9628 


9599 


cos! sint cott tant eset sect | degrees t 


SSssseg sesess 


S8ssss 


52°00 
50 
40 
30 
20 
10 


2 
sssséss 


Ps 
SBEESE sBssse 


TABLE A.3 
t 
t degrees 
7330 | 42°00 
7359 10 
7389 20 
7418 30 
1447 40 
7476 50 
7505 | 43°00 
7534 10 
7563 20 
7592 Ww 
7621 40 
7650 50 
7679 | 4400 
7709 10 
7738 20 
7767 30 
1796 40 
7825 30 
7854 | 48° 00 


Trigonometric Functions of an Angle (Continued) 


sint 


cost 


cost 


sint 


tant 


cotr 


col 


tanr 


sect 


eser 


csel 
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00 0000 1.0000 0000 1,000 
ol 0100 1,0000 .0100 99.997 1.000 100.00 
02 0200 9998 0200 49.993 1.000 50.00 
03 0300 9996 0300 33.323 1.000 33.34 
04 0400 9992 .0400 24.987 1.001 25.01 
05 0500 9988 .0500 19.983 1.001 20.01 
06 0600 9982 .0601 16.647 1.002 16.68 
07 0699 9976 0701 14.262 1.002 14.30 
08 0799 9968 0802 12.473 1.003 12.51 
09 0899 9960 0902 11.081 1.004 11.13 
10 0998 9950 1003 9.967 1.005 10.02 
i 1098 9940 1104 9.054 1.006 9.109 
12 1197 9928 1206 8.293 1.007 8.353 
13 1296 9916 1307 7.649 1.009 7.714 
14 1395 9902 1409 7.096 1.010 7.166 
15 1494 9888 SI 6.617 1.011 6.692 
16 1593 9872 1614 6.197 1.013 6.277 
17 1692 9856 1717 5.826 L.O1s 5.911 
18 1790 9838 1820 5.495 L016 5,586 
19 1889 9820 1923 5.200 1.018 5.295 
20 1987 9801 2027 4.933 1.020 5.033 
21 2085 9780 2131 4.692 1.022 4.797 
22 2182 9759 2236 4472 1.025 4.582 
23 2280 9737 2341 4.271 1.027 4.386 
24 2377 9713 2447 4.086 1.030 4.207 
25 2474 9689 .2553 3.916 1.032 4.042 
26 2571 9664 2660 3.759 1,035 3.890 
27 2667 9638 2768 3.613 1.038 3.749 
28 2764 9611 2876 3.478 1.041 3.619 
29 2860 9582 2984 3.351 1.044 3.497 
30 2955 9553 3093 3.233 1.047 3.384 
3 3051 9523 3203 3.122 1.050 3.278 
32 3146 9492 3314 3.018 1,053 3.179 
33 3240 9460 3425 2.920 1.057 3.086 
4 3335 9428 3537 2.827 1.061 2.999 
35 3429 9394 3650 2.740 1.065 2.916 
% 3523 9359 3764 2.657 1.068 2.839 
ey 3616 9323 3879 2.578 1.073 2.765 
38 3709 9287 3994 2.504 1,077 2.696 
39 3802 9249 4111 2433 1.08] 2630 


From Koshy: College Algebra and Trigonometry with Applications, 1986. McGraw-Hill 
Reprinted with permission 
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40 3894 9211 4228 2.365 1.086 2.568 
4) 3986 9171 4346 2.301 1.090 2.509 
42 4078 9131 4466 2.239 1.095 2.452 
43 4169 9090 4586 2.180 1.100 2.399 
ad 4259 9048 4708 2.124 1.105 2.348 
45 4330 9004 4831 2,070 Lt 2.299 
4h 4439 896! 4954 2.018 1,116 2.253 
47 4529 8916 5080 1.969 1.122 2.208 
48 4618 8870 5206 1,921 1.127 2.166 
49 4706 $823 5334 1.875 1.133 2.125 
50 4794 8776 5463 1.830 1.139 2.086 
51 4882 $727 5594 1.788 1.146 2.048 
52 4969 8678 $726 1.747 1.152 2.013 
$3 5055 8628 $859 1.707 1.159 1.978 
54 5141 8577 5994 1.668 1.166 1.945 
55 $227 8525 6131 1.631 1.173 1.913 
56 $312 8473 6269 1.595 1.180 L883 

? 5396 8419 6410 1.560 1.188 1.853 
58 5480 8365 6552 1.526 1.196 1.825 
59 5564 8309 6696 1.494 1.203 1.797 
60 5646 8253 684) 1462 1.242 1.771 
6l $729 8196 6989 1.431 1.220 1.746 
62 5810 8139 7139 1.401 1,229 1.721 
63 5891 8080 7291 1.372 1.238 1.697 
fd 5972 8021 7445 1.343 1.247 1.674 
65 6052 7961 7602 L315 1.256 1.652 
66 6131 7900 7761 1.288 1.266 1.631 
67 6210 7838 7923 1.262 1.276 1.610 
68 6288 7776 8087 1.237 1.286 1.590 
69 6365 7712 8253 1.212 1.297 1.571 
70 6442 7648 8423 1.187 1.307 1.552 
71 6518 7584 8595 1.163 L319 1.534 
72 6594 7518 8771 1.140 1,330 1.$17 
73 6669 7452 8949 Lut? 1.342 1.500 
74 6743 7385 9131 1.095 1.354 1.483 
75 6816 7317 9316 1.073 1.367 1.467 
76 6889 7248 9505 1.052 1.380 1.452 
77 6961 7179 9697 1.031 1.393 1.437 
78 7033 T1089 9893 1.011 1.407 1.422 
79 7104 7038 1.009 9908 1.421 1.408 
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80 7174 6967 1.0380 9712 1.435 1.394 
8 7243 6895 1.050 9520 1.450 1.381 
82 7311 6822 1.072 9331 1.466 1.368 
83 7379 6749 1.093 9146 1.482 1.355 
84 7446 6675 L116 8964 1.498 1.343 
85 7513 6600 1.138 8785 1.515 1331 
86 7578 6524 1.162 8609 1,533 1.320 
87 7643 6448 1.185 8437 1.551 1.308 
88 7707 6372 1.210 8267 1.569 1.297 
89 7771 6294 1.235 8100 1.589 1.287 
90 7833 6216 1.260 7936 1.609 1.277 
91 7895 6137 1.286 7774 1.629 1.267 
92 7956 6058 1.313 7615 1.651 1.257 
93 8016 5978 1.341 7458 1.673 1.247 
94 8076 5898 1.369 7303 1,696 1.238 
95 8134 $817 1.398 7151 1.719 1.229 
96 8192 5735 1.428 7001 1.744 1.221 
97 8249 $653 1.459 6853 1.769 1,212 
98 8305 $570 1.491 6707 1.795 1.204 
99 8360 $487 1.524 6563 1.823 1.196 
1.00 8415 5403 1.557 6421 1.851 1.188 
1.01 8468 S319 1.592 6281 1.880 1.181 
1,02 8521 5234 1.628 6142 1.911 1.174 
1.03 8573 5148 1.665 6005 1.942 1.166 
1.04 8624 5062 1.704 $870 1.975 1.160 
1.05 8674 4976 1,743 5736 2.010 1.153 
1.06 8724 4889 1.784 $604 2.046 1.146 
1.07 $772 4801 1.827 $473 2.083 1.140 
1.08 8820 4713 1.871 $344 2.122 1.134 
1.09 8866 4625 1917 $216 2.162 1.128 
1.10 8912 4536 1,965 $090 2.205 1.122 
il 8957 4447 2.014 4964 2.249 1.116 
1.12 9001 4357 2.066 4840 2.295 Lut 
1.13 9044 4267 2,120 4718 2.344 1.106 
1.14 9086 4176 2.176 4596 2.395 1,101 
115 9128 4085 2234 4475 2448 1.096 
1.16 9168 3993 2.296 4356 2.504 1.091 
1.17 9208 3902 2.360 4237 2.563 1.086 
118 9246 3809 2.427 4120 2.625 1.082 


TABLE A.4 

t sint 
1.20 9320 
1.21 9356 
1.22 9391 
1.23 9425 
1.24 9458 
1.25 9490 
1.26 9521 
1.27 9551 
1.28 9580 
1.29 9608 
1.30 596% 
131 .9662 
1.32 .9687 
1.33 S711 
1.34 9735 
1.35 9757 
1.36 9779 
1.37 9799 
1.38 9819 
1.39 9837 
1.40 9854 
1.41 9871 
1.42 9887 
1.43 9901 
1.44 9915 
1.45 9927 
1.46 9939 
1.47 9949 
1.48 9959 
1.49 9967 
1.50 9975 
1.51 9982 
1.52 9987 
1.53 9992 
1.54 9995 
1.55 .9998 
1.56 9999 


Trigonometric Functions of a Real Number 
cost tant cotr sect 
3624 2.572 3888 2.760 
3530 2.650 3773 2.833 
3436 2.733 3659 2.910 
3342 2.820 3546 2.992 
3248 2.912 3434 3.079 
3153 3.010 3323 3.171 
3058 3.113 3212 3.270 
.2963 3.224 3102 3.375 
2867 3.341 2993 3.488 
2771 3.467 2884 3.609 
2675 3.602 2776 3.738 
2579 3.747 2669 3.878 
2482 3.903 .2562 4.029 
2385 4.072 2456 4.193 
2288 4.256 2350 4.372 
2190 4.455 2245 4.566 
2092 4.673 2140 4.779 
1994 4913 2035 5.014 
1896 5.177 1931 §,273 
1798 5.471 1828 5.561 
.1700 5.798 1725 5.883 
1601 6.165 1622 6.246 
1502 6.581 1519 6.657 
1403 7.055 1417 7.126 
1304 7.602 1315 7.667 
1205 8.238 1214 8.299 
1106 8.989 U3 9.044 
1006 9.887 1011 9.938 
0907 10.983 .0910 11.029 
0807 12.350 0810 12.390 
.0707 14.101 .0709 14.137 
0608 16.428 .0609 16.458 
.0508 19.670 0508 19.695 
0408 24.498 .0408 24.519 
0308 32.461 0308 32.476 
.0208 48.078 .0208 48.089 
0108 92.620 0108 92.626 
0008 1255.8 0008 1255.8 


Continued 
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Abscissa, 3.5, 3.37 to 3.39, 3.258, 10.24, 10.25 
Absolute value, 1.46, 1.49, 2.143 to 2.192, 6.98 
Addition: 
associative law for, 1.26, 1.44 
commutative law for, 1.44 
Addition/subtraction method: 
solving systems of linear equations using the, 5.19 
to 5.30 
solving systems of nonlinear equations using the, 
$.164 to 5.171, 5.180 to 5.184, 5.187 to 5.191, 
§.193, 5.194 
Algebraic expressions: 
evaluating, 1.80 to 1.98 
writing, 1.105 to 1.111 
Amplitude, 7.181 to 7.184, 7,189 to 7.195 
Angle: 
central, 7.38, 7.39, 7.48, 7.49 
reference, 7,79 to 7.85, 8.218 to 8.221 
in standard position, 7.9 to 7.15 
Antilogarithm, 6.203 to 6.206 
Area of a rectangle, 2.35 
Asymptote, 4.199 to 4.213, 6.1 to 6.20, 6.88, 6.89, 
6.94, 6.96, 6.97, 10.145 to 10.162, 10.166, 10.167, 
10.176, 10.211, 10.213 to 10.215 
Average, 1.110, 1.111 


Binomial theorem, 12.106 to 12.115 


Cartesian coordinate system, 3.1 to 3.174, 3.249 to 
3,258 
Characteristic, 6.190 to 6.193, 6,200 
Circle: 
equation of, 3.11 to 3.15, 3.18 to 3.21, 3.25, 3.26, 
3.32, 10.1 to 10.38, 10.42 to 10.44, 10.181 to 
10.194 
graph of, 3.22, 3.32 
locus, 10.187 to 10.190 
points lying on, 3.16, 3.17, 10.183 
Combinations, 12.121 to 12.125, 12.149, 12.151 to 
12.160, 12.163 
Complement, 7.43 
Completing the square, 2.62 to 2.64, 2.67, 2.213 to 
2.215, 2.217, 3.21 
Complex fractions, 1.35 to 1.37, 1.158 to 1.163 
Complex numbers, 1.172 to 1.181, 1.188 to 1.201, 
2.47, 11.1 to 11.109 
arguments of, 11.27 to 11.33 
De Moivre's theorem, 11.52 to 11.63, 11.77 to 11.80 
graphical addition and subtraction of, 11.87 to 
11.90, 11,106 to 11,109 
imaginary numbers, i, 1.182 to 1.196 


[| Index 


Complex numbers, (Cont. ): 

moduli of, 11.27 to 11.33, 11.76 

plotting of, 11.1 to 11.5 

polar form of, 11.6 to 11.26, 11.34 to 11.51 

roots of, 11.64 to 11.68, 11.74, 11.75 
Composite functions (see Functions, composite) 
Compound interest, 2.87, 6.28 to 6.36 
Conjugate of a complex number, 1.180, 1.181 
Continuity, 3.107 to 3.131 
Coterminal, 7.3, 7.4, 7.6, 7.8, 7.40, 7.42 
Cramer’s rule, 5.148 to 5.158 


Decimal, repeating, 1.32, 1.43 
Degrees, 7.16 to 7.37, 7.48, 7.56 
De Moivre’s theorem for complex numbers, 11.52 to 
11.63, 11.77 to 11.80 
Descartes’ rule of signs, 4.170 to 4.174 
Determinants, 5.115 to 5.141 
(See also Matrices) 
Discriminant, 1.119, 1.123, 2.72 to 2.76, 2.83 to 2.86, 
2.220 to 2.223, 10.180 
Distance: 
from center to focus, 10.174 
hand of a clock moves over a, 7.47 
on a number line (absolute value), 2.144 
from shore to ship, 7.58 
between two complex numbers, 11.82 to 11.86 
between two points, 1.47, 3.2 to 3.5, 3.16, 3.17 
Distributive law, 1.25, 1.45, 2.5, 2.16 
Division, 1.22 
of polynomials, 4.40 to 4.42 
synthetic (see Synthetic division) 
by zero, 2.25, 2.234 
Domain, 3.57 to 3.66, 3.82, 3.175 to 3.189, 3.207, 
3.212, 4.85, 4.86, 6.92, 6.93, 6.102 to 6.105, 
6.179, 6.252, 7.158 to 7.160 
Dot product, 5.107 to 5.110, 9.68 to 9.74 


e (see Logarithms, natural) 
Elements of sets, 1.10 to 1.13 
(See also Sets) 
Ellipse, 10,84 to 10.127, 10.202 to 10.208 
center, 10.117 to 10.120 
eccentricity, 10.204, 10.207 
foci, 10.89 to 10.99, 10,113 to 10.116, 10.121 to 
10.124, 10.203, 10.205 
graph of, 10.99 to 10.108, 10.113 
latus rectum, 10.206 
major axes, 10.89 to 10,98, 10.109 to 10.116, 10.121 
to 10.124, 10.202 to 10.207 
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Ellipse, (Cont. ): 
minor axes, 10.89 to 10.98, 10.109 to 10.116, 10.202 
standard form of, 10.84 to 10.88, 10.109 to 10,120 
vertices, 10.121 to 10,124, 10,202 to 10.207 
Empty set, 1.17, 1.18, 2.235 
Equations: 
of a circle (see Circle, equation of) 
of an ellipse, 10.84 to 10,127, 10,202 to 10,207 
graphs of, 3.23 to 3.33 
(See also Functions, graphs of) 
of a hyperbola, 10.128 to 10.176, 10.209 to 10.215 
of a line, 3.144 to 3.161 
linear (see Systems of linear equations) 
nonlinear (see Systems of nonlinear equations) 
of a parabola, 10.45 to 10.83, 10.195 to 10.210 
quadratic, 2.58 to 2.61, 2.66, 2.74 to 2.91, 2.215, 
2,220 to 2.223, 2.245, 2.246, 11.93 to 11,100 
solutions of exponential and logarithmic, 6.67 to 
6.82, 6.236 to 6.264 
solutions of linear, 2.1 to 2.41, 2.229 to 2.233, 2.235 
to 2.239 
by substitution, 5.31 to 5.41 
solutions of nonlinear, 2.42 to 2.91, 2.234, 2.240, 
2.243, 11.69 to 11.73, 11.91, 11.92, 11.102 to 
11.105 
(See also Substitution, solving nonlinear 
equations by) 
solutions of trigonometric, 8.205 to 8.285 
Exponential functions, 6.1 to 6.4 
Exponents, evaluating integral and rational, 1.50 to 
1.72 
Extrema, 5.241 to 5.245 


Factor theorem, 4.45 to 4.56 
Factorials, evaluating, 12.89 to 12.106 
Factoring: 
difference of two cubes, 1.118, 1.126, 1.133 
difference of two squares, 1.118, 1.129, 1.131, 
1,136, 1,137, 2.207 
of polynomials, 1.112 to 1.142, 1.146 to 1.152, 
1.161, 2.50 to 2.57, 2.61, 2.65, 2.70, 2.90, 2.193, 
2.206 to 2.212, 2.216, 2.218, 5.196 
sum of two cubes, 1.118, 1.124, 1.130, 1.133 
sum of two squares, 1.125 
of trigonometric identities, 8.61 
Formulas, 1.103, 1,104, 3.239 to 3.248, 4.84, 6.28, 
6.34, 6.180 
(See also Problem solving) 
Fractional expressions, 1.139 to 1.163 
Functions, 3.37 to 3.56 
algebra of, 3.175 to 3.227 
composite, 3.214, 3.215, 3.217 to 3.224, 6.83 to 6.87 
constant, 3.89 
evaluating, 3,47 to 3,56, 3,162 to 3.164, 3.233 to 
3.238, 6.83 to 6.87, 6.123 to 6.139, 6.157 to 6.161, 
6.207 to 6.235, 7.70 to 7.115, 9.18 to 9.20 
even, 7.174 
exponential, 6.1 to 6.40 
graphs of, 3.37 to 3.41, 3.83 to 3.86, 3.89 to 3.109, 


Fundamental theorem of algebra, 4.130 


G 


Hyperbola, 10.128 to 10.180, 10.209 to 10.215 


Functions, (Cont. ): 
3.138 to 3.143, 3.249 to 3.258, 4.36 to 4.39, 4.57 
to 4.83, 4.208 to 4.213, 6.1 to 6.20, 6.88 to 6.97, 
7.158 to 7.167, 7.171 to 7.173, 7.181 to 7.198 
greatest-integer, 3.107 to 3.109 
linear, 3.132 to 3,174 
logarithmic, 6.41 to 6,107 
properties of (see Properties of logarithmic 
functions) 
odd, 7.175 
one-to-one, 3.77 to 3.81, 3.207, 3.212, 6.24, 6.99 
polynomial, 4.1 to 4.187 
rational and algebraic, 4.188 to 4.213 
step, 3.107 to 3.112 
trigonometric, 7.70 to 7.115 
inverse, 7.116 to 7.157 


taphs: 

of circle, 3.22 to 3.32 

of ellipse, 10.99 to 10.108, 10.113 

of exponential functions, 6.1 to 6.20 

of given relations, 6.88 to 6.97 

of hyperbola, 10.145 to 10.156 

of linear functions, 3.132 to 3.143 

of parabola, 10.195 to 10.198 

of polynomial functions, 4.36 to 4.39, 4.57 to 4.83, 
4.208 to 4.213 

(See also Functions, graphs of) 


center, 10.163 to 10.165, 10.175, 10.176, 10.209 to 
10.214 

conjugate of, 10,215 

conjugate axis, 10.133 to 10.156, 10.166, 10.168 to 
10.173 

eccentricity, 10.210, 10.212 

foci, 10.133 to 10.144, 10.166, 10.172 to 10.175, 
10.209, 10.210 

graph of, 10.145 to 10.156 

standard form of, 10.128 to 10.132, 10.163 to 10.165 

transverse axis, 10.133 to 10.156, 10.166, 10.168 to 
10.175, 10.209 to 10.214 

vertices, 10.145 to 10.156, 10.166, 10.167, 10.174, 
10.176, 10.209 to 10.215 


i. imaginary numbers, 1.182 to 1.196 


Identities: 

addition and subtraction of trigonometric, 8.71 to 
8.102, 8.182 to 8.204 

additive, 1.21, 1.44, 1.45, 1.198 

double- and half-angle, 8.103 to 8.108, 8,117 to 
8.131, 8.182 to 8.204 

elementary trigonometric, 8.1 to 8.53, 8.182 to 
8.204 

multiplicative, 1.23, 1.200 

product and sum, 8.138 to 8.204 


Imaginary numbers, i, 1.182 to 1.196 
(See also Complex numbers) 
Inequalities, 1.28 to 1.30, 1.48 
absolute value, 2.144 to 2.147, 2.155 to 2.184, 
2.187, 2.190 to 2.192 
graphing solutions of, 2.123 to 2.127, 2.145, 2.156, 
2.194 to 2.204 
linear, 2.92 to 2.142 
nonlinear, 2.193 to 2.205, 2.227, 2.228 
reversal of signs, 2.98 to 2.100, 2.106, 2.109, 2.114, 
2.121, 2.122, 2.129, 2.131, 2.133, 2.134, 2.163, 
2.164, 2.169 to 2.181, 2.184, 2.224 to 2.226 
solutions of linear, 2.101 to 2.142 
solutions of nonlinear, 2.193 to 2.205, 2.227, 2.228 
Integers, consecutive integer word problems, 2.31 to 
2.33, 2.90 
Intercepts: 
x, 10.99 to 10.108 
y, 3.132 to 3.161, 10.99 to 10.108 
Interest, compound, 2.87, 6.28 to 6.36 
Interpolation, 6.234, 6.235 
Intersection: 
of a circle and a parabola, 10.82, 10.83 
points of, 3.165, 3.166, 5.1 to 5.3, 5.8 to 5.10, 10.79 
to 10.83, 10.125 to 10.127, 10.177 to 10.180 
of sets, 1.3, 1.12, 1.13, 1.16, 1.18 
Interval notation, 2.123 to 2.127, 2.155, 2.158, 2.193 
to 2.205, 3.61, 3.70 to 3.73, 3.75, 3.84 to 3.86, 
3.177, 3.184, 3.185, 4.94, 8.216 to 8.240, 8.271 to 


additive, 1.44, 1.199 

of functions, 3.207 to 3.216, 3.221, 3.222, 3.225 to 
3.227, 6.91, 6.100, 7.116 to 7.157 

of matrices, 5.142 to 5.147 


Law of cosines, 9.37 to 9.49 
Law of sines, 9.25 to 9.36 
Linear algebra (see Matrices) 
Linear equations (see Equations, solutions of linear; 
Systems of linear equations) 
Linear functions, 3.132 to 3.174 
Linear inequalities, 2.92 to 2.142 
Logarithms: 
common, 6.150 to 6,156, 6,194 to 6.199, 6.203 to 
6.206 
logarithmic functions, 6.41 to 6.107 
(See also Properties of logarithmic functions) 
natural, e, In, 6.16, 6.17, 6.19, 6.60, 6.74, 6.75, 
6.159, 6.160, 6.174, 6.180 to 6.182, 6.207, 6.208, 
6.210, 6.215, 6.216, 6.219, 6.262 to 6.264, 7.105, 
8.52, 8.193 
standard form of, 6.200 to 6.202 
Lower bound, 4.175 to 4.180 
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Magnitude of vectors, 9.50 to 9.58 
Mantissa, 6.200 
Matrices, 5.52 to 5.114, 5.142 to 5.147 

transpose of, 5.73 to 5.78, 5.81 to 5.83, 5.91 to 5.93 
Maximum: 

of linear functions, 5.236 to 5.251 

of quadratic functions, 4.25 to 4.29 

of trigonometric functions, 8.170 
Mean (see Average) 
Midpoint of a segment, 3.6 to 3.10, 3.171 
Mils, 7.55, 7.57 to 7.59 
Minimum: 

of linear functions, 5.236 to 5.251 

of quadratic functions, 4.25 to 4.29 

of trigonometric functions, 8.170 
Minutes, 7.16 to 7.37 
Multiplication: 

commutative law for, 1.27 

of sets, 1.18 
Multiplicity, 4.36 to 4.39, 4.60, 4.76, 4.79, 4.94, 4.145 

to 4.147 


Nonlinear equations (see Equations, solutions of 
nonlinear; Systems of nonlinear equations) 

Nonlinear inequalities, 2.193 to 2.205, 2.227, 2.228 
Numbers: 

imaginary, i, 1.182 to 1.196 

irrational, 6.16, 6.101 

natural, 1.20 

real, 1.21 to 1.49 

signed, 1.32 to 1.42 


Ordinate, 3.67, 4.71, 4.72, 4.74, 4.75, 4.209 
6.9, 6.11, 6.15, 6.19, 7.12, 10.25, 10.81 


Parabola, 3.92 to 3.94, 3.96, 3.99, 3.102, 3.253 to 
3.255, 3.258, 4.11 to 4.29, 4.70 to 4.72, 4.82, 
4.83, 4.89, 4.90, 5.51, 5.185, 5.186, 10.45 to 
10.83, 10.195 to 10.201 

directrix, 10.45 to 10.67, 10.73, 10.74 

focus, 10.45 to 10.67, 10.73 to 10.77, 10.195 to 
10.198 

graph of, 10.195 to 10.198 

vertex, 4.16 to 4.20, 10.63 to 10.77, 10.82. 10.199 to 
10.201 

Parametric representation of a line segment, 5.232 to 
5.235 

Perimeter of a rectangle, 2.34 

Period, 7.158 to 7.167, 7.177 to 7.183, 7.189, 7.194, 
7.196 

Permutations, 12.116 to 12.120, 12.136 to 12.138, 
12.141 to 12.143, 12.147, 12.148, 12.161, 12.162 

Phase shift, 7.168 to 7.170, 7.190 to 7.195 

Polynomial functions, 4.1 to 4.187 

Polynomials, evaluating, 1.99 to 1.102 

Probability, 12.164 to 12.200 

Problem solving, 1.103, 2.31 to 2,41, 2.89 to 2.91, 
2.138 to 2,140, 2.236 to 2.244, 3,228 to 3.232, 
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Problem solving, (Cont. ): 
4.84 to 4.87, 5.42 to 5.44, 5,48 to 5.51, 5.198 to 
5.202, 7.44 to 7.59, 9.10 to 9.20, 9.84, 9.88 to 
9.98, 12.70, 12.126 to 12.135, 12.139, 12.140, 
12.144 to 12.146, 12.150, 12.164 to 12.200 

Properties of logarithmic functions, 6.108 to 6.122, 
6.140 to 6.149, 6.162 to 6,182 

Pythagorean theorem, 3.35, 3.36, 9.1, 10.43, 10.44 


Quadrants, 7.1 to 7.8, 7.60 to 7.69, 8.128 to 8.221, 
8.266 to 8.269, 11.21 to 11.26 
quadrantal angle, 7.5 
Quadratic equations (see Equations, quadratic; Roots, 
character of) 
Quadratic formula, 2.58 to 2.61, 2.66, 2.215, 2.245 
derivation of, 2.215 


Radians, 7.28 to 7.42, 7.45, 7.46, 7.48, 7.56, 7.112 
Radical form, 1.73 to 1,79, 1.88, 1.90, 1.164 to 1.171 
Range, 3.67 to 3.76, 3.82, 3.207, 3.212, 6,102 to 
6.105, 6.179, 12.38 
Rationalizing: 
the denominator, 1.164 to 1,167 
the numerator, 1.69 
Real numbers, 1.21 to 1.49 
Rectangular coordinate system (see Cartesian 
coordinate system) 
Relations, 3.37 to 3.46, 3.57 to 3.66, 3.83 to 3.86 
fundamental, of trigonometric identities, 8.1 to 8.70 


pythagorean, 8.55 


quotient, 8.54 
(See also Functions) 
Remainder theorem, 4.43, 4.44 
Roots: 
character of, for quadratic equations, 2.74 to 2.81, 
2.84, 2.85, 2.220 to 2.223, 2.245, 2.246, 11.93 to 
11.100 
extraneous, 2.77, 2.79 to 2.81, 2.90, 2.91, 2.218, 
6.76 6.252, 6.253, 6.255, 6.258, 6.262 


Scientific notation, 6.183 to 6.193 
Seconds, 7.16 to 7.37 
Sequences: 
arithmetic, 12.48 to 12.50, 12.53, 12.55 to 12.64, 
12.70 
Fibonacci, 12.22 
finite, 12.1 to 12.8 
geometric, 12.49 to 12.52, 12.54, 12.65 to 12.70 
infinite, 12.9 to 12.18, 12.48 to 12.54 
recursively defined equations of, 12.19 to 12.25 
Series: 
alternating, 12.32, 12.35, 12.36, 12.41 to 12.45 
finite, 12.26 to 12.33 
geometric, 12.71 to 12.80, 12.88 
harmonic, 12.34 
infinite, 12.34 to 12.36, 12.42, 12.44 to 12.47, 12.71 
to 12.88 


Series, (Cont. ): 
sum of, 12.81 to 12.88 
summation notation, 12.37 to 12.47, 12.76 to 12.80 
Sets: 
complement of, 1.11, 1.13 
difference in, 1.5, 1.6, 1.20 
elements of, 1.10 to 1.13 
empty set, 1.17, 1.18, 2.235 
equivalent, 1.19 
listing method, 1.1, 2.193 
product of, 1.7, 1.8, 1.15 
set-builder notation, 1.1 to 1.7, 3.65, 3.76, 3.178, 
3.179, 3.181, 3.183, 3.187, 3.188 
Signed numbers, 1.31 to 1.42 
Slope, 3.132 to 3.161, 3.167 to 3.171 
Subset, 1.9, 1,14 to 1,16 
Substitution: 
solving linear equations by, 5.31 to 5.41 
solving nonlinear equations by, 5.159 to $.163, 
5.172 to 5.174, 5.176, 5.179, 5.185, 5.186, 5.192, 
5.195 to 5.197, 10.192 
Subtraction: 
definition of, 1.24 
(See also Addition/subtraction method) 
Supplement, 7.43 
Symmetry, 3.23 to 3.33, 3.95, 3.96, 3.99 to 3.102, 
3.104 to 3.106, 3.211, 4.57 to 4.60, 4.70, 4.73, 
4.79, 4.89, 4.90, 4.95, 4.208 to 4.213, 6.92, 6.94, 
7.176 
Synthetic division, 4.97 to 4.129, 4.161 to 4.169 
evaluate by, 4.123 to 4.126 
Systems of inequalities, solutions by graphing, 5.209 
to 5.231 
Systems of linear equations: 
dependent, 5.4, 5.5, 5.13, 5.26 
inconsistent, 5.6, 5.7, 5.15, 5.16 
independent, 5.8 to §.12, 5.14, 5.17, 5.18 
solutions of, 5.24 to 5.51 
by graphing, 5.1 to 5.10 
Systems of nonlinear equations: 
solutions of, 5.159 to 5.208 
by graphing, 5.203 to 5.208 


Tangent, 10.21, 10.22, 10.43, 10.44, 10.184 to 10.186, 
10.191, 10.193 
Terminal ray, 7.72, 7.73, 7.78, 7.79 
Triangles: 
equilateral, 3.34 
isosceles right, 9.3 
right, 3.36, 9.1 to 9.9 
Trigonometric 
expressions, evaluating, 8.109 to 8.116, 8.132 to 
8.137 
inverse, 7.116 to 7,146 
Trigonometric functions (see Functions, 
trigonometric) 


Uniform motion word problems, 2.36, 2.37 


Union of sets, 1.4, 1.6 
(See also Interval notation) 
Upper bound, 4.175 to 4.180 


Vectors, 9.50 to 9.98, 11.87 to 11.90, 11.106 to 11.109 
direction of, 9.59 to 9.61 


INDEX J 373 


Vectors, (Cont. ): 
magnitude of, 9.50 to 9.58 
unit vector, 9.81, 9.82 


Zeros of polynomial functions, 4.151 to 4.183 
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